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EDITOR’S PREFACE 


The editor is pleased to have played a role in introducing this textbook 
by Academician A. V. Luikov, member of the BSSR Academy of Sciences 
and Director of the Heat and Mass Transfer Laboratory in Minsk, BSSR, 
USSR, 

This work is a revised edition of an earlier book by Academician Luikov 
which was widely used throughout the Soviet Union and the surrounding 
socialist countries. The presentation is unique in that it not only treats 
heat conduction problems by the classical methods such as separation of 
variables, but, in addition, it emphasizes the advantages of the transform 
method, particularly in obtaining short time solutions of many transient 
problems, In such cases, the long time solution may be obtained from the 
classical approach, and by interpolation, a very good estimate is obtained 
for intermediate times. The text is also noteworthy in that it covers a wide 
varicty of geometrical shapes and treats boundary conditions of constant 
surface temperature, and constant surface heat flux, as well as the technically 
important case of a convective boundary condition. 

The level of the book is advanced undergraduate or graduate. In addition 
to its value as a textbook, the availability of many technically important 
results in the form of tables and curves should make the book a valuable 
asset to the practicing engineer. The editor is convinced that the work will 
be well received by the English reading audience. 

James P, HARTNETT 
October, 1968 
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asymptotic solutions, the contour integration should be applied, Thus, the 
present monograph is 4 summary of all those previously published by the 
present author. 

The book is 2 text for students and it considers in detail the solution of 
unsteady-state heat conduction problems of basic bodies (semi-anfinite body, 
infinite plate, solid cylinder, sphere, hollow cylinder) by various methods 
{separation of variables, the operational Hankel and Fourier mtegral trans- 
formations) 

Thus, the reader who becomes acquainted with peculiarities of every 
approach can choose for his work the most realistic method of solution 
with regard to conservation of time, labor, and accuracy for application (0 
design problems. 

The solutions are presented in generalized varinbles and obteined by the 
methods of the similanty theory, Much numerical information in the form 
of tables and text figures drawn by the author and excellent nomograms 
taken from Schneidcr’s work [102] is given, allowing rapid enginecring 
calculation which will prompt wider application of the solution to engineer+ 
ing practice. Tn addition, the solution of the most important problems are 
presented in two forms, one of which 1s convenient for calculation with 
small Fourer numbers, and the other with large ones. 

The experience of the author in teaching heat conduction theary at various 
institutions has shown the necessity of presenting the whole process of 
solution in detail with main manipulotians and calculations, and to conuder 
the problems according to thea difficulty. 

In Chapters 4-6, detailed solutions are therefore illustrated by a large 
number of numencal examples and the problems are classified seeording to 
the mode of interaction of a body with the surroundings but not according 
to the geometry of bodies This approach has been more effective from a 
pedagogical viewpoint. 

Great attention 2s paid to the solution of problems with boundary cony 
ditions of the fourth kind. Such solutions are necessary for realistic studies 
an the field of unsteady convective heat transfer A special chapter (Chupter 
13) is devoted to the solution of problems with variable thermal coefficients, 

In Chapter 14, a short description 1s given of application of the Laplace, 
Fourier, and Hankel transforms to the solution of unsteady-state heat 
conduction problems. 

Readers who are interested sn more profound problems of the heat con- 
duction theory (asymptouc approximations, ctc ) are referred to Chapter 15, 
where a brief description of the theory of analytical functions and their 
application to the solution of heat conduction problems is presented, 


CHAPTER 





PHYSICAL FUNDAMENTALS OF HEAT TRANSFER 


In the present chapter the main principles of the phenomenological heat 
conduction theory are given. 

When heat is transferred from onc part of a body to another, or from 
one body to another which is in contact with it, the process is usually referred 
to as heat conduction. In the phenomenological heat conduction theory, 
the molecular structure of 2 substance is neglected; the substance is con- 
sidered as a continuous medium (continuum), but not as a combination of 
separate discrete particles. Such a model of the substance may be adopted 
when solving problems on heat propagation, provided that differential 
volumes are large compared with molecule sizes and distances between them. 
In all the following calculations and examples, the body is assumed isotropic 
and uniform, 


1.1 Temperature Field 


Any physical phenomenon, including the heat transfer process, occurs 
in time and space. Analytical investigation into heat conduction reduces, 
therefore, to the study of space-time variations of the main physical quantity 
(temperature) peculiar toa certain process, i.c., to the solution of the equation 


1=f%%40; (1.1.1) 


where x, y, z are Cartesian space coordinates and t is time. 

The instantaneous values of temperature at afl points of the space of 
interest is called a temperature field. Since temperature is a scalar quantity, 
then so is a temperature field. 
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A distinction is made between a steady and transient temperature field, 
A transient temperature field is one in which the temperature varies not 
only in space but also with tume; in other words, “temperature is a function 
of space and time" (the unsteady state), Equation (1.1.1) is a mathematical 
representation of a transient temperature field. 

A steady tempcsature field is onc in which the temperature at any point 
never vanes with time, i.¢., it is a function of the space coordinates solely 
(the steady state): 





ter P(x, y,z), sfx = 0. (1.4 2) 


In some problems, a transient temperature field becomes asymptotically 
steady when t+ 00, 

A temperature field governed by Eq. (1.1.1) or (1.1.2) is spatial (three- 
dimensional) since f 15 a function of three coordinates. When temperature 
is a function of two coordinates, the field ss then two-dimensional: 


t=Fixy, 0),  Gt/dr= 


If temperature is a function of one space coordinate alane, then the field 
is one-dimensional: 





t= ox, 7). Gifay = bt/az = 0. 

‘The field of an infinite plate (te, the width and the length are infinitely 
farge compared with :ts thickness) affords an example of a one-dimensional 
temperature field, the heat flow berng normal to the plate surface. 

I¢ the points of the fickd with equal tempcratures are connected, an isa- 
thermal surface results Intersection of the rsotherms] surface with a plane 


Fig. 1. Isotherms of temperature field 
{Lemers with arrows correspond to bold- 
face type an the text.) 
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yields a family of isotherms on the plane surface (lines corresponding to 
equal temperature). Isotherma! surfaces and isothermal lines never inter- 
sect inside the ficld when it is continuous, In Fig. 1.1, several isothermal 
lines are shown, each differing from its neighbor by the amount 41. 

By definition, the temperature docs not change along the isotherm, but 
in any other direction it may vary. Temperature change per unit Jength 
is a maximum along the normal to the isothermal surface. 

The temperature increase along the normal to the isothermal surface is 
characterized by a temperature gradient (grad 4). A temperature gradient 
is a vector along the normal te the isothermal surface in the direction of 
the increasing temperature, i.c., 


grad f = n,(07/8n), (3.1.3) 


where fig denotes a unit veetor,! along the normal in the direction of the tem- 
perature change (see Fig. (.£) and 01/dn is the temperature derivative along 
the normal {) to the isothermal surface. A temperature gradient is there- 
fore the first temperature derivative along the normal to the isothermal 
surface. The gradient is also dencted by 7, Gradient components along 
the Cartesian coordinates are identical to the appropriate partial derivaties, 
so that 


a 
grad = PITZER (0.1.4) 


where i, j, k are mutual orthogonal vectors of a unit length along the coor- 
dinate axes. This relation is possible because any vector may be represented 
as a yectoria! sum of three components along the coordinate axes. 

The concept of a temperature-field intensity may be introduced: 


E=—oprads. (1.5) 


The vector E is referred to as a vector of the temperature ficld intensity. 


1.2 The Fundamenta} Fourier Heat Conduction Law 


The necessary condition for heat conduction is the existence of a tem- 
perature gradient. Experience shows that heat is transferred by conducti 
in the direction normal to the isothermal surface from @ higher tempera- 
ture Ievel to a lower onc. 





* Vectors are shown by boldface type and their scalar valves by italic type. 
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The quantity of heat transferred per unit tume per unit area of the isothermal 
surface Is referred to as a heat flux; the appropriate vector is obtained hy 
the relation 


ay 42 1 
a=, (12.1) 


where dQ/dr is quantity of heat transferred per unit time, or the heat-flow 
rate, Sus the isothermal surface area, and (—m,) is « unit vector along the 
normal to the area S in the direction of the decreasing temperature, 

The vector q is therefore called a heat flux vector, the direction of which is 
opposite to that of the temperature gradient (both vectors follow the nor- 
mal to the isothermal surface, but their directions are opposite to each other). 

‘The projection of the vector q on any arbitrary dicection / 1s also the vec- 
tor q,, the scalar quantity of which is qcos(n, 1), 

‘The hnes winch comeie with the direction of the vector g are referred 
to as hent-flow Imes These are perpendicular to the isothermal surfaces 
al the intersection points A tangent to the heat-flow lines taken im the 
opposite direction yields the tempernture gradient direction (Fig 1.1). 

The fundamental keat-conduction law may be formulated as follows. the 
heat fiux is proparuianal to the temperature field mrensity, or the heat flux 
4s proportional to the temperature gradient, te, 


Q=4E = — Aged: = — A271 = ~An@r/an), (12.2) 


where 2 is the proportionaiity factor called thermal conductivity. 

To reveal the phystcal sigmiicance of the thermal conductivity, we shall 
write the basic relation (1.22) for a steady one-dimensional temperature 
field for the situation where the temperature depends only on one coordinate 
which 1s normal to the isothermal surfaces The scalar quantity of the heat- 
flux vector 15 

qa at (=H =H =o) (123) 

If the temperature gradient 1s a constant value (d¢/d< = const), which 
means the temperature variation with x follows the linear law, then it may 
be written 


= ep ak en (24) 
ns 


Hence the heat-flow rate dQ/de 1s also a constant value 
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dQ/dz = Q/r = const, (1.2.5) 


where @ is the quantity of heat flowing in the time z. 
It follows from Eqs. (1.2.1}-(1.2.5) that 


(1.2.6) 





since f, >t, and x; > x. 

Thus the thermal conductivity is equal to the heat Nowing per unit time 
and per unit surface when the temperature difference per unit length of 
the normal is | degree. Thermal conductivity has dimensions of keal/m hr °C 
or W/m °C. Thermai conductivity is a physical property of a body char- 
acterizing its ability to transfer heat. The physical significance of the thermal 
conductivity and its dependence on basic propertics of a body may be 
better understood when we consider the heat transfer mechanism in a 
body in a specific state. 

The relation 2/(x_ — x,) = 4/Ax (keal/m® hr °C or W/m* °C) is called 
thermal conductance of a certain portion of a body and the inverse value 
4x/2 (m? br °C/keal) (m?°C/W)is the thermal resistance of this portion 
of a body. The magnitude of the thermal conductivity of materiuls varies 
over wide ranges: from 0.0074 keal/m hr °C (0.0086 W/m °C) for tetra- 
chloro-methane at 100°C to 358 keal/in hr °C (416 W/m °C) for silver 
at 0°C, Thermal conductivity depends on chemical composition, physical 
structure, and state of the material. 

Heat conduction in gases and vapors depends mainly on molecular 
transfer of the kinctic energy of molecular movement, and therefore con- 
ductivity values (A) are naturally small for gases and vapors. 

In liquids a mechanism of heat transfer by conduction is similar to that 
of sound propagation (propagation of longitudinal waves). Thermal con- 
ductivities of liquids are therefore higher than those of gascs, Molecular 
structure of crystals fuvors heat transfer. 

Yn metals, heat transfer by conduction depends mainly on energy transfer 
by free electrons. Difference in thermal conductivities of various nonuni- 
form materials are caused by the voidage effect, For fibrous materiais, 
anisotropy is a destruction of uniformity which results in different thermal 
conductivity in various directions. Thermal conductivity depends on tem- 
perature, which, for many metals, decreases with increase in temperature 
following a linear Jaw. ~~ 

Thermal conductivity of gases increases with temperature but it is prac- 
tically independent of pressure except for very high (> 2000atm) and very 
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low (< 10 mm Hg) pressure levels. For gas mixtures thermal conductivity 
A may be determined only experimentally since the additive law is not valid.2 

Liquids have thermal conductivity values of 0.08 to 06 keal/m hr°C. 
For the majority of hquids, thermal conductivity deercases with increasing 
temperature, with water and glycerine being exceptions to this cule. Thermal 
conductivity of buildings and heat insulating materials varies from 0.02 to 
2.5 keal/m he °C, increasing approwmately linearly with temperature, Ma- 
tenals with low thermal conductivity (402 keal/m hr°C) are usually 
referred to as heat insulating materials. 

For engineering calculations, the thermal conductivity of sases may be 
assumed to change with temperature according to a linear law 


#, = djdt = const. 


For & certain temperature range, Jt = ft, — f,. thermal conductivity may 
be assumed constant and equal to the anthmetic mean value of 4 at ty 
and 4. 

The Fourier heat conduction law (1.2 2) may be written im another form. 
Expressing the internal energy per umt volume of a body by U,, the scalar 
value of the temperature gradient may be written 

on ( a } au, 1 ou, 


Ga ~ \OU,, 


3U.), on ~ Cs an” aan 





where C, is the volume heat capscity at a constant volume (keal/m* °C) 


(2 ), =ar 2.8) 


ce a 





where ¢, 18 the specific heat at a constant volume (keal/ke °C) and y 1s 
the density of 2 body (kg/m*). Consequently, the heat-conduction equation 
will be of the form 


a 
4 Qa — RAG = — a PU. (1.2.9) 


where a, is the thermal diffi 





ity at a constant volume of a body (v = const) 


a, = AC, = Yew. (1.2.10) 


* Editor's note: Empincal methods for calculating the thermal conductivity of binary 
mixtures are geen in the treause by J. Huschfelder, C F Curus, and R.D Bad 
“Moiccular Theory of Gases and Loquids," Wiley, New York, 1954 
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According to Eq. (1.2.9) the heat flux is directly proportional to the gra- 
dient of the internal energy of a body per unit volume. The proportionality 
factor equals the thermal diffusivity when the body volume is constant. 

For a steady one-dimensional heat flow (g = const, @U,/0n — const), 
Eq. (1.2.9) may be written as 


(2.11) 





2. 
se 
Thus, the coefficient a, is equal to the heat flowing per unit time and per unit 
surface area when the difference of the volume concentration of internal energy 


per unit length of the normal is | kealjm', 
Consequently, thermal diffusivity has the dimension of 


keal mm _ m* 
m?hr kcal” hr’ 





a,] 


Its physical significance is that it characterizes the molecular transfer of 
the internal energy of a body. 

With constant pressure (p = const) the thermal diffusivity a, (m*/hr), 
is obtained from the relation 


(1.2.12) 





where ¢, and C, are specific and pressure constant heat capacities of a 
body, respectively, 





G= or aire ). (1.2.13) 


where //, is the enthalpy per unit volume (kcal/m*). 

The physical significance of the thermal diffusivity a, is that it characterizes 
the molccular enthalpy transfer within a body. 

The heat conduction law may be written as 


ea ENE ee 1.2.14 
a (sr), a a, VH,. (1.2.14) 


Thus thermal diffusivity is a diffusion coefficient of internal energy (a,) 
or enthalpy (a,) depending on conditions of body interaction with the sur- 
Tounding medium (v= const or p = const). 

For solids, the spccific heat capacity at a constant volume c, differs only 
slightly from the specific heat capacity c, at a constant pressure. It may 
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therefore be assumed that ¢, = c, = c. In the analytical heat conduction 
theory of solids, the thermal! diffusivitics arc assumed to be one and the 
same, independent of the conditions of body conjunction with the sur- 
rounding medium, i.e. 





a= 2, = a, = Ailey. (1.2.15) 


We now return to basic relation (1.2.2). The scalar value of the heat 
flux vector 1s 


g = — 4G1fon) (1.2.16) 


Components of the vector q along the coordinate axes x, y, = are designated 
by ae. gy, @:, scalar values of which arc 


Gx = gc0s(n, x) = ~ AGt[In) cos(n, x) = — A(t), (1.2.17) 


Gy = — AGt/ay), (2.18) 
de = — A(Ot/02), (1.2.19) 
respectively 


The umount of heat flowing through the elementary area dS; making 
an angle of » with the isothermal surface (or with 2 plane tangent to the 
ssothermal surface) can be found from 


di 1 
a1 qcory~ 42 Fe cosy Pas, (1220) 


since (see Fig. 1.2) 
dS, = dS; cos y 


Is a projection of the area dS; on the ssolhermal surface. 
n 


Fig. 1.2 Heat flux through elementary 
area 


ds, ds, 
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Equation (1.2.20) yields 
dQ = 4, dS; de = (dS; cos y) de = 9 dS, dr. (1.2.21) 


Equation (1.2.21) considers transfer of heat dQ in two ways: (1) heat 
flow through the area dS; and along the normal (/) to it; and (2) heat flow 
through the projection of the arca dS; on the isothermal surface along the 
normal () to the latter. 

The quantity of heat Q which flows through the surface S of a finite 
size in the time t is 


Q@=-1 fi fj att dS de. (1.2.22) 


Thus, to determine the quantity of heat which flows through a surface of 
a solid, the temperature ficld inside the body must be known. The deter- 
mination of the temperature field is the main problem of mathematical heat 
conduction theory. 


1.3 Heat Distribution in the High Rate Processes 


Jn the phenomenological heat conduction theory, the heat distribution 
velocity is assumed infinitely large. This assumption is confirmed by cal- 
culations of temperature fields in various bodies at the usual conditions 
encountered in practice. However, in rarefied media in transient heat- 
transfer processes of high rates, it should be taken into account that the 
heat distribution velocity is not infinitely high, but has a certain finite, 
although very great, value w,. 

Vernotte [125], followed by C, Cattaneo, was the first to pay attention 
to this, The present author independently suggested a hypothesis on finite 
heat and mass distribution for studying heat and moisture transfer in 
capillary-porous bodies [65]. 

This velocity will be 


w, = fet), (1.3.1) 


where rt, is @ time constant or relaxation time. For nitrogen, 1, is about 
130 mjsec, and 1, = 10-° sec; for metals it is less, say for aluminum, 
1, = 10-"" sec, Experimental measurements of r, is impossible because of 
the limitations of existing measuring techniques, But for gases in super- 
sonic flows, the effect of the finite heat distribution velocity w, on heat 
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transfer becomes more noticeable. In this case, the law of heat distribution 
will be of the form 


q— Ali — 4,(6q/0r). (1.3 2) 


For a steady heat Mux (q = const, 4q/4r = 0), Eq. (1.3.2) is identical with 
Eq. (1.2.2). For nonstationary processes of high rate, the second term of 
Eq (1.32) may become comparable with the first 

Equation (1,3.2) as similar to the viscous flow equation for non-Newton- 
fan fivids (viscoelastic fluids) We shall consider ws in more detail. 

A century ago, Maxwell painted out the similarities hetween mechanical 
Properties of fluids and solid bodies, sing the concept of relaxation Re- 
faxation 1s a phenomenon of progressive diffusion of elastic shear stress 
with constant values of the prescribed strain, ic , constant dissipation of 
elastic energy stored in a body under stram hy conversion of it into heat. 
Relaxation phenomena as well as diffusion processes are inseparably hnked 
with random thermal molecular motion. 

If the relaxation time 1s very large compared with the usual observation 
ume, the fluid then behaves like a soltd. If relnxahon time 15 very short, 
a body exhibits properties of a viscous fluid Between limiting states (per- 
fectly clastic solids and viscous (Newtonian) fluids) there exists a continuots 
senes of transitions which form the vanely of real bodies of intermediate 
nature, For two visco-clastc fluids (non-Newtonian), the shear stress p 
depends on the shear stram ¢ Close to the body surface this relation may 
be written as follows 


PIs Go a (1.33) 


where 7 is a viscosity, G 1s the shear modulus, and de/dr 4s the shear strain 
propagation velocity. 7/G equals the relaxatton time t, (t, = 4/G) We shall 
denote the strain propagation velocity through ¢ (@ = de/dr). This results in 


p= ne — t,(dafdr) (1.2.4) 


Ifo relaxation time 1s short (z,—+ 0), then from Eq. (1 34) we obtain the 
Newtonian equation of a viscous flow for a laminar plane-parallel flow? 


* Equation (1.3 5) ss an approwmate one which 1s valid for a particular case of a parallel 
Plane Now [na general case, the shear stress 
cw, | any 

+ 


owe 0S ox 


Tor a parallel plane flow, duyfOx <2 m./Oy, 10, Pa = — AOmfdy) 
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p=7é = — 16w./8y) (1.3.5) 
since a d fat ou 
le TD en "e 
a al alata v0) 


where » is the normal to the x direction and 1, is the fluid velocity (in, 
== di,fdr). If the viscosity 7 is very large (q—> co), then from Eq. (1.3.3) 
the equation of Hook's classical law is obtained: 


ek eee 2 
dt G dt 
ie, 
p= Gey = ywe, (1.3.7) 


where w, is the shear strain propagation velocity (a velocity of propagation 
of transverse waves) 
We = (Gly. (1.3.8) 


Similarly, from Eq. (1.3.2) we obtain the following limiting cases. Tiqua- 
tion (1.3.2) may be written in a scalar form as follows 


8p) sag Be. 


matt ome (1.3.9) 


If thermal conductivity is low (4 -> 0), and the velocity ir, is high ( ", +00), 
then from Eq. (1.3.9) the classical equation of the Fourier law is obtained 


q=—iz. (1.3.10) 
If the thermal conduetivity is high (2—~ co) or the volume heat capacity 
oy is small (cy + 0), we obtain from Eq. (1.3.9) after some manipulations 
g = owe iy) 4t, (1.3.11) 

where w, is an isotherm propagation velocity which is 
wy = dnjde (1.3.12) 


Explanation of the concept of an isotherm propagation velocity will be 
given below. 
Let an equation of the isothermal surface be 


t(x, y, z, 1) = const. (1.3.13) 
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‘The total differential of this surface 1s 


a ar 
Fo dr+ dn =. (1.3.14) 


This equation may be written as 


a 

Fe eH Bao, a3us) 
‘The time derivative of the normal to the isothermal surface dnjdr is the 
propagation velocity of the isothermal surface. 

One can sce from Eq (1.3.11) that the heat flux 1s directly proportional 
to the temperature displacement, At, the volume heat capacity of 0 body, 
ey. the square of the heat distribution velocity, w,7, and inversely propor- 
tional to the velocity of rsothermal surface propagation, u, 


1.4 Heat Distribution Equation in Liquid and Gas Mixtures 


In gas mixtures and in solutions, heat transfer by conduction is combined 
with mass transfer. When there ts a temperature gradrent in such systems, 
thermat diffusion (the Soret effect) occurs, and mass diffusion causes heat 
transfer which ts referred to as diffuston heat conduction or diffusion thermo: 
(the Dufour effect) For a binary gas musture, say of the density @ (kg/m?) 
the heat flux as 


a= — At — DoQ* Pew a4y 


where D is the interdiffusion coefficrent (m*/hr) Qi» 15 the relative mass 
Traction of the first component (gy = ¢:/e), and g as the volume con- 
centration of the first component 


Mte~e Coteo=t (142) 


Consequently, Maw = ~ Mega. In Eq (1-41), heat transfer duc to mass 
diffusion (ie., diffusion thermo) is neglected 

The specific heat of isothermal transfer 1s Q* (kcal/kg) which 1s equal 
to the heat amount transferred by unit mass under ssothermal eonditrans 
Q* may be expressed through the chemical potential of the first compo~ 
nent yt of the mixture and the thermal diffusion coefficient k, 


— fk (0m) 
Om Sie ie et we 
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Thus the heat flux q depends not only on the temperature gradient V7 but 
also on the concentration gradient 70,9. 
The mass flux j, for the first component is 


hi = — DoW on + Kr/T) 71). (1.4.4) 


Thus, the mass fiux j, depends on the concentration gradient 749 and the 
temperature gradient [7r. 

Transfer of heat and dissolved matter in solutions is described by similar 
equations (1.4.1) and (1.4.4). In this case the quantity ok,/T is referred 
to as the Soret coefiicient o (¢ = gkp/T). The heat transfer process is there~ 
fore inseparably linked with mass transfer and is a complex heat and mass 
transfer process. 

Heat transfer combined with mass transfer is treated by the irreversible 
thermodynamics. A flux of some substance j, (energy, mass, electricity, 
etc.) is caused by the action of all the thermodynamic forces X, (k ~ 1, 
2, 3, sey 0) 


i= z LaXes = 1, 2,3, aay Me (1.4.5) 
as 


Relation (1.4.5) is a system of linear Onsager relations, which is a basic 
telation of the irreversible thermodynamics theory. The quantities Ly 
are referred to as kinetic cocfficients for which the reciprocal equation 
holds: 

Liz = Lis. (1.4.6) 


Thermodynumics forces X, and fluxes j; should satisfy the basic formula 
of the irreversible thermodynamics theory, 


dS 
Tie BAX, (1.4.7) 
where S is the entropy of the system considered. Using the Gibbs equation 
TdS = dU + pdv — Z wd, (1.4.8) 


(where U is the intrinsic energy, #¢ is the chemical potential, V is the yol- 
ume and M is the mass), and differential equations of energy and mass 
transfer, one may define the thermodynamic forces X, by formula (1.4.7). 

For instance, in case of transfer of internal energy and mass in a gas 
mixture, the thermodynamic forces will be 
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" tL 
Mea PTs Xe = TPE (49) 
where F, is the external force. 
Accounting for the relation St., jg = 0, Muxes of energy j, and mass 


Jai OF the ith component will be 


ja = Lae PT z ta(7 r(&>*) = Fe Fa}, (4.10) 





inc = — Lun OT — z Luf7 7 (25) -®- Fa}. (Laat 


where Luv, Lue, Live Lig are the kinetic Onsaget coefficients 
The fluxcs of encrgy j, and heat j, are relased by 


i-k— Ean. (1.4.12) 
where fp as the specific enthalpy of the Ath component 


In this case the thermodynamic force of heat X, and mass X,,¢ transfer 
will be 


Xin Xie, +r, Xes = — Cpale (1.4.13) 


Then, in the absence of the external forces field (Fy = 0) we shall have 


1 at 

b> ~ bey VT — & LalPlee ~ rs (1414) 
1 ant 

Ju = — by PT ~ z Lyl7 ae — Had lr (1415) 


‘The kinetic cocMicients Ly, Loe, Lig, Ly are expressed through heat and 
mass transfer coefficients For a binary gas mrxture (2 = [, 2) with constant 
pressure (p = const) according to the Gibbs-Duhem equation, 


bre My + Ore dus = 0, (4.16) 


the gradient 7(u, — fade will be 





Vite — Bade = 
This then yields 





a 417) 
( Ber0 /pr Ver 


Cra 
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he~ — Tyg FUT — Le a Ver (1.4.18) 
j=l, + VT—Ly ae Pow (1.4.19} 


where g;' denotes (8p4/9010)9,7- 
Comparing Eqs. (1.4.18) and (1.4.19) with Eqs. (1.4.1) and (1.4.4) and 
assuming j,=q, we find 


tu; 


a Shp 28 (1.4.20) 


a 





Lw 


Molecular heat transfer may be considered similarly in combination with 
any other substance transfer in more complex systems. 


1.5 Differential Heat Conduction Equation 


To solve problems involving the temperature field determination, one 
should obtain a differential heat conduction equation. A differential equa- 
tion is a mathematical relation (expressed by a differential equation) be- 
tween physical quantities characterizing the phenomenon considered, these 
quantities being functions of space and time. Such an equation characterizes 
the physical process at any point of a body at any moment, 

A differential heat conduction equation provides # relation between tem- 
perature, time, and coordinates of an clementary volume. 

A differential equation will be derived by a simplified method. A one- 
dimensional temperature field is assumed (heat propagates in only one 
direction; say, in the direction of the x axis). Thermal coefficients are as- 
sumed to be independent of spatial coordinates and time. 

From a uniform and isotropic infinite plate, we single out an elementary 
parallelepiped of the volume dx dy dz (Fig. 1.3). The heat amount fiowing 


Fig. 1.3 Heat flux through elementary 
volume. 
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in through the left side, dy dz, into the parallelepiped per unit time is 
qe dy dz, and the heat amount flowing out through the opposite side per 
unit time 8 gpa dy dz. 

If 4, > devas. then the elementary parallelepiped will be heated. Then 
the dilference between these flows according to the law of energy conser- 
vation 1s equal to the heat accumulated in this elementary parallelepiped’ 
ic, 

a 
Gedy dz — Geos dy dz = cy Ge dx dy de (1.5.1) 


The quantity q,,4, 15 an unknown function of x. I€1t is expanded in Tay- 
lor’s series and only the first two terms of the series are retained, it may be 
written 


0%, 


ares = 02 + Ge dx. 
Then from Eq (15 1) xt follows that 
C7 a 
— SE tidy de = cy Fe ds dy de 


Using the heat conduction equation g, ~ — A(@r/ax), we obtain 


oo, 
Ve Ox? 
or 
ia an 
OOF 432) 


Expression (1 5.2) 1s a differential heat conduction equation for a onc- 
dimensional hest flow. If heat propagates along the normal to the 1so- 
therma! surfaces, then the vector q may be expanded in three components 
along the coordinate axes. The heat stored mm the elementary volume will 
be equal to the sum 


9a. 8g, 
~ (e+ 





2% : 
sf 3) dx dy ds 


“The heat accurutaicd 9 catevlated from the elementary relauon 10 = ctf 45 
Fy VAD, where 30 ws a temperature increment im a body per unit time with the mass Af 
Othe volume W, € 18 a specific heat 
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Then the differential equation can be written 





a ar a a 
Hager gat Ga) aati (1.53) 
where 
a 
Pa os 





is a Laplace operator. (Laplace operators expressed in spherical and cylin- 
drical coordinates are represented in Appendix.) 

Tnside a body, there are sometimes heat sources, which may be positive 
or negative. Moisture evaporation inside the material with heating is an 
example of a negative source, Let the specific strength (quantity of heat 
absorbed or released per unit time per unit volume) of these sources be w 
(kcal/m* hr). Then the heat amount generated in the elementary volume per 
unit time will be w dx dy dz; this amount should be subtracted from the 
amount of the stored heat for the equality (1.5.1) to hold. The resulting 
differentia! heat conduction equation with heat sources will be of the form 


Bary ©. (1.5.4) 
oy 


Differential equation (1.5.3) may be derived by a more general method 
using the Ostrogradsky~Gauss transformation, We have @ medium in whicit 
the volume V bounded by the surface S wil! be considered, Heat is transferred 
in this medium by conduction. According to Eq. (1.2.2), the heat amount 
which flows through the surface $ per unit time is 


fa ered es = SigAto° grad ¢dS. 


Here the integral is taken over the whole surface S$, When the body is free 
of heat sources, this heat flow causes changes in the internal energy of the 
medium in the given volume per unit time by the value 


a ar 
Be Sint = Sant Ge 


Here the integral is taken aver the whole volume V. 

Following the law of energy conservation, change in the internal energy 
of the medium in the volume V is equal to the heat Joss through the surface 
S bounding the given volume FV, ie., 


or 
eT dd a 1.5.5, 
Son? ait Jt ered #ds ¢ ) 
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Using the Ostrogradsky-Gauss transformation we obtain 
Sig™ grad ¢dS = fin div@ grad 1) de. 


Then Eq. (1.5 5) can be written 


or 3 
Sin? Gee J SC Brad 1) ae. (1.5 6) 
Hence, we obtain 
ef ae = di(A grad) (1.5.7) 


ff the thermal conductivity js independent of temperature, then from 
Eq (1.5.7) the differential heat conduction equation is obtained as 


Bt  gan(grad ) = a PH. (1.58) 

For a one-dimensional symmetrical temperature field, 7?r 1s a function 
of one space coordinate This will be expla:ned by an exampte of an infinite 
circular cylinder If the axis of such a cyhader coine:des with the coofdi- 
nate z, then the temperature nt any place of the cylinder depends only on 
the coordinates x and y When the cylinder 1s cooled or heated umformly 
at any point located at the distance r from the cyhndrical axis, the tempera= 
ture ot a certain moment will be the same. Thus, rsothermal surfaces are 
cylindrical surfaces which are located coatially with the cylinder The radial 
coordinate ¢ (radius-vector) and the coordmates + and y are related by 


Paxty yt as9) 


Then the differential heat conduction equation 





ar ar ar 
= 3) (15 10) 

may be transformed for an mfinute cylinder as 
a a dr or Es ae asa) 


eRe OT 


KEE (1.512) 
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dimension m-*, Denoting this quantity by 4 (4 = — Pt/F%x), we shall 
have 
a= Aw. (1.5.19) 


Thus, thermal diffusivity is proportional to the velocity of isothermal surface 
propagation. The quanity which is inverse 10 the thermal diffusivity Ifa 
characterizes inertia propertics of the body with respect ia the temperature 
field propagation. 

One of the substances having great thermal inestia is water, the thermal 
diffusivity of which at a temperature of 90°C and pressure of t atm is 
0.0005 m*/hr (1/2 = 2000 hr/mt). Gases have low thermal inertia, for in- 
stance, air under the same conditions shows a diffusivity of 00925 m*/hr 
(Va = 108 hrfm*). 

The value of the thermal diffusivity depends on temperature and, for 
porous bodies, on densty and moisture content Thermal conductivity, 
thermal diffusivity, and heat capacity may be therefore considered constant 
only as an approvimation. 





1.6 Hyperholic Heat Conduction Equation 


In Scetion 1.3, heat transfer in unsteady processes of high rate was shown 
to be governed by the generahved Fourer law (Eq 1.3 2) In Uns case the 
differentia! heat conduction equation wil! be of another form 

From the heat-balance equation for a one-dimensional temperature 
field we have 

6q, a 


ge 77 or od 
Replacement of g, by the appropriate expresston from Eq (132) yields 


a= ~~ 1, (1.6.2) 





Assuming 4 and +, to be constant, we shall have 


an og, a 
1 Be + tae Foe Usa) 
Differentiation of Eq ¢16.1) wath respect to 7 gives 


a 
aan 7 ~ VG (64) 


1.6 Hyperbolic Heat Conduction Equation a 


It follaws that the differential equation (1.6.3) may be wrilten 


For a three-dimensional temperature ficld, the differential heat conduction 
equation may be similarly written as® 


a or 
Ret ae tae (1.6.6) 
In the subsequent portion of this section, Eq. (1.6.6) will be analyzed. This 
equation may be written as 


L ar 
ai 
oy ey ee =1V%, (1.6.7) 
; 


since according to relation (1.3.1), w,* = a/r,. For low gas pressures cy 
is small (cy—+0) and the mean free molecular path which determines 
w, ineccases considerably. The first term of Eq. (1.6.7) may therefore be 
neglected. We then have a differential heat distribution equation which is 
the same as the hyperbolic wave equation 

or 


SE = wt, (1.6.8) 
Be 


The generalized heat conduction equation (1.6.6) is therefore called 
a hyperbolic heat conduction equation. For the heat transfer distribution, 
the additional term in the heat conduction equation (a/w,")(0*/47*), ac- 
counting for a finite heat distribution velocity, is small, so that in ordinary 
engincering calculations it may be neglected. 

Calculation of moisture transfer in porous bodies is quite different. Un- 
til now, a diffusion equation of a parabolic type has been usually used 
for the solution of moisture transport in porous bodies. However, as it 
has been shown in the author's works, in these cascs the hyperbolic para- 
bolic equation of moisture diffusion in capillary-porous bodies should be 
used, 


* The possibility of extension of Eq. (1.6.5) to the thrce-dimensional case is consid- 
ered by the author [66). 
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1.7 A System of Differential Heat and Mass Transfer Equations 


A system of differential equations of heat and mass transfer in a gas mix- 
ture flow is derived following the laws of energy and mass conservation 

A differential equation corresponding to the law of mass conservation 
of the Ath component may be written as follous 


Se =—dvamth (1.2.4) 


where , 15 the volumetric concentration of the Ath component and w, 
as the yelocity of its motion which is related to the velocity w of the center 
of mass of the mixture by 


{ 
—— 3 1.7.2 
wot Een 72 


The source J, of the £th component mass 1s a result of phase or chemical 
conversions. Summing up equation (1.7.2) over all the components of the 
mixture, We obtain from Eq (17.1) the ordinary contmuity equation 


0/8: — — div ow (17.3) 


stice the sum of all the sources and sinks m the volume considered of the 
mixture 1s Sh = 0 
Equation (173) may be written in another form Since 


dv ow — wPRo+ edivw. 
we shall have 
dojdt = —odww a7ay 
where do/dr is the total or substanual denvatne 


do ae 
Bx Si tere (75) 


A diffusion mass flus j, of the Ath component ts 
Se = on — (1.7.6) 


Summing up equavon (1.76) over all the components and accounting for 
Eq (1.7.2) we obtain 
Sie -0. (12.7) 
z 
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The value of g, 1; will be found from Eq. (!.7.6) and substitution of it into 
Eq. (1.7.1) yields 


Gex/6r) + div ew = — divi, + h- (1.7.8) 


If the dimensionless concentration (9:9 = o,/9) is denoted through 
Qi, then Eq. (1.7.8) may be written 


0 (delat) = — divjx + Jp. (1.7.9) 


If j, is replaced by corresponding equation (1.5.4), Eq. (1.7.9) for a 
binary gas mixture (k = 1, 2) will be of the form 


Qdarofdr) = div[Do(V eso + (ke/T) Pt] + h- (1.7.10) 


Equation (1.7.10) is a differential mass-transfer equation. 
A differential energy-transfer equation will be 


e(dhfde) = — divj,- (7) 
If j, is replaced by Eq. (1.5.12), then for a binary gas mixture 


d 
OG, Caer + beds) = — diva — div(ly — hah. (1.7.12) 


If the specific heat capacity at constant pressure is denoted by cpa (cpp 
= dh,{dt) and the volumetric heat capacity at constant pressure by cy, 
then 

p2 = p02 1° Cpe. (4.7.13) 


Usage of equation (1.5.1) results in 


c,0(dtjde) = div(? 71) + div(DeQ* Paw) + Cry — hed — (Cn — Cpa) bs Pt. 
(1.7.14) 


The left-hand side of the differential equation (1.7.14) represents an 
enthalpy change of a gas mixture with time (c,¢(@t/4r) and enthalpy transfer 
by a mixture fiow (c,ow 71). The first term of the right-hand side describes 
the heat transfer by conduction, the second term represents heat transfer 
due to diffusion-heat conduction (the Dufour effect), and the third term is 
a heat source or sink caused by phase or chemical conversion and the last 
term in Eq. (1.7.14) describes enthalpy transfer by diffusion. 

The difference (¢,, — ¢52) is usually small, and the last term may be there- 
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a a 
- ifs), gis TIA Heit =all,— 14-0), (1.87) 


where 7, 1s the thermal conducitivity of the fluid and 6 1s 1 conventional 
thickness of the boundary layer. 

Thus, the heat flux vector q, follows the normal to the isothermal surface 
(—n), its scalar value being equal to g, (see Fig. 1.1). 

TE we denote 2,/5 by « (a = 2/3), we shall obtain relation (1.8 6), 

The conventional thickness of the boundary layer 6 depends on the Muid 
velocity and ats physical properties. The heat transfer cvefficient therefore 
depends on the flurd velocity and its temperature, and in general, varies 
along the body surface, The heat transfer coeflicient may be approximately 
assumed constant, independent of the temperature, and uniform over the 
whole surface. 

Jn unsteady heat transfer processes between the body surface and the fluid 
flaw, a conventional thickness of a boundary layer will depend not only on 
the fluud velocity and us physical properties, but also on thermal properties of 
@ body and will continuously change with time b= f(t) Mowever, for pare 
tcular problems of unsteady-state heat transfer, 


% = a(t, — te) = const, (1 86a) 


the relation may be taken as a boundary condition and as a predicting, for- 
muta to the first approwmation, but not as a relanon of the convectrve- 
transfer law 

Boundary condions of the third kind may also be used for radiant heat- 
ing or cooling Following the Stefan—Boltzmann Jaw, the radiant heat flue 
between two surfaces 1s 


At) = (T(r) — Tet) (BRD 


where a® 18 a reduced emissivity (1, the product of the Stefan-Boltzmann 
canstant and the emrssiwity) and 7, is the absolute surface temperature 
of the heat-recerwing medium Wath small temperature difference (7,~ Ta), 
the relation may be approximately written as 


GAT) = 08 (TAG) + TENT) + Te) } (TC) = Tey = Cf) ~ ta, (189) 


where a(s) 9s the radsant heat transfer coefficient measured in the same uruts 
as a convective heat transfer coefficient 


a(t) = (Te) + TATA) + Tet b* = o*8(). (8 10) 
The value of the coefficient S(t) rs shown in Table 1.1. 
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Relation (1.8.9) is the expression of the Newton law for cochng or heating 
a body, Although relation (1.8.9) is similar to expression {1,8.6,) for the 
convecnye heat transfer flaw g, = const, rts physical syznificance is quite 
different. The radiant heat transfer coefficient a(t) depends on the tempera 
ture (sce Table 1.1), as swell as on the properties of body surfaces involved 
in radiant heat transfer, If the temperature ¢,(r) changes negligibly, then the 
Coefficient a(t) may be approximately assumed constant This is due to the 
restrichion that the temperature difference (1, — #,) is small and thereby 
t, may be written instead of fg. Here, the convective conterhation to heat 
flux may be assumed equal to a, 4t where ay is 3 convective heat transfer 
coefficient. In this case, in the relation 


ae) = af) — fale (BAL) 
the coeflicient @ ts the total heat-transfer coefficrent 
ety a(t) (1.8.12) 


It should, however, be remembered that in unsteady-state heat transfer, 
formula (1,8 10} describes the radiant heat transfer law to the first approx- 
imation and the contribution of convective heat transfer should be suf- 
fictently small such that the tame change of thecocfficient a, and its depen- 
dence on thermal properties of the body may be neglected 

In the subsequent sections we shull refer to the unsteady-state heat trans- 
fer, the mechanism of which 1s described by relation (1 8,11) as the Newton 
Taw of heat transfer. 

According to the energy-conservation Jaw, the heat quantity g,(r) trans- 
ferred from the body surface equals that transferred to the body surface 
from the inside per unit time per umt surface by beat conduction 


GC) = @[f(2) — sa) = — ACt/0n), 5 (1.8 13) 


where for generality of the problem statement, the temperature 4, 15 as- 
sumed variable and the heat transfer coefficient a(¢) is approwmately taken 
as constant fa(t) = a = const}. 

The boundary condition is usually written as 


ASL) + atte — cao <0 8.14) 


From 2 boundary condition of the third kd, the simplest form of a 
boundary condition of the first kind may be obtamed as a particular case 
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In Fig. 1.4 are shown four clements of the surface MS with the normal n 
to it (the norma! is positive when it is directed outward) The temperature 
is shown on the ordinste. 





{o} (b) ec) (s) 


Fig. 14. Various means of presctypuon of cunditjons on the surface. (a) tan y = var, 
4, = const; (b) tan y = const, 4, ~ var. (c) lany = var, f, = var, (d) tan ya/tan ye 
= const, t= var. 


The boundary condition of the first hind occurs when 4,(r) 18 prescribed; 
am the simplest case #,(r} = const A slope of the tangent to the tempera- 
tuse curve ut the hody surface should be found, as well as the heat amount 
released by the surface (see Fig 14a) 

Problems involving boundary conditions af the second kind are quite 
different, a slope of the tangent to the temperature curve at the body sur- 
Tace (see Fig 1.4b) ts grven, the surface temperature 1s to be Found 

In problems with boundary conditions of the third kind, the temperature 
and the slope of the tangent to the temperature curve are variable but on 
the eucral norma! the point C ss preseribed through which all the tangents 
ta the temperature curve should pass (see Fig. | 4c) It follows [rom con- 
ditron (18 14) that 


_ [at) _t4@—-% 
tans = (55), ~ “Gar (ree) 


A slope of the tangent to the temperature curve at the surface cquals the 
ratio of the value 1,(r) ~ f, to the length Aj of the corresponding retan- 
gular tnangle. The length 2/a 1s & constant value, and the temperature dif 
ference /, (t) — f, changes continuously dumng the heat transfer process and 
this change 15 directly proportional to tany, Hence, the leading point C 
becomes invariable. 

In problems with boundary conustrons of the fourth kind, the ratio of 
the slope of the tangents to the temperature curses in a body and yn the me- 
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dium on their interface (see Fig. 1.4d) 
tan y,,/tan ya = fA = const (1.8.19) 


account for a perfect thermal contact (tangents near the interface cross at 
one and the same point). 

The ditterential equations together with initial and boundary conditions 
determine the problem completely, i.e., if we know the geometry of a body 
and the initial and boundary conditions, we can solve the differential equa- 
tion and thus find the temperature distribution function at any moment. 
Thus as a result of the solution, we find the function 


ix,» = 1) = fx, » 2, T) (4.8.20) 


The function f(x, », 2, t) should satisfy the differential equation (when 
it is introduced into the heat conduction differential equation instead of 1, 
it should become an identity) and the initial and boundary cunditions. 

From the uniqueness theorem (see Appendix Il), if some function 
1(x, y, Z, t) satisfies the differential heat conduction equation and initial 
and boundary conditions, it is a unique solution of the problem. 


1.9 Methods for Calculating the Heat Flow 


In the process of heating and cooling, a body receives or releases a de- 
finite quantity of heat. There are three methods for determining the heat 
flow in the heat transfer process: 


@, The First Calculation Method. Crossing the susface element dS during 
the time dr, the amount of heat transfer is equal (0 


— A(G1/8n) dS de. (1.9.1) 


To determine the amount of heat 4@ received by 2 body for the time 
dr = t, — x, relation (5.9.1) should be integrated over the whole sur- 
face S$ and time interval Az: 


40 =— iis f gtl@tlin) dS de. (1.9.2) 


Frequently, the temperature and the temperature gradient are independ- 


ent of the surface position S; the calculation formula (1.9.2) then simplifies 
to 


40 = 0, — Q, =~ — 48 J @t/dn) de. © ass) 
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6, The Second Calculation Method. The surface element dS during the 
time dr receives from the surrounding medium the amount of heat 


alta — 1.) dS de. (1.9 4) 


To determine the total amount AQ received by the whole surface of a 
body, Eq (1.9.4) is integrated over the whole surface and the time interval 
are —%. 

If a surface temperature is constant and the coefficient a is independent 
of the temperature, then we shall have 


40 =O.- 0, = a5 J" Ue — 1D]. (1.9.5) 


c. The Third Calculation Method. The volume element dv = dx dy dz 
is heated for the time dr = 1, — 1, in the temperature range from ft, 
to fy; it receives the heat amount equal to 


ot, — 4) dv. (1.9.6) 
The total heat amount JQ which was supplied for heating for the ume 
Ar will be found after integration over the whole volume 
40 = - Ar-H funda 
=o¥ MIM) ft Hae. (1.9.7) 


Denoting an average (integral) temperature over the whole body volume 
through 7, 1.¢., 
f= (UF) | td 
we may write 
AQ = Q2— OQ, = My — 1) 1.9.8) 


since in the heating process 7, > i. 
‘The amount of heat (Q — Q,} supplied during the tume 7 from the be- 
ginning of the process (r, = 0) will be 


Q— Or. = cr ~ tn), (1.9.9) 


where Z is the mean (integral) temperature. Hf the instal temperature is 
equal at all the points, re, when fp = to = const, the specific heat flow 
rote will be 
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AQ, = cy(F — &). (1.9.10) 


Thus the main problem in this calculation method is to find iz). 
Consider some examples, 


Example 1, We have a plate 2R in thickness. The width (2h) and length 
(2/) of the plate are considerably greater than its thickness, so that the tem- 
perature gradient along the length and over the width of the plate is zero 
{a one-dimensional case). Then temperature at any point of the plate will 
be dependent on x and t, i.e., #(x, tT). 

If the coordinate origin is in the center of the plate, then the mean integral 
temperature will be 


m=+ Joypt dr 


= f" wfeetes (x, 2) dx dy dz 


=a! 2 gee Dde= 5 if 1(x, 1) de. (1.9.31) 






Example 2, Let the temperature of a spherical body (a sphere) be a func- 
tion of r and 1 (a symmetrical problem), i.t., f(r, 7). Then the mean tempera- 
ture (over the volume) i(r) will be 


tomar I fn Fhe sin 0 dp dr 


= G f rar x) dr, (1.9.12) 


since the volume element is 
+ dv=rsin8 dB dy dr. 


Fxample 3, Consider a cylinder with the radius R and the length /. The 
length of the cylinder is considerably greater thaa the diameter (/> 28), 
therefore the cylinder may be considered infinite and the temperature inside 
itis a function of r and r, i.e, #(r, t). Then the mean cylinder temperature is 


ie) = hap iy 1m tr, ar dr dO dz 


= = [lene (1.9.13) 
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In the subsequent problems the mean temperature f will be determined 
simultancously with the temperature f, If the value of 71s known, we may 
determine the heat content Q and the heat spent for heating (Q — Q,) 
‘or the heat loss (Qo — Q) when cooling. 

In the cases when determination of f is difficult, the heat transfer rate 
may be calculated by formulas (1.9.3) and (1.9.5). 


CHAPTER 
2 





THEORY OF GENERALIZED VARIABLES 


Introduction 


Due to the development of computing techniques, many problems of 
mathematical physics are being solved as concrete numerical relations. A 
great number of variables are being introduced to specify and to bring a 
problem nearer to a real process. It is, however, very difficult to systematize 
such calculation results and to find implicit relationships between variables, 
It is therefore highly valuable to use methods of similarity theory, which at 
present may be referred to as the theory of generalized variables [15]. 

The essence of this theory is that oa the basis of general physical con- 
cepts, a set of relationships is proved not to be an intrinsic property of the 
studied problems caused by their physical nature. Indeed, the effect of 
different factors represented by various quantities becomes apparent not 
separately, but in common. It is therefore not necessary to consider these 
individual quantities, but rather their sets or complexes of a definite physical 
significance. The similarity-theory methods make it possible by analyzing 
differential equations and boundary conditions to determine these com- 
plexes which may be calied generalized variables. 

For each probiem there exists a set of characteristic variables, in terms of 
which the problem should be investigated. A transition from the ordinary 
physical quantitics to those of the complex kind, which are formed from 
the same quantities but in definite dimensionless combinations, gives im- 
portant advantages, First, the number of variables decreases, Internal re- 
lations characterizing a process are more distinctly expressed in these quan- 
tities, 
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fn addition, the new variables also possess another advantare. A preserib- 
ed value of z complex of quantities may be obtained as a result of an infi- 
Hite number of various combinations of the physical quantities making up 
the complex. Consequently, not just a single set but an infinite set of inital 
physical quantities satesfies the fixed valucs of the new sariables, This 
means that an infinite number of various cases, not just 9 single case, are 
investigated when solving a problem in new variables. Thus, the new var- 
fables are by their essence generalized. The replacement of ordinary varia- 
bles by the generahzed ones is the mam problem of the similarity theory 
cor the theory of generalized vanab!cs. 

It ts guile obvious that the similarity theary may be used more success~ 
fully when it is impossible to integrate a differential equation and to define 
the relation between yanables in expert form. if it is possible to solve the 
differentral equation then in principle, there is no need to use the similarity 
theory. However, even in this case the similarity theory has certain use. 
$f solutions are presented as dimensioniess vanables, then the muimber of 
Variables will be essentially reduced. Moreover, 3 solution in such a form 
allows the establishment of internal relations between vanables and pa- 
rameters entering the dimenstonicss groups, which thereby reveal the phys- 
ical significance of the salutions in more detail. 


2.1 Dimensionless Quantitics 


Differential equatians desenbing a process reflect our concepts of the 
Physical mechamsm of a process For instance, the differential heat con- 
duction equation 1s 4 particular case of the energy conservation Jaw and 
is reduced to the statement that 2 change an internal energy of an elementary 
tolume of s body 1s equal to the heat amount which is transferred between 
the elementary volume and the whole volume of a body. The baste equations 
of the problem represent a special erm of the general physical laws The 
development of the process 1s defined by relations between separate terme 
of equations, Such relations should be introduced as characteristic vanables 
Tor the problem i questron In many cases, each term of the equation, 
however, represents complee differential expressions including the main 
variables of the problem Hence, tt 1s necessary to establisis rules of a tran- 
sition from differential expressions to those in finite form 


The similarity theory ames a general method to directly transform expres- 
sions having differential operators into the simplest algebraic ones. The ¢3- 
sence of this method is that a real process is replaced by a simple conven- 
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tional schenie where all the differential operators preserve their constant value 
in space and time. 


As an example, consider the operation of the mth fold differentiation with 
respect to the independent variable x, Then, the function z= d™y/dx™ 
will result in an effect of this operator on the function y ~ f(x). The ef- 
feet of x and y on = is, however, of interest to us. Therefore, we assume 
d"y/dx" = const. 11 is obvious that to satisfy this condition it is necessary 
to assume y = Ax™, hence 4 = y/x™ where x and y are any values of the 
variables obtained from the relation y = f(x). Let any values of the varia- 
bles x and y be known or given according to the condition (xo. ¥9). These 
prescribed values of xp and y, are referred to as parametric values. Therefore, 
A ~Jolxe™. Hence, = ~ yo/xo". 

Thus, the Jaw of constructing z in terms of x and y lies in the fact that z 
is determined as a quantity proportional to yo in the first power and in- 
versely proportional to x9 in the ath power. Only this relation is impor- 
tant when settling a question about the structure of a complex corresponding 
to the operator z. Parameters x9 and y’) are given according to the specific 
condition. 

Thus, it is not difficult to pass from the derivatives to the simplest al- 
gebraic expressions, We illustrate this transition by the example of heat 
transfer of 2 heated plate into the surrounding medium, If heat is transferred 
follawing the Newton law described by the third boundary condition, we 
have 

alt, — t,) = — 1(t/8x),, (24.1) 


where s, and 1, are temperatures of # wall and medium, respectively; @ 
is the heat transfer coefficient; 2 is the heat conduction coefficient of wall 
material; and the subscript s applics to plate surfaces. 

Now assume 41/@x = const. In this case this assumption is not a repla- 
cement of 2 reai process by the conventional scheme as it is valid at a sta- 
Wonary temperature distribution. Thus, 4 transition fram a general case 
to the particular one of a stationary temperature distribution is performed, 
in this case the temperature 4 becomes a function of only one variable, 
the x coordinate. Under these conditions we have 


dtidx = ~- dtfl, 2.1.2) 


where é¢ is the temperature drop over the plate thickness /. 
If the tempcrature difference Af is introduced and defined by 


4t=4~%, (2.1.3) 
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the Eq. (2.1.1) assumes the form 
ade af 


or 
bt/At = (e/a) L. (2.1.4) 


So from properties which are determined from the basic Eq. (21.1), 
the ratio between the temperature drop and the temperature difference is 
defined immediately by the expression (a/Al. 

In general, with a variable temperature gradient (@7/Ax = var), the tem= 
perature distribution is obviously different from linear and thts simple 
result loses sts validity because now it is impossible to represent the deriv- 
ative (@t/Ax), as ~ dé// However, assuming 


(@rfdx), = — eS), (2.4.5) 


the factor e (degree of distortion) wall depend only on the configuration of 
the temperature distribution curve For all similar temperature distributions, 
e would be constant 

Now Eq, (2.14) may be rewntten 


la 
> pak ne 2.16) 


‘Thus, in general, to determne the relation 34/41, it is necessary to know 
¢ But at has already been estabhshed that for simular distributions ¢ 1s 
constant Therefore, if e as determined for some similar distributions, v 1s 
also valid for all similar distributions Simple considerations, not given here, 
show that similar distributions are those which cortespond to identical 
values of (a/A)/ But this means that the factor € 15 a single-valued function 
of the value («/A)i and consequently, Eq (216) may be given as 


4 - r(Si) 17) 


‘This result 1s important because the solution 1s presented as a function of 
one argument, although it 15 quite obvious that the temperature distribu- 
ton 18 caused by the effect of three parameters, a, /, and 2 

The real meaning of this remarkable fact 1s that, in accordance with 
our notion of the physical nature of a process (expressed in the baste equa- 
on), each of these parameters alone ts not of essential importance but 
rather their defimte combination (a/A)! 
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The expression (c/2)/ represents a typical example of a generalized var- 
iable or a complex which applies to the problem being considered. Jn 
the similarity theary, such variables are usually named as the similarity cri- 
teria and designated by the first two letters af the name of the scientist wha 
made a significant contribution to the development of this field of science. 

‘The expression (a/A)! is referred to as the Biot criterion. 


(aja) = Bi. (2.1.8) 
Hence, Eq, (2.1.7) may be rewritten as 
ét/At = F(Bi). (2.1.9) 


A transition from initial variables «, J, 4 to a new variable Bi, results not 
only in a decrease in the number of arguments; in parallel to this, the anal- 
ysis itself changes. Actually, when a, /, 2 are taken as basic quantities, some 
particular case for each set of the given valucs of these parameters is oh- 
tainable. In contrast to this, any particular case dots not uniguely satisly 
the given value of the Biot number, because this value may be realized by 
the infinite number of various combinations of quantities a, /, A. 

Thus, when the value of the Biot number is fixed, not one particular pheno- 
menon but an infinite number of various phenomena are determined. [ence, 
owing to a new concept, the particulur case (corresponding ta the given value 
of an argument) is not a single phenomenon but an infinite number of an- 
alogous phenomena. In this sense it may be said that new variables are 
generalized ones and, consequently, the whole analysis acqulres a gencral- 
ized character. 

The physical significance of Eq. (2.1.9) lies in the fact that the temperature 
distributions are similar between themselves, for which the relation é¢/4¢ has 
the same valuc, corresponding to the given valucs of the Biot number, 
However, the solution is not completely determined because a nonstationary 
process is being investigated, It is necessary to clarify how to determine 
those time instants for which similar distributions are obtainable. 

IL is quite obvious that processes in different systems will not develop. 
together, because the rate of evolution of a temperature field depends both 
on Zand /, Hence, there appears a problem on the rules of determining mu- 
tually appropriate time instants. To solve this problem we urn to the basic 
heat conduction equation, which establishes a relation between the rate 
of evolution of temperature in time and the temperature distribution in 
space. 
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For a one-dimensional problem we have 


x aa Zt, (2.1.10) 


where a is the thermal diffusivity of a plate material. 

If, in this case, our method of transition to the conventional scheme with 
sonstant values of derivatives is assumed, then the derivative d1/dx may be 
teplaced by df,/r and the denvative 0°/A.<* by da/f (subscripts f and x 
denote changes in temperature for time ¢ and along the length /, respec 
tively). Henee, for the scheme under considerntron 


Bty[dty = ax/P. @.0 


Ifat any moment, for example, al the start of a process, the temperature 
distributions are similar, this similarity will be preserved if and only af the 
telation between space and time changes remains constant. Whenee 1 
follows that for all systems the expression at/P should be constant 

For a given initial temperature distribution, any subsequent distribution 
depends on the duration of the process r, the thermal diffusivity a, and the 
system size / The defimte combination at/f* of these quantities ts of great 
importance Jt is obvious that the expression at}l represents a generalized 
variable which 1s usually referred to as the Fouricr criterion or number 

at/P = Fo. (2.1.12) 


Hence, it follows that ¢ie Fourier number has the meaning of generalized 
time It may therefore be called as the homechronous number (homachrontry 
means uniformity ia tune, for two systems the relation Pla ts constant, then 
for them homochronity obviously sransfornis mto synchiromty) 

Grkhman in his recent work [45) distingusshes between smilanty erite- 
sa and simitarity numbers Sunufarity cetterta are thase campleves which as 
a whole consist of parameters gen according to the condition ef the problem 
The Bios criterion tsa typical evample The complex ar/P isnot a eriteriwe tur 
@ generalized variable ot the Fourier member However, Wf according to the 
problem condition some characteristic time 1s given, for example, a period 
of oscillation of 2 surrounding medium tempernture to, then the analogous 
complex aty/ will be called the Founer criterion aty/f = Fo’, ln this case 
the complex ar/F may be presented 2s the product of the Fourer cricrion 
ar/f by the dimensionless variable t/t, of a parametric type. 2¢, 


Fo a =Fo! (4) (2.1.13) 
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In this case’ all the similarity criteria are dimensionless parameters and 
the generalized variabics of complex type represent numbers. 
Returning to our specific problem, we have 


St/At = (Bi, Fo). (2.1.14) 


Note that this solution determining the temperature conditions on the 
plate surface could he changed so that it would be valid for any point m- 
side the plate. The location of points inside a plate will be fixed by the re- 
lation x//. Then, designating the local temperaturc, measured relative to 
that of the surrounding medium through ¢ and some characteristic tem- 
perature, given in the problem condition as 4, we shall have 


t/tp = ®(Bi, Fo, x/l)- (2.1.15) 


Onc can see that besides the Biot criterion and Fourier number the number 
of arguments is affected by the ratio x//. This ratio expresses one of the con- 
ditions of a problem: “For a point, located at the x distance from the plate 
surface / thick, determine ..., etc.” Such relations immediately intraduced 
on the basis of the problem condition are referred lo as variables of a pa- 
rametric type. Obviously, the ratio f/f, in the left-hand side of the equation 
also represents a parametric variable, as it also satisfies a definite part of 
the problem condition “.,. to determine a temperature / if the initial temper- 
ature is equal to ft.” 

Thus, dimensionless quantities, similarity criteria, and dimensionless var- 
lables are distinguished in the theory of generalized variables. Similarity 
criteria, consisting of constant dimensionless parameters of a problem, may 
be of two kinds. The similarity criteria of parametric type represent the ratio 
of the parameters af the same dimensions which are given according 10 the 
problem condition (ratio of length to height, er width to a parallelepiped height, 
ete.). The complex-type criterta combine the different kind of purameters 
(Biot criteria, Fourier number, ete.). 

Dimensionless variables represent a ratio of a variable to a constant para- 
ineter oF their combination. Tio types of dimensionless variables are therefore 
distinguished. The ratio of a local vartable to a parameter of the same dimen- 
sion (x/l, tlig, etc.) is the simplest type of a variable. 


\The geuupar/P* may be designated as a criterion or a number depending on the nature 
of x, When + is a current time the group is a dimensionless number. When + is a known 
fixed quantity (for example, the period of temperature oscillation) the group is referred 
to as a criterion. 
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Ifa parameter corresponding to a certain variable is not given, then the com= 
plex, consisting of a variable an! some different parameters, is constructed, 
Sor example at[P where Ffa is a complex of different parameters having the 
dimension of ilme, Such variables of the complex type will be named as num- 
bers (Fourier number Fo = at/P) 

As an example, it 1s possible to give the solution of a problem of plate 
heating in a medium with a constant heat source JF expressed in keal/m? hr. 

In our notations, the solution of this problem has the form (see Sections 
9.2-9 4) 

t tobe 
kate 





= OF Fo, Po) 2.1.16) 


where #, is the medium temperature, J, is the intial temperature of a body 
we 


Po = Fay" Quin 


If % and f arc given, then the complex Po 4s a parameter and at the same 
ume it is a similarty criterion (the Pomerantsev coterion) and the quantity 
(t — to)/(ta — fo) 18 a dimensiontess variable. 

However, if the stationary problem (Fo —~ o>) ts considered, the enrtral 
temperature 7, does not enter the solution of a problem and the medium 
lemperature f, may serve as the datuin for the reading of the body temperta- 
ture (¢ — 4) Then the Pomerantsey critertan loses its physical significance. 
Tn this case the quantity 


tt x) 
wre ~(%7) hae 
is a relative variable. 
The complex of the different paramenters WF/A has the dimension of 
temperature and serves as the given temperature parameter 
The uhlference an the Biot and Nusselt numbers may be given as a second 
example The Biot number, which plays an esscatial role in the determina 
lion of the temperature field of a sold, represents the ratio of thermal re~ 
sistance of the wall //2 to the convective resistance of heat transfer on the 
surface 1/a, both resistances being specified according to the conditions of 
the problem Thus the Biot number is a parameter, 1¢, the simulneity ert 
terion. 
Tn contrast (o this, when the canvective heat transfer processes between 
a solid and a surrounding medium ts investigated, the heat twansfer 
coefficient & is often unknown and must be determined. A new complies 
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containing @ is thercfore introduced. This complex muy be obtained by 
considering a heat transfer process associated with a liquid or gas film form- 
ed near a solid surface through which heat is transferred by conduction. 
In such a case, the equation may be written 


aft, — t,) = — A{drj0x),, (2.1.19) 


which is formally identical to Eq. (2.1.1). In principle, however, both equa- 
tions are different becuuse Eq. (2.1.19) contains the heat conduction cocf- 
ficient for the liquid or gas 2 (but nol for the solid) and the derivative 
(0t/Ax), is determined when approaching a surface from the liquid or gas 
side. 

The treatment of this cquation by the similarity theory methods leads 
to our already known eapression (/A)/. At first sight one may think that the 
result obtained differs from the Biot number only by the fact that it con- 
tains the heat conduction coefficient for a liquid, In reality the difference is 
more significant, as now @ is an unknown quantity and, consequently, 
the complex corresponds to the category of relative variables or numbers, 
It is therefore advisable here to introduce a new nolation and a new name 
for this group, Up to the present the name Nusselt number and the notation 
Nu arc well established. The number Nu always serves as a function in heat 
transfer equations. 

‘The most frequently used numbers and criteria of similarity are given in 
Table 2.1, 


TABLE 2.1. Crrrenia AnD Somanry Nomoers 
ee 





Criteria Numbers 
1. Blot criterion Bi = HR = Raj? Nosselt number Nu = al/A 
2, Kirpichev criterion Ki = GeoneR/Mte — fe) Fourier number Fo — ax/K* 


3, Kondratiey criterion Ka = R*(m/a) 
4. Predvoditetey criterion Pd — (d9,/dFO) pax 
5. Pomerantscy criterion Po = WR*/At, — fe) 


6, Fourier criterion Fo’ — ap/2aR* 
where p = period of temperature oscillation 
SS 


Thus, the solution of a problem should be presented in the form of di- 
mensioniess quantities which define unknown dimensionless variables as 
functions of independent dimensionless variahles with similarity criteria 


“a 2, Tricor or Grneraurzep VARIABLES 


playing a role of constant parameters 
Y= SX Fee Pdmus, ane (2.1.20) 


where Y, 1s the unknown variable; X, are independent variables; 2, is the 
complex-type criterton; and P, are parametric criteria. 

If the form of the function of Eq. (2.1.20) is determined for any partic. 
ulae case with the help of a numerical solution of equations or by un ca- 
Periment, then the result obtamed is also valid for an infinite number of 
such phenomena, which are combined with the initial case mto one group 
under ihe following reqincements (which should be fulfilled in order that 
equal yalues of criteria really satisfy sinular phenomena}. {1) geometric 
similarity of systems, (2) similanty of their physical structure; (3) similarity 
of initial states; and (4) similarity of conditions on the surface of interac- 
tion between the system and the surrounding medium. 

Tn conciusion it should be noted that any combination of the similarity 
enteria 1s also a similarity criterion. A product of a dimensionless variable 
by any combination of the similanty criteria xs also a dimensioniess variable 

The possibility of combining criteria and dimensionless variables is of 
great importance for solving heat and mass transfer problems. 


2.2 Operational Calculus and Similarity Theory 


The similarity criteria may be obtained from the governing differential 
equation and boundary conditions, using the methods of transforming from 
differential relations to algebraic ones This method of a transformation 1s 
connected with operational calculus methods 

Equation (2.1 11) 1 a ratio of temperature differences transformed in 
tume and along space coordinates, t¢., the Founer number 18 a rauo of 
the transformed temperature differences. 

Hence, there appears the tdea that stmilanty criteria be defined, not by 
the rauo of the ongynal functions themselves, but by ther transforms. It 
1s known that the Heaviside operator p, introduced with respect to a time 
variable rt, gives the following relations 


dilde— pt ~ te a = pri — pr-tn(0) --- — 2X0), (2.2.1) 
Ve=e. pte (12), pm emyal (22.2) 


where - is the sign of operational correspondence 
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Consequently, the replacement of derivatives by a ratio of one physical 
variable 10 the second variable raised to the mth power is clearly a transi- 
tion from the original function to the transform following Carson-Heaviside, 
This corresponds to the essence of the analytical transformation itself. The 
operational methods are mathematical ones which transform symbols of 
one operation into those of another. 





emt if )—r@)— + 4@)=0. 223) 


The Carson-Heaviside method js an integral transformation method 
which makes it possible to dismember operations and to introduce fractional 
differentiators and integrators. For example, 


pa=djdr, pi? Afar)". 


Integration is replaced by an operator i and under certain conditions there 
exists an interrelation between i and the operator p :p '— <p 
== is dr? etc. Therefore, to obtain the similarity criteria it is possible to 
use not only 2 system of differential equations but also systems of mixed 
integral-differential equations. In this sense the operational methods have 
certain advantages. 

Usually the transformation methods by Carson-Heaviside or Laplace 
are used for nonstationary processes, ie., transformation occurs along 
the time coordinate (integration takes place from 0 to ce). 

The Hankel and Fourier finite integral transforms, etc., are applied to 
bodics of finite dimensions. However, it is only in particular cases that we 
may write the relation analogous to 





Pfde = pt (2.2.4) 


In addition, the cosine or sine Fourier transformation does not give the 
possibility of eliminating the derivative 1/4x (or any odd derivative) as 
the integral 








ot { sin px 
Ge Veos px 


cannot be expressed in the form of the simple operational relation of type 


(2.2.4). : 
However, the finite Hankel integral transformation does make it possible 
to eliminate the set of terms of the form 


46 2. Turory OF GENERALIZED VARIABLES 
1a a wt 
Mon Te ( e) cee 


and then the following relation 1s valid 


— pl + ¢&. 4) 





Fo= (2.2.6) 


where g(r, t,) is the function dependent on the boundary conditions. 


Hence, the transition fram differential equations to algebrate ones ts not 
only a replacement of the partial derivative 871jx™ by the expressian prt 
but also the introduction of additional relations takuig into account the bound- 
ary conditions, fe, the process of utteraction between the body and the sur- 
rounding medium. 

From the physteal viewpaint this means a transition from ectual valtes of 
the physical quantities (differenual equations and single-volued conditions) 
to those averaged according fo a specific statement of the physical problem 
by the operator transformation methods. 


The Heaviside operational method has some advantage over integral 
transform methods from the viewpoint of its usage m the operator similanty 
method, In a process of development of operational calculus, the original 
Heaviside viewpoint was considerably enhanced by the works of Carson 
[11], Bromwich [5]. Doetsch [25], and Van der Pol and Gremmer [122] 
who used the Laplace transform and the Mellin integral in theit inyesti- 
zations. In 1946 the Pohsh mathematician Mikusinska [81) completely 
returned to the Heaviside viewpoont The operator p ~ d/dr 1s considered 
in the Heaviside-Mikusinski operational cafculus, which makes st possible 
to reduce a differential equation to algebratc 

Recently Ditkin and Prudnrkov [23] introduced the Besscl operator 
B= (dfdt) r(d/dr) winch 1s closely connected with the Bessel equation and 
makes it possible to solve some differential and integral equations 

Returning to the method of a transition Lom a real process to the sim- 
plest model scheme by the relation d™t/dx" ~ t/x™, it may be noted that 
such a method allows one to obtain the similanty eriteria of the whole class 
of phenomena because differential equations descnbe a class of similar 
Phenomena. The replacement d™u/de™ by p™F taking ito account the 
boundary conditions, permits us to abtain not only a complex of similarity 
criteria for the given law of interaction between a body and the surrounding 
medium but also to establish the interrelation between the sim#lanity cri- 
tetia and, consequently, to define the basic similarity cntena 
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Hence, the transform solutions whick may be obtained in the maiority of 
cases are basic initial relations to determine a relution between generalized 
variables. 

It is known that the difficulty in analytical investigations lies in the in- 
version of transforms but not in obtaining a solution for the transform. 
Moreover, from the transform solution, it is possible to have some approxi- 
mate solutions of relations from the tables of transforms and by means of 
simplifying approximation of the transform solution. 

Thus, the operational methods when applied to differential equations 
together with the conditions of single-valuedness gives us the possibility of 
obtaining relations between averaged values of the basic similarity criteria 
of heat and mass transfer. The simultaneous application of the similarity- 
theory methods and the operational methods should makc it possible in 
the future to develop the heat and mass transfer theory on the basis of the 
operational similarity methods. 


CHAPTER 
3 





BASIC METHODS FOR SOLUTION OF 
BOUNDARY VALUE PROBLEMS 


In Chapter ta differential equation for heat conduction was derived 
relating temperature, time, and body coordinates for an infinitesimal vol- 
ume. This cquation ts a linear, homogencous partial differential equation 
of the second order In mathematical physics, a considerable number of 
books 1s devoted to the detailed analytical methods of solution of the clas- 
sical heat conduction equation These works will nat be treated here We 
shall deal only with the basic methods of solution, and special attention will 
be focused on summanzing the physical nature of the corresponding trans- 
formations. Mathematical ngor and analytical details will sometimes be 
sacnficed in our approach but our main aim 1s to demonstrate the methods 
of solution to engineering problems 

The readers who are interested rn the mathematical analysts of the subyect 
may refer to the appropriate works [41, 116]. 


3.1 Analysis of a Differential Equation for Heat Conduction 


Without heat sources the differential heat conduction equation can he 
written as follows 


ade = alt (34.1) 

The solutions to this equation hase the property of superpositron identi 
cal with solutions to an ordinary homogencous differential equation, 1¢€, 
AC f, and f, are two particular solutinns of the equation, the expression 


8 
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Cyt + Caf, is also the solution to this equation at arbitrary values of 
constants C, and C;. A partial differential equation of type (3.1.1) bas 
an infinite number of particular solutions. 

We illustrate this with an example. A homogeneous differential equation 
with constant cocfficicnts (a, b, c, d, 2, f) for some function # of two varia- 
bles € and 7 has the form 


ot a a a 


ar 
age tb ag tea tae te Gz ta— 0 G.12) 


Then the substitution of 


t= Cettte 3.1.3) 
is a particular solution to this equation, viz: 
or a or 
=_—= eli a feds ——_ =k Sele 
OE keh, ICett+in, GE an kiCet+", 
et 2 oF rH 
ap = Ce, SE = Cee 


Substituting these relationships into our equation gives, upon cancel- 
lation by Ce*+', the so-called equation of coefficients 


ak® + kl + cf + dk + el + f—0. G.1.4) 


Hence, Eq. (3.1.3) is a particular solution for those values of k and / 
that satisfy equation of coefficients (3.1.4). Thus, we may take an arbitrary 
valuc of one of these two coefficients; however, the second onc should be 
found from Eq. (3.1.4) iLe,, we can obtain an infinite number of particular 
solutions. 

The equation of coefficients is a quadratic equation, e.g., with respect to 
k (we consider & to be variable and /to be constant) and, depending on the 
value of the discriminant, we may obtain for & (1) two unequal real roots, 
(2) Wo cqual real roots, and (3) two complex conjugate roots. 

The result for the roots & depends on the physical nature of the process 
studied which is described by differential cquation (3.1.2). 

It should be noted that solution (3.1.3) may be written as a product of 
two functions as 

1 = Cet els = CHEV), 


one of which, #(¢) = ef, depends only on € and the other, (9) = 4", 
depends only on . However, there are certain solutions of Eq. (3.1.2) for 
which such a division is impossible. 
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3.2 Solution of the Equation by Classical Methods 


a. Separation of Variables, The classical method of solution of the dif= 
ferential equation for heat conduction ss that a group of particular solutions 
1, that satisfy the equation and boundary condition ate sought. Then by 
the superposition method, a set of these solutions is composed as 


=EGt. G21) 


a1 





= Oy + City ++ 








The coefficients C, are found from the initial condition, 

Strictly speaking, this property of superposition for an infinite series 
needs special substantiation since it 1s unreservedly valid only for a finite 
sum Such substantuation would be that a uniform convergence of the se~ 
ries obtained upon differentiation of series (3.2.1), must be proved as well 
as the validety of the term-by-term integration of the serres when determin- 
ing the coefficients C, Monographs on mathematical physics are of use 
here. 

A particular solution t ts sought in the form of a product of two funcitons, 
one of which, O(t), depends only on nme, t, and the ohter, (x, }', 2), depends 
only on the coordinates, i, 


t= COG)IC, » 





(3.2.2) 


where C 1s the arbitrary constant. 
If we substitute solution (3.2 2) into Eq (31-1) we obtain 


O'(r)9(x 3, 2) — a0(+) V*O(x, dy =) 
This equality may also be written as 


OO) _. Oe 23) 


Oey * Gee y.F 








‘The left-hand side of the equality may depend only on ror may bea constant 
value, but ot does net depend on the spatial coardwates The aght-haod 
side may depend only on the coordinates or be a constant value, but it 
does not depend on time. The equality should hold at any values of time 
and coordinates It is possible only in the case, when the nght- and Icft- 
hand sides of the equality are equal to some constant value D, ie. 


7 = D = consi, (32.4) 
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a/*0(x, yz) 
9G, yz) 


Equation (3.2.4) may be integrated as 


= D= const. (3.2.5) 


Ofr) =e 3.2.6) 


We do not write the constant of integration since it may be attributed 
to the constant C. 

The constant value D is chosen from physical considerations. For thermal 
Processes tending to temperature equilibrium, and after some long period 
of time (t + 00), a certain temperature distribution should be established, 
when the value D cannot be positive but must be negative. If D is a positive 
value, then after a long period of time the temperature will be greater than 
auy predicted value, i.c., il tends to infinity and this contradicts the physical 
nature of the process. 

If the temperature of a body is # periodic function of time, e.g., in the 
case of the distribution of thermal waves in a body, the value D should be 
an imaginary value so that the periodic function of time may be obtained 
instead of the simple exponent (3.2.6). 

Consider the first case, D < 0. Since the value D is still an arbitrary con- 
stant numerica! value, we may assume 


= — ak, 2.7) 


where @ is the thermal diffusivity and is inherently positive and & is some 
constant, determined from boundary conditions. Substituting these yalues 
for D, we obtain 


O(z) = exp[— ak*r}, G.2.8) 
V79(x, y, z) + K(x, y, 2) = 0. (3.2.9) 


Differential equation (3,2.9) is often referred to as the Pockel equation 
and is well known in mathematical physics. 

Thus, applying the Fourier method, the heat conduction equation is 
reduced to the equation of the Pockel type, the solution of which is governed 
by the geometric shape of the body and the initial temperature distribution 
as well as by conditions of heat transfer between a body and the surrounding 
medium or surrounding bodies. 

Let the solution of Eq. (3.2.9) be known under corresponding boundary 
conditions, i.¢., the function P(x, », z) is found. Then the parHenlar solu- 
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tion of the heat conduction equation may be written as 
1 = Cexp[— ak*r] (x, y, =). 2.10) 


Solution (3.2.10) satisfies the differential equation for heat conduction at 
any values of C and &, ie, it is a particular solution Hence, giving various 
values to the constant C and &, we shall obtain an infinite number of par- 
ticular solutions. 

According to the principle of superposition, the general solution will 
be the sum of particular solutions as indicated by relationship (3.2.t) 
The constants & take a definite value, which is determined by the boundary 
conditions, and the constants C are determined from initial conditions. 

In the simplest cases when 2 depends only on one coordinate ¢ (ic. 
one-dimensional problems such as the symmetric temperature field in an 
infinite plate, cylinder, sphere), the solution of Eq. (3.2.9) may be presented 
as a sum of two parucular solutions ¢(é) and (2), ie., 


9G) = FRE) + ylké). G21n 


This results from the fact that the general solution of any Iinear homo- 
geneous differential equation of the second order 


0" + p(O)0' + ofS)9 =0 2.12) 
may be written in the form 
D= C0, + Cds 213 


where C, and C, are constants and 0, and , are hnear independent integrals 
of Eq. (3.2.12), Le, integrals such that the ratio does not reduce to 3 con- 
Stant 

0/0, F const. 


LU sufficient to know only ane linear tndependent solution, ¢ g. O- 
The second can then be found by the formula’ 


% = 0, f dstexpl— f patyas. (3214) 


We contmue now the analysis of the particular solution of the diferen- 
tial equation for heat conduction. According to relationship (3212) a 
particular solution (3 2.10) may be written as 
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= Cexp[— ak*r]p(ké) + Dexp[— ak*r]y(ké), (3.2.15) 


ic., it represents a sum or a near combination of two eigenfunctions. 

In a general case, the quantity & may assume fixed valves defined from 
boundary conditions. The constants C and D are determined from the ini- 
tial conditions. 

The particular solution is not directly applicable to estimating the tem- 
perature field since the constants C and P cannot be determined from a 
particular solution. For example, at the initial instant (+ = 0) the tempera- 
ture may be constant, ¢ = f,= const, which docs not follow from the 
particular solution (3.2.15). 

If we assume t = 0 (exp[— @k?r] = 1), it follows that the constant fo 
should be equal to the variable Cp(k$) + Dy(k$), which cannot be the 
case, Therefore, 10 obtain the general heat conduction sojution that satisfies 
the initial conditions as well, the sum of particular solutions is taken, in 
which the constants C and D have fixed values. The temperature at the ini- 
tial instant may be a given function of the space variable ¢. ‘Then, combining 
such particular solutions, we may approach the prescribed distribution as 
close as we desire. This is accomplished by the choice of appropriate values 
of C and D; such a way of choosing the constants C and D is usually called 
the satisfaction of the solution to the initial condition. 

Thus, the first particular solution may be written as 


t, = C, exp[~ @k*] plkx£) + Dy exp[— ak,*r) yt), 


* Formula (3.2.14) may be obtained by the following method: we assume & = 6,2 
and substitution into Eq. (3.2.12) gives us 


Dy" + QA! + pide + (O1" + 99,! + qOse — Bye" 4 Qty’ + pz" = 0 
(the second exprestion in brackets is equal {o zero, as 9, is the solution of Eq. (3.2.12). 
We rewrite the above equation in the form 


x" yA py 
& : 





Whence 
Inz’ = —21nd, — J paé + nC 
Integrating once more, we have 
z=. f OF expl— f p etl dé, 
8 mC,G, ++ Cats f Ort expl— fp del dé = CA, + Crs. 
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the second particular solution 
ty = Gyexpl— aky*r) o(kS) 4 Deerpl— aksFr) ykrt), 
and so on, 
The general solution will have the form 


em E Coes) expl— ater] +E Dav Gat) expt okt] G26) 


It is necessary that the function 1o(f) describing the initial temperature 
distribution be expanded into series with respect to eigenfunctions as 


We) = 3 Guha) + 3 Day bind). 


We illustrate the above steps of solution with the simplest example, The 
differential equation for heat conduction for an tnfinite plate has the form 


F(x. 2) 


Ox, 4) 
oxt 


ae @G.2.17) 





The particular solution of this equation will be found m the form of a 
product of two functions 





t= CO(r}0(x). 


Then, upon substitution into the differential equation, we obtain 


O_O 
Bey ~ * Ty 7 ern 


The mtegration of the equation 
8'(x}{O(x) = — ah? = const. 
will give for the function O(z) 
O(r) = expl— ak?r} 
The differential equation for the function #(x) has the form 
0x) = — O(X). (3.2.19) 


Consequently, the function #(x) should be such a function that Its sec~ 
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ond derivative may equal the function itself multiplied by some value 
(— A). It is easy to show that sin Ax or cos kx may be such functions, viz: 
8,(x) = sin kx, Oy'(x) = k cos kx, 0") = — E sin kx — — I8, (x): 

8,(x) = cos kx, 9,(x) = — k sin kx, 0.(x) = — Ke cuskx = — k*6,(x). 


Thus, sin kx and cos kx are particular solutions of Eg. (3.2.19) whereby 
these solutions are linearly independent, since 


6x) sinkx 
Dx) ~ cos kx = const. 








The general solution of Eq. (3.2.19) will be a sum of particular solutions 
B(x) = CP,(X) + DA(x) = Csinkx + Deoskx, (3.2.20) 


where C and D are arbitrary constants. 
The second particular solution, (x) = cos kx, may be obtained by 
formula (3.2.14) if we know the first solution 3,(x) = sin kx, viz: 


gfx) = OC) f 970) expl— f pdx] dx = 0G) [ O17) a 


= sin kx f dx/sin® kx = — (1/k) sin kx cot kx + — (1/K) cos kx. 
In this case p(x) =0. The general solution will be the same: 


A(x) = CO,(x) + DO.) = Csin kx — F-cos kx = Csin kx + Deos kx, 


where D = — (1/k)D’ is an arbitrary constant. 
The particular solution of the differential equation for heat conduction 
will have the form 


1(x, 1) = Csi kx exp[— ak*r] + Dcos kx exp[—ak*r]. (3.2.21) 


The constant & is determined from the boundary conditions, and the con- 
stants C and D are determined from the initial conditions; they acquire 
fixed values depending on the conditions of the problem. The detailed steps 
of calculation will be given when we are considering particular concrete 
problems. The gencral solution may be written as 


tS Cy sin kax expl— akytt] + 3 Dm cos kk exP[~ ak ptr]. (3.2.22) 
Pa 2 
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b. The Method of Sources. The physical nature of the method of sources 
is that any process of heat propagation in a body by conduction may be 
described as combined processes of temperature leveling from numerous 
elementary hest sources distrbuted both in space and in time. The solu- 
tion of heat conduction problems by this method reduces largely to an 
adequate choice of sources and their distribution, 

The behavior of an elementary Ime source in an infinite body with one- 
dimensional heat flow is characterized by the expression 


8 ce ap 


G(x, & 2) = Gaarye ?P jaz {3 2.23) 





which is called the source function on an infinite straight linc. The function 
G(x, §, t) satisfies the heat conduction equation, viz: 





ag bo e-e «9 
Ge ~ Gaary® (‘ 4a oe en[- dar |: 
eG beet _@-8 
ae Gray { aa? Dar: ef “Tar |. 
te, Seago 
’ a ox 


Therefore, the funcuon G is usually called the fundamental solution of the 

heat conduction equation. Direct checking proves that the function @ 

gives the temperature at the point x if the imiual temperature 1s zero and an 

the initial moment the quantity of heat Q = bq) 1s evolved at the point ¢. 
‘The quanuty of hear generated by our stratpht line source 1s 


se ede bey Spa 
i me Rt a ala 





ue tae + flewt- wide a ve 0.2.28) 
Consequently, the quantity of heat Q does not change with time and 1s 
numencally equal to a product of the area, bounded by the curve G, the 
abscissa atis x, and the volume heat capacity cy. For small values of time, 
almost all heat 3s concentrated mm the neighborhood of the point &. 
‘The temperature distnbution resulting from an instantancous heat source 
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for a body of finite dimensions and a one-dimensional heat flow may be 
represented as (sce Chapter 9) 





G(x, & 1) = » = sin = sin me exp| = ve a. (3.2.25) 
3 


The fimetion G, represents the tempcrature distribution in an infinite plate 
(9 <* </) at the moment t if the temperature at the initial moment is 
equal to zero and at this moment the quantity of heat 2 = bey is evolved 
instantaneously at the point &, 

The application of the method of sources to the solution of several con- 
crete problems will be shown later, 


3.3 Integral Transform Methods 


a, Operational Methods, Solutions obtained by classical methods are not 
always convenient for calculations. it is afte necessary to obtain approx- 
imate solutions where 4 distinction is to be made between propertics of 
the heat transfer process and physical constants af a body interacting with 
the surrounding medium. It is difficult to obtain these formulas from the 
classical solutions. As a result of enginccring needs during the last decade, 
engineers and physicists began to widely apply the operational methods of 
solution, The basic rules and theorems of the operational calculus, obtained 
by Vashchenko-Zakharchenko [i24] and independently by Heaviside [47], 
found an ever-growing use in electrical engineering (hanks to Heaviside’s 
works, This method turned out to be so efficient, that many hitherto un- 
solvable problems have now been solved. Moreover, the method permits 
solution of problems in a simpler form. 

Subsequently, the operational methods found an application in thermal 
physics and chemical engineering for the solution of various problems of 
transient heat conduction and diffusion. In recent years these methods 
were extended to hydrodynamics, neutron Lransfer in absorbing media, cte. 

Strict mathematical justification of the Heaviside operational method has 
been made in the works of Bromwich [5], Jeffreys [51], Efras and Dani- 
leysky [28], Doetsch [25], Van der Pol [122], Ditkin [22], ctc. At present 
they may be regarded as independent methods for solving equations of 
mathematical physics. By their consistency they are equivalent ta the clas- 
sical methods. The Heaviside operational method is equivalent to the method 
of the integral Laplace transform. 

‘The Laplace transform method consists in the fact that not the function 
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itsclf (inverse transform) but its modification (transform) is studied. This 
transformation is petformed with the help of multiplication by an expo- 
nential function and its integration withia certain limits. The Laplace trans 
form is therefore an integral transform, 

‘The integral transform F{s) of the function f(r) is determined by the for- 
mula 


Fi) = fF ser de = LL) G31) 


where f(r) is the inverse transform of the function, and F(s) ists transform, 
that is alsv designated through £[f(r)] Here s may also, be 1 compely 
number, whereby it is assumed that the seal part of it will be positive, To 
insure that the transform does exist, integral (3.3.1) should converge. This 
imposes certain limitations on the function f(r) (for uetarts see Chapter 14) 

If the problem is solved in terms of the Laplace transforms, then, in the 
general case, the inversion of the transform (inverse transformation) is 
performed woth the help of the inversion formula 


J) = LUE = si Jer Feet de (3.32) 


Integration is performed in the complex plane, s = £ + fyalong the straight 
hoe o = const, parallel to the wmagmary avis The seal numbers € are 10 
selected that all singularives of the integrand (332) he an the left hatf= 
plane of the complex plane Res > 5, >a The technique of such an in- 
tegration 1s desenbed 1 detart im manuals on the function theory of a com- 
plex vanable In many cases the inverse transformation may be performed 
without the contour integral by making use of tables [113] 

Inverston of the transform 1s especially raprd if the transform comerdes 
with one of the transforms im the table (see Appendix 5) The following 
formula may be used mstead of (33.2) for inversion of the transform 


~ (=P (2 pol 8 3,20) 
fo) = un { nt (3) (3) e 

In principle, thts formula allows the function to be obtained using only 
Sifferentials and a wanswhon to the but (see Chapter 14) 


(a) Sf the tronsform represents the fractional function 





(8s) Ast ASH AS +--+ 
Fa) = vG) Os+8s74-- * G33) 





which is 2 quotient of two integer Uranscendental functions, whereby the 
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denominator has a countable sct of simple roots and does not contain a 

free term with the simultancous condition that 4,0 for which the cx- 

istence of integral (3.3.2) of the function F{s) is necessary, By the theorem of 
expansion we have 

r[ os) |-2 FS FC) oy 

R= eer] 2 vey 


where s, are simple roots of the function w(s). 

(b) If the transform F(s) is a ratio of two polynomials (a fractional ratio- 
nal function) whereby the power of the polynomial p(s) is less than the pow- 
er of the polynomial y(s) which has multiple roots k al the point sy, 
then 


af 2) 1 [dt [ose — 5, Yo 
fo = 25] -2 goa i fa [es] 
(3.3.4a) 


where the sum is taken over all roots F(s). If al roots p(s) are simple, i.e., 
all k are equal to unity, then formula (3.3.4a) becomes (3.3.4). 

Since in the present monograph the Laplace transform is used as a basic 
method for solution of heat conduction problems, this method is considered 
in detail in Chapter 14. Take the following cxample for illustration. 





(3.3.4) 





Example J. The differential heat conduction equation for a one-dimen- 
sional heat flow in a plate has the form 


ax, t) Ft.) 
eo a G3.) 
Let us use the Laplace transform to eliminate the variable +: 


iz [ce 2 = i aS" 2 3.3.6) 





whence we obtain an ordinary second-order differential equation with con- 
stant coeflicients with respect 10 the transform 


a fT 5) rex, 5) + u(x) ~0. 3.7) 


Here u(x) corresponds to the initial temperature (Cx, 0) which for the 
Present cxample we shall take to be equal to zero: 


tx, 0) = ux) = 0. 3.3.8) 
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We rewrite Eq. (337) in the form 

T(x,3) — = Thx, 3) = 0. (B39) 
The solution to the differential equation (3.3.9) may be written directly, viz: 


T(x, 8) = 4 cosh (2) + Bsinh (3) 
= Ay exef{(4)"s} + Resp | ~(2)"}. @3.10) 


where A, B, Ay = UA + B) and B, = §(4 — B) are constant with respect 
to x, but dependent on s 

If the boundary conditions are prescribed, then after the constants 4 
and B or A, and B, have been determincd, the inversion of the transform 
tx, t) 1s found wh the help of the table of transforms or the expansion 
theorem, 

We shall consider the same problem but with the instal temperature dis- 
uibution as a fanctiion of x, ic, 


1(x, 0) = ufx) B34) 


Application of the Laplace transform to eliminate the variable r in the 
differential equation (3.3 6) yields the differential equation for the transform 
G37) 

aT'"(x, 5) sT(x, 8) + xy = 0 (3322) 


The solution of this nonuntfarm equation ts easy by conventianal methods, 
¢ g., by variation of arbitrary constants described in tettbooks on the theory 
of ordinary differential equations The solution 1s of the form 


Thx, 3) = A cosh(sfa)t *y + B sanh{s/a)#x 
+ (a/s)' *cosh (s/a)'4x J” (ey sinhts/ay" *E ds 


~ (o/s) * sinb(sfayt xf wig) cosh(sja)! * Ede (3.3 13) 


Determining the arbitrary constants A and & from the boundary conditions 
reduces the solution to inversion of the transform T(x, 3) 

If at the imtial moment, the temperature at all the pomts 13 the same and 
equals fo, 16, u(x) = fo = const, then (3.3 13) siclds 
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T(x, 8) — (lols) = A’ cosh (sfa)¥*x + BY sinh(s/a)¥2x 
= Ay exp{(s/a)"*x] -|. By exp[—(/a)”*x] (3.3.14) 
A’ = TO, 5) — (lols) = 4 — (tals), 3.15) 


B=B 33.16) 
Ay = i(4' + BY, UA" — 8B’). 3.17) 





This same result may be obtained if, in the differential equation (3.3.12) 
at constant initial temperature u(x) = fg = const, the variable T(x, 5) = 
U(x, s) — (o/s) is substituted. This would result in the transformation 
of Eq. (3.3.12) onto (3.3.9), the solution of which is known, 

Since A’, B’, 4,', By’ are constant with respect to x and determined from 
the boundary conditions, the subscripts may be omitted and the solution 
of the differential equation (3.3.12) at the initial constant temperature may 
be written in the form 


T(x, 8) = (fo/s) = A cosh(s/a)2x + B sinh (s/a)"*x 
= A, exp[(s/a)"*x] + B, exp[— (s/a)"*x]. (3.3.18) 


The constants A and B arc determined from the corresponding boundary 
conditions, 

We conclude the Chapter with the note that the biggest difficulty of the 
solution of the heat-conduction problem for different boundary conditions 
is the inversion of the transform T- 

‘The applicativn of the integral Laplace transform to the solution of dif- 
ferential heat conduction equations is frequently more advantageous than 
the classical] methods of integration of differential equations and is usually 
Superior to other methods of integral transform for the following reasons: 

First, the technique of applying the integrat Laplace transform is relatively 
independent of the nature of the problem and the shape of the body. The 
procedure of solution is more straightforward and does not require any 
special skill, 

Second, the inteyral Laplace transforms are capable of handling problems 
with boundary conditions of the first, second, third, and fourth kinds 
without any new assumptions or transformations. 

Third, the availability of a great number of simple theorems permits one 
to obtain adequate enginecring results; in particular solutions in the form 
convenient for calculution at smail and great values of time are available, 

Fourth, the method yields particularly simp!c solutions of problems with 
simple initial conditions; the most efficient approach is the use of the La- 
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place transform with respect to the time coordinate a well ns the space 
coordinate for infinite or sem-infisite bodres. 

Filth, the efficiency of the solution of various problems by the Laplace 
transform method 43 increased to a considerable extent by the availability 
of very detailed tables of transforms. 

Although the integral Laplace transform possesses all these advantages, 
it should also be mentioned that it does have some defects fn particular, 
some difficulties arse when solving problems with initial conditions preserib- 
ed an the form of a function of space coordinates or some multidemenstonal 
problems. To overcome this difficulty a number of alrernate Integral trans- 
formations with respect to the space coordinates taking into consideration 
the geometry of'n hody were proposed Such transformations were proposed 
by Deotsch, Sneddon, Tranter, and others, A number of works in this 
trend were performed im the Sowet Union (cf. {1t8, 414). 

If the transform 1s performed with respect to the space coordinate x, 
the integral transfortn of the function f(x) may be presented as 


Ree nw — J Kp. 90) dx 3.19) 


If the kerne! of the transform A(p, x) 1s taken in the form (2/2)? sin px 
or of (2/2)'* cos pr, mt 18 correspondingly referred to as the Fourter sint 
transform or the Fourier cosine transform If the Besse! function A(p, x) 
a xJ,(px) 1s taken as the kernel of transform, t 1s referred to as the Hankel 
tranform In a particular cose, af the Lrmuts of integration change from — 0° 
to + coand the kernel has the form K(p, x) — (1/22)"* exp(ipr) we oblain 
the complex integral Fourier transform it 1s convement to apply the com- 
plex integral Founer transformation to infimte bodies The Founer sine 
transform 1s particularly useful when the saluc of the function 1s prescribed 
on the surface of a bedy, 1¢. we have boundary conditions of the first 
kind, ond the Founer cosine transform is useful when we solve differential 
transfer problems with boundary conditions of the second hind The Han 
hel teansform 15 particularly conventent when the body has avial symmetry. 
Practical applicatuian of the abose integral cransforms will not pose any 
specral difficulties after good tables of transfurms have become available. 

In those cases when the Fourter transform should be applied but the 
values of transforms are not available, the imverse transforms may he found 
by the following simple inversion formulas, 


The complex Fourner transform 


fey = i2ay* §™ fede edo (3320) 
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The Fourier sine transform: 


Hx) = Bla [™ [FPL sin px dp. (3321) 
The Fourier cosine transform: 
Sx) = (Qj)? f, ‘Fdp)p. C08 px dp. (3.3.22) 
The Hankel transform: 
Fe) = [PLL eya Ser dp. @3.23) 


The peculiarity of the above transforms is that the upper limit of integra- 
tion is equal to infinity. If in the Laplace transform (3.3.1), which in most 
cases is applied with respect to the time coordinac, the infinite limit of in- 
tegration is caused by the very duration of an unsteady time process, then 
in the Fourier and Hankel transforms (3.3.20)-(3.3.23) with respect to the 
space coordinate, the presence of an infinite limit narrows the range of ap- 
plication of these methods. In other words, the integral transform (3.3.20) 
(3.3.23) may be successfully applied only to problems of semi-infinite di- 
mension. Moreover, it should be noted, that applying the Fourier transform, 
particularly the sine and cosine transforms, it is necessary to pay great al- 
tention to the convergence of integrals since here convergence conditions 
become more difficult than convergence conditions of corresponding inte- 
grals when applying the Laplace transform. 


4, Finite Integral Transform. The scantiness of the Fourier, Hankel, and, 
to some extent, the Laplace transforms on the one hand, and a crying need 
for solution of the probfems with finite region of the change of variables 
on the other hand led to creation of finite integral transform methods. 
Even for those problems which may be solved by the classical methods with 
the help of the Fourier or Fourier—Bessel series, the finite integral transform 
method may be preferable from the standpoint of simplicity of approach, 
although it is mathematically identical to the method of eigenfunctions. 

First the idea of the finite integral transform method of the type 


(fVe. = f K(p, x) fx) dv (3.3.24) 
was proposed by Koshlyakoy {57]. ‘Ihe theory of such integral transforms 


was more thoroughly developed by Grinberg [41] who generalized these 
methods for the case of step-by-step change of properties of the medium 
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ferential equation and boundary conditions, 1.¢., taking into account the 
feometric form of the body and the law of its interaction with the surround- 
ing medium. {n other words Green's function is the Lernel of the teansform 
for the given problem, The transform of the function f(x) is obtained with 
the help of the integral transform 


Mle = f Kp, x) fx) de, (3.3.35) 


while the inverse transform is determined by formula (332) after first 
substituting [/p)]q for L/s)).- 

Such a procedure of the sotegral transformation has ms physical basis. 
The idea is that any integral transform taken with respect to the space coor- 
dinates 4s, from the phystcal pornt of view, an averacing of the considered 
physical value. It is quite natural that thts averaging should take into ac- 
count not only the character of the process and the shape of the body (with 
the form of the differential equation) but also the boundary conditions 
In thts case, the solutron for the transform of the function will be of special 
interest since such 2 transformation ta 2 physical sense wall present transi- 
lion from the analysts of actuss values of considered functions (difTerential 
equation, univalence conditions) te the averaged values, made mm confor+ 
mity with the concrete situation of the physical problem Thus, the imregral 
transform methods acquire anew and ery essential adi antage over the classical 
niethods, since they give the possibility of obtaining a aumber of regularities 
of the proceeding of phy sical processes on the bans of the analysts of a so~ 
lution for averaged 1clues of the eonsiwlered physical value (the analysts of 
the solution for the transform) This fact relates the guen theorencal methods 
to the methods of the similarny theory 

‘The integral transforms have specific adyantages when solving the system 
of partial differential equations. The method of solution of the system of 
equations does not differ in principle from solution of individual equanons 
and 18 carried out by a number of successive procedures For etample, for 
one-dimensional heat conducnon problems dependent on the space coor 
dinate and on time, it 1S necessary 


(1) to choose an appropriate integra! transform or a group of rntegral 
transforms on the bass of the analysis of the differentia! equation and 
boundary conditions; 

(ii) to multuply the differential equation and boundary conditions by 
the chosen kernel of the transform and integrate the expressions obtained 
overcorresponding mits with respect to the vanable w hich 15 to be excluded 
as a result, we shall obtain a system of ordinary differential equations for 
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the transform of the functions, which take into account the initial (when 
using the Laplace transform) or boundary (when using the Fourier trans- 
form) conditions, instead of the system of partial dificrential equations with 
respect to the inverse transform of the functions; 

(ii) to solve an ordinary differentia! equation with respect to the trans- 
formed functions. (If the solution of the transformed equation still causes 
some difficulty, it should be attacked once more by an appropriate integral 
transform with respect to the second independent variable. As a result of 
the transformation, we obtain an algebraic equation, the solution of which 
is more elementary. Having found the expression for twice transformed 
functions, we apply to them the reverse transform. The solution obtained 
will be the desired solution of the differential equation.); 

(iv) to define more exactly the expressions for the arbitrary constants 
which are contained in the solution of the equation, for which the end con- 
ditions of the considered problem are used; 

(¥) to invert the functions using the known relations between the trans- 
form of the function and the function itself or formulas of the reverse 
transform and, consequently, to find the final solution of the problem. 


3.4 Methods of Numerical Solution of Heat Conduction 
Problems 


‘The metheds of mathematical physics, particularly those of integral 
transformations, allow the elfective solution of a comparatively narrow 
range of problems of the transfer theory. When considering systems of 
differential equations with very general boundary conditions, we find the 
exact solution very difficult and with present methods it becomes impossible 
in the case of nonlincur problems. In these cases we resort to numerical 
methods of solution, At present the finite-difference method which is some- 
times referred to as the net method, is one of the beller procedures for the 
approximate solution of heat conduction equations in practice, 

The finite-difference method is based on the replacement of the derivatives 
by thelr approximate values expressed through the values of a function at 
certain discrete points—nodal potats. As a result af such transformations, 
the differential equation is replaced by an equivalent finite-difference rela- 
tion whose solution is reduced to simple algebraic manipulations. ‘Vhe final 
result of the solution is given by itn expression, according to which the value 
of a “future” potential (temperature) at a given nodal point is a function 
of time, which is its “present” potential and the “present” potential of neigh- 
boring node points. When calculating temperature ficlds, the repetition of 
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the same operations facilitates the application of modem compuling tech- 
niques, resulting in a considerable efficiency of work 

The approxumate replacement of the first and second derivatives by the 
difference relations may be carried out simply as follows. Let the function 
¥ = fla) be given as plotted in Fig. 3 1. If the angle between the abscissa 





Fig. 31, Mustrauon of the determination of function fix) 


and the tangent to the curve through the point Af{x,, y,) 1s designated by 
@,, the derivative of the function at x = x, 15 given by the formula 


yy = tang, G41) 


Take two neighboring points A(%1, S11) and P(rya+ Jun) on the 
curve so that the differences x; — X12 = Xan — Xe =A (or, consider one 
of the secants AfP or AAf instead of the tangential! AfT) would be suffi- 
ciently small, and approwimately replace a, by 6, of 7. If the slope of AIT 
is approximately replaced by thar of AP then, 





or meee, MASH 
ye mm tan Bm F G42) 
or 
B43) 
An alternate expression is 
yg wt = Sac G44) 


‘The right-hand sides of formulas (3.4 2) to (34.4) are respectively called 
forward difference method, backwards difference method, and symmetrical 
difference method. 
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The approximate value of the second derivative ¢’ of the function 
y = f(x) at x = x; may be readily obtained if the curve on the section AP 
is replaced by a broken line AMP which has two slopes at M, where 





prec k, (yaa Je 
x ~% ( 7 


— Fier ~ it Yea 
= # - (3.4.5) 





Formulas (3.4.2) and (3.4.5), used to replace the derivatives by the dif- 
ference quotients are surely not unique. Sometimes it is advisable to carry 
out another replacement. However, when integrating heat conduction equa- 
tions, Eqs, (3.4.2) and (3.4.5) are used more frequeatly, 

Let us consider for example a one-dimensional heat conduction equation 
for an insulated thin bar Z in length: 


aux, t) _ Hx, 2) 


ar amr re @=xxsL). (3.4.6) 


Since the function ¢(x, r) depends on two various x and r, the rectangular 
network (Fig. 3.2) is used. We plot a segment with the length 7 on the ab- 


Fig. 3.2, Rectangular network. 





scissa and divide it into 1 equal parts. The resulting step on the abscissa is 
designated through / — L/n. On the x axis, the resulting points of division 
have abscissas x= 0, x =/, .. x= L. 

The time values t in equal intervals / are plotted on the ordinate. The 
straight lines parallel to the coordinate axis which pass through the obtained 
nodal points on the coordinates (in Fig. 3.2 they are marked by crosses) 
form a rectangular net. It is assumed that the values of ¢ at the nodes lying 
on the coordinate axes, on the straight line parallel to the ordinate axis, 
and being at a distance L from it are specified by the initial and boundary 
conditions, 

The problem of approximate numerical integration of equation (3.4.6) 
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by the net method is to find an approximate value of the function rat exch 
nodal point of the network. 

We shall designate the actual value of the temperature at the point of the 
rod x = ih at the moment r = Af by f,, i ¢., at the point marked sn Fig. 32 
as i,k. 

‘The partial derivatives @s/dx and d¢/4x* at the point (ih, Al) are replaced 
by the difference quotients according to formulas (3.4 2)-(3 4 5), ie, we 
assume 


Att ta (3.4.7) 





e + fae (3.48) 
where e, and ¢2 are the residual terms tending to zero as / and / approach 
zero At the nodal pomnt (1h, 42) the differential equation (3.4 6) 1s replaced 
by the relation 


ees 





Mew a(tem ma tine 44), aaa) 


or 


team (1- FE) at Bu cet tad 4k 3410) 


where R= aty— 
Omitting the residual term /Rin Eq (3 4 10) yields the difference equation 


tm +r) Bat 4 Worst Ped GAN) 


where the approtmate value of the quantity f,2 at this nodal port (14, 
Al) ts designated as Oe 

Formula (3411) allows the calculatron of the value of 2 at the nodal 
point of the hor:zontal row (K + 1) using values of @ in the prestous row 
(k) Wiis therefore possible, using (3 4.11), to find values of 8 at nodal pornts 
of the first horzontal row (at + — /) with the help of the temperature values 
at the nodal points of the axis Ox (at r = 0) These values are known from 
the intial conditions Thus, upon obtaining the values of @ in the first row, 
we find the values of 2 at the nodal points of the second horizontal row 
(ve, at t= 21) by means of the same formula. This process of building 
up a table may be contynued as far as one wishes since values of the tem- 
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perature at the cross-points of straight lines x = 0 and x= ZL will be 
known from the boundary conditions. 

Formula (3.4.11) may be derived by applying the Fourier and Newton 
Jaws and performing heat balances on the elements of the body. At present, 
many investigators use this method of deriving the above calculation for- 
mulas. 

Following Panov, we may rewrite formula (3.4.11) in the more con- 
venient form {see the diagram in Fig. 3.3) of 


Oia (1 -#) +2, +9). (3.4.12) 


By selecting the ratios between steps / and / in different ways, it is possible 


A 


Fig. 3.3. Ilustration of the derivation 
of formula (3.4.12). 





to obtain some particular relations from (3.4.12). Thus, for example, 
for 1 = h*/3a 


G4 = 3(6, + # + #2), (3.4.13) 
for 1 = h*/6a 

O4 = 48, + 49) + 82), (3.4.14) 
for } = It/l2a 

8, = k(O, + 100, + 2), (3.4.15) 


and generally for / = A®/pa 
At 2)8, + 8. 
, 
For p = 2, formula (3.4.12) has the simplest form 


Oy (3.4.16) 
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G4 = 1, +9). G47 


This last formula; called the Schmidt formula, has a great practical advan- 
tage over formuls (3.4.14) and even more over formula (3 4 15) as, at the 
same h (i¢., same step size), the quantity ? {i.c., time interval) is the larg- 
est for Eq (3.4.17); consequently, the amount of computation work 
dimiarshes by a factor of three if we use Eq. (3 417) instead of (3.4,14) 
and by a factor of sry if we use Eq. (3.4.17) instead of (3.4.15). 11 should 
be noted that, owing to its simplicity, formula (34.17) is widely used for 
the graphical solution of unsteady-state transfer problems [87]. Investi- 
gations show that at p — J, we obtain a divergent calculation formula. tn 
general, it should be noted that when solving unsteady-state partial differs 
ential parabolic equations we find that the prablems of selecting the rela- 
tions between A and / as well as the error of rounding-off are of the greatest 
significance since convergence and stability of the solution depend on them. 
The ngorous theoretical consuleratjons show that 


(1) formula (3.4.16) 1s valid only at p> 2, 

(2) formula (3417) gives the largest time step ¢ when p= 2, 

(3) the larger the value of p, the more closely formula (3.4 16) ap- 
proaches the exact solution 


The network shown in Fig 32s convement for numencal imtegration of 
Eg. (3.4.6) when the problem to be solved involves a boundary condition 
of the first kind, becuuse, in this case, the boundary strayght ines x - 0 
and v = £ belong to the network stself. If the equation to be solved ine 
volves boundary conditions of the third kind, calculations and theoretical in- 
vestigations show that for an increast m accuracy of determination of the 
potential on the boundaries, st 15 necessary to introduce additional nodes 
outside the actual region under consideration if we are to pel an accurate 
uetermmation of the potential on the boundaries For example, when solving 
Eq (3.4.6) with the boundary conditions 

(4) - £W0.1) = teh - = Ft, = 4h G4 18) 
the network should be constructed so that the physical nght-hand boundary 
lies in the middle between two strarght lines x - x, and X = x,,,, and the 


* Editor's rote. This formulation was apparently first sugecsted by E. Schmidt. in 
“Foppts Festschrift,” Springer, Berlin, 1924 and was independently obtained by Fancy 
in 1938 
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left-hand boundary lies ia the middle between the straight lines x = x, 
and x = x, (Fig. 3.4) (x = 4/2). Taking this into account, we introduce 
values of 8, 41,, and #;, ie., the values of the function for the points lying 
outside the region under consideration. The derivative (6t/8x),., entering 





Fig. 3.4. Calculation scheme for unsteady heat conduction problem (boundary con- 
ditions of the third kind). 


the second condition (3.4.18) at a point B(L, k/), is replaced by the sym- 
metrical difference quotient 


Oty Inet — Ink ye 
(z)_> wet te GAR) 


and the temperature at the surface r(Z, ki), is taken as the arithmetic mean 
of the temperature at points A and C as 


HL, Kl) = Abn + trae) G.4.20) 
Then condition (3.4.18) is written as 


foena = fae gp ta — s [eet ae— a] (3.4.21) 


or, passing to the approximate potential #, we obtain upon transformations, 
oh oh oth {-* 
Pasa = [Ont - St) + 4] [1+ HY 422) 


The approximate values of the function at the nodes of the auxsiliary straight 
line x = L + 3h are obtained by this formula. 
The temperature at the boundary straight Jine x = ZL is defined by 


B(L, Kl) = 1Gp.6 + Pavan 3.4.23) 
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which upon transformation gives 


Ona + hse ‘ 
OLA) = il fey Bde at he, (3.424) 
ae oy 
where 
ss Aja. (3.4.25) 


The temperature at the nodes of the auxiliary straight linc x= — jh 
is 





1-4 Santa 
Dox = a 3426) 
ses 1 
At the left-hand surface we obtain 
ha 
Oats WF 
SATE hee ee 
(0, KI) a ie (34.27) 
a 





The methods for solving the differential heat conduction equation with 
sources do not dilfer in principle from the previous ones The finite-dffer- 
ence method allows a successful solution of one-, two-, and three-dinen- 
sional problems Mrkeladze [77] completely investigated the case when 
the square network 15 selected as the coordinate system to descnbe the 
changes of variables x and » Triangle and polar nets orks are also consider 
ed by Yushhov [128, 130] and others [101] It should be noted that polar 
networks are especially canventent for solving axisymmetric problems 

Determination of the temperature field in the three-dimenstonal space 
with constant thermal properties as given by Yushkov [130) and with 
variable ones by Vashchenko-Zakhurcheako (124] and Bromwich [5] All 
hese problems are considered by Saulicy (99) and Yushhkov {130} i deta 

The finte-difference method as has been shown by Yushhov allows a 
successful solution of a system of differential heat conduction equations 
for either constant or vaniable coefficients The method 1s called exphcit 
as tt gives the value of # at the moment 7;., using the values at the mo- 


ment t 
In spite of the simplified calculation formulas, the method has an essen+ 
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tial disadvantage due to the condition p > 2u, where x is the dimension 
of the space. Since here ] ~ h*, tracing the behavior of the solution over a 
rather long time interval, say up to Fo ~ 1, demands very many time steps. 

The detailed analysis of the solution shows that attempts al increasing 
the time step leads to an increase of the computational components which 
rapidly vary with respect to space variables. At the same time, for slowly 
varying (with respsct to space coordinates and time) smooth inputs, the 
conditions for good approximation are preserved and no singularities are 
observed in this case. Since in a real process all singularities are smoothed 
very rapidly, and rapidly varying components of the solution damp quickly, 
the restriction for //h* secms unnatural and may be attributed to peculiar- 
ities of the computational scheme. 

Implicit schemes are free of such disadvantages. In these, a larger time 
step / may be used because at every time step, a set of equations is to be 
solved and the method is inherently more stable than the explicit scheme. 
Tu the case of 2 single space variable, the solution is obtained after accomp- 
lishing a small number of manipulations because of the three-diagonai- 
type matrix in this system. As an cxample, we shall consider n six-point 
scheme (see [99]) in which d°)/8x* is approximated by the formula 


FF Oe ria — Bans t Oras t+ Ont > Bait Mad 
ot De . 





(3.4.28) 


The time derivative is approximated according to formula (3.4.7). 

IL is easy to sce that for a sufficiently smooth function the approximate 
formula for (@/@r) — a(#/Ax*) composed from these expressions has an 
error O(/? -|- F) for the point x = ih, t = (k — 3). Therefore, if the equa- 
tion is inhhomogencous, the value for the right-hand side should be taken 
al this point, It is known for the equation 


O46 — Fras 
! 





+ Sia 


a gq Meter = Dra st Orrin) + Geir West Grier) 
= ve 
(3.4.29) 


(this solution is stable and as /-+ 0 reduces to the solution of the differ- 
ential heat-conduction equation), 

The reader is referred to Sauliev [99] and Dulnev [26], also for the method 
of appropriately matching the step sizes A and /, in addition to the discus- 
sion of numerous implicit methods and means of solving the set of equa- 
tions obtained at each step. 
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Here we shall demonstrate how to solve the set of equattons for each 
Jayer in the case of a single space variable only. It is easy to see that for 
the unknowns {0,4) Eq. (3.4.29) may be written in the form 


in 
Ore — ( 1 +) ig FP th, (34.30) 


where B, are formed from fy4, and the known values of Oy...¢ 
Let the boundary conditions be of the first, second, or third hind 
having the genera! form 


Po = Ar +h, Mey YOrxatd G431) 
In this case, we also assume @ <1 and y <1. The relation of the form 


Onn = PD + % (3432) 





will be sought which sausfies the solution (3 4 30) 
Substation of (34.32) mto (3430) yields 


Peon — [at +5) = prea] Per = Aa ain (3433) 


We require that (3433) follows from (3431) Since the coefficients 
with the same # and free terms must be proportiwnal, 


: - 
Poe flr ¥; 4) x pial + = PEL = Goer) (3434) 
These formulas allow determmmation of p, (k= N-1,N—-2, . Uh 


beginning from py, = y. Here jp,{ < {1 + 26i*/al)}-* 

Further, knowing p,, we can compute g, (r= N—-1, .1,g, ~3} 

Then taking (3.4 32) at s— 1 and the first relation (3.4 31), we shall 
solve the set of equations for Py» and 4, the inequalities « < | ond 
lpi < (1 + 207/al}"' provide its solution. Then from relation (3.4 32), 
she vemvainng @,,, are Cound Since estimates far p, are obtaned un these 
Operations, essential accumulation and increase of errors are absent This 
method is called a method of matching {37] 

The rapid solution of the transfer equations depends today on the availa- 
bilty of high speed digital computers. On the other hand, transfer problems 
may also be solved on the analog computer or indeed by other analog de- 
vices. 

The application of such analog models to transfer phenomena ts based 
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on te formal similarity in the analytical description of the new processes 
{as compared to the transfer process) which result fram correspondence 
in behavior of the systems compared. This allows the study of transfer proc- 
esses with the help of other processes occurring in 2 mode}. Naturally, 
the solution obtained on the analog model will not be of un analytical char- 
acter; rather, an experimental determination of the desired solution can be 
obtained, such that it may be afierwards expressed in terms of the para- 
meters of the initial problem, Modcls based on the hydraulic, electric, me- 
chanical, and acoustic analogy of transfer processes are widely used at pres- 
ent. 

The hydrodynamic analogy is based on the fact that the stream function 
and the velocity potential of an ideal liquid in an inviscid flow may be iden- 
tified with the heat fiux function and the temperature in a conducting body; 
this analogy was used by Moore and others to solve two-dimensional steady 
heat conduction problems [101]. Purther, this model was widely used for 
4 system with distributed sources [84]. 

In 1928, Emanucl, and later on, Budrin designed and constructed models 
based on the identity of the mathematical relations describing the tempera~ 
ture distribution in a solid and the pressure distribution in water moving 
through capillary pipes [6]. The resulting apparatus, called a hydraulic 
integrator, allowed the solution of unsteady heat conduction problems. Lat- 
er on Lukiyanoy developed some integrators for solving two- and three- 
dimensional heat conduction problems (74J, and Budrin [6] developed 
hydrostatic integrators for solving nonlinear parabolic transfer equations. 

Similarly to the hydrodynamic analogy method, Coyle [16] developed 
the method of air-aerodynamic analogy. The principle of operation of this 
apparatus is similar to that of Budrin’s hydrostatic integrators, Here, the 
Magnitude of the heat flow and the temperature in a heat conducting system 
corresponds lo the smount of air and the pressure in the aerodynamic system. 
Other lypes of the hydrodynamic analogy were proposed, e.g., those based 
‘on the correspondence between heat transfer and liquid transfer in a po- 
rous body, i.e., between the law of Fourier and Darcy [48]. 

The yaluc of hydrodynamic mode! is somewhat limited because of the 
Jarge dimensions of the apparalus, its complexity of performance, and the 
difficulties in solving problems with variable thermal propertics. 

‘The electrical analogy is widely used to study phenomena of heat and mass 
transfer. The equipment necessary for this purpose may he portable, cheap, 
of rather simple components but made with great accuracy. Moreover, 
electrical engineering possesses high precision instruments for measuring 
electrical quantities. 
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The electrica! analogy is based on the formal sinularity of the differential 
heat conduction equations, on the one hand, and the electrical conductivity 
equations on the other. The ectent of the analogy becomes clear from the 
comparison of electrical and thermal quantities and from the laws given sn 
‘Table 3.1. The analysis of the corresponding equations and Table 3.1 shows 
that it ts quite possible to reproduce the unsteady-state fields of a heat trans- 
fer potential by means of the electrical analogy for different boundary con- 
ditions as well as ot different heat source distmbutions, 











TABLE 3.1. 
Type of transter process 
Process parameter 
Electrical Thermal 
Potential ow 1c 
Mote force 7, Wim Pr Cim 
Charge Electrical charge Entropy 
Conductance Electrical conductunty Thermal conductisity 
Resistance Etectrical resistance Thermal reastance 
R= 1/4, ohm Rye 19, dew behest 
Current denaty te ~ STIR A 2 — WR W 
Specific capacny Electeteal capacity, ‘eat capacity 
C.F G- heal/kg deg 





The electrical analogy takes many different experimental forms Those 
analog devices where the geometry of the orginal heat conducting body ts 
reproduced and the model 35 made of a material of continuous conductisnty 
arc called geometric analogs or simulators of fields hy means of a connuum 
method. If the analog model ts constructed of an equivalent electric circurt 
with Iumped constants, then the device 18 called an analog circuit 

An electrolytic bath serves as a convement model in finding the potential 
field in a conductor. There has been wide application of electrolytic baths 
since they allow the establishment of uniformity of the properties of ihe 
electrolyte, the possibshty of development of models of great ses, and a 
comparatively easy access £0 inner points of the region in a tquid when 
three~dimensional fields are stmulated. 

Liecttical analogs with hqurd models are based on the application of 
ionic conductivity of electrolytes An electrolyte with constant conductivity 
(weak solutions of salts, acids, and alkals, solutions of different sittiols, etc.) 
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is *-ken as a conductor. Models may be three- and two-dimensional. Their 
shoe is identical with that of the original heat conducting body under 
consideration. The boundary of the analog should have a potential propor- 
tional to the temperature at the boundary of the original; this is carried out 
by the application of a metallic conductor, through which electric current 
is fed into the electrolyte, As an example, Langnwwir conducted investig- 
ations on such a model for heat transfer through the walls of a shell in the 
form of a parallelepiped [73]. An electrolyte with variable concentration 
may be used, or a bath with a variable depth is created if it is necessary to 
transfer potentials in a nonuniform field [115]. 

Geometric analog models may be made of solid clectric conducting ma- 
terials or coatings. Models made of a thin sheet of an electric conducting 
material are also widely used for simulating plane-parallel fields. Metallic 
foils, metallized paper, or ordinary paper on which a layer of electrically 
conducting graphite with definite resistance (for example, teledellos paper) 
is used as such a shect. The sheet is cut in the same shape as the original, 
The electrodes are pasted on or painted on, using electrically conducting, 
paint. The boundary potentials are taken corresponding to the values of 
the original problem. Sources may be inserted with the help of electrodes 
made of foil appropriately attached by conducting paste, Areas with dif- 
ferent heat or mass conductivities are reproduced by perforating a sheet 
by square holes or by pasting separate portions from several layers af paper. 

We generally resort to continuum methods when modeling three-dimen- 
sional problems. Dispersed media of different conductivity, c.g., a mixture 
of graphite power with quartz or colloidal masses (gelatine), are used [13]. 

In 1926 the Russian mathematician, S. A. Gershgorin, for the first time 
discussed the possibility of using electric grids for simulation. One of the 
udvantages of grids, is that the coordinates of their points are electrical 
but not geometrical, This allows the solution of problems in any system of 
coordinates on rectangular network, The flexibility of the circuit creates 
yreat convenience when producing a model and insures its reliability in 
operation. 

To obtain the analog model, the actual body under investigation is divided 
into a number of clementary volumes as in the finite-difference method, The 
value of the potential is obtained for a finite number of the points chosen, 
ic, a continuous field of potentials in 2 body is replaced by their equivalent 
Jumped values. The electric grid, which is sometimes referred to as an analog 
circuit, is composed of electric capacitors in parallel, which arc fixed at 
the nodal points of the networks. Sources of current and substance are 
reproduced by switching power supplics into one or several nodal points 
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4 





NONSTATIONARY TEMPERATURE FIELD 
WITHOUT HEAT SOURCES: BOUNDARY 
CONDITION OF THE FIRST KIND 


From the great number of problems which could be considered in this 
chapter we shall dwell only on the basic classical problems. Under boundary 
conditions of the first kind the temperature of a body surface is given as a fune- 
tion of time. We shall study the simplest cases when the temperature of a body 
Surface remains invariable during the entire heat transfer process. This may 
be achieved by means of special apparatus which maintains constant tem- 
perature on the body surface, or may take place when heat transfer between 
a body and a surrounding medium with a constant temperature occurs ac- 
cording to the Newton law (boundary condition of the third kind), but 
with an infinitely great heat transfer coefficient a, when a/A —+ co precisely. 
In this case the boundary condition of the third kind reduces to that of the 
first kind in its simplest form. 

Problems in which the body surface temperature is a specified function 
of time will be considered in Chapter 7 as a special case of more general 
problems. 

All the solutions given in this chapter may be obtained from the corre- 
sponding solutions of the problems in Chapter 6, provided that in the lat- 
ter the Biot number is set equal to infinity. From the methodical viewpoint 
we consider it advisable to present these simple problems into 4 special 
chapter to show the reader an orderly development of calculation tech- 
niques. The advantage of initially applying calculation methods to more 
simple problems is that it is casy for the reader to learn the calculation 
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technique and to discover advantages and shortcomings of the various 
methods. In particular, we shal! stress the advantages of the operational 
method of solution of problems as compared to the classical one. 
Before studying the first basic problem (determination of a temperature 
field in a semi-infinite body) we shall consider a secondary problem. 


4.1 Infinite Body 


If there is a solid, the dimensions of which are very large in comparison 
with the region of interest, it may be considered anfinite. It is only necessary 
that a noticeable change in a temperature field should occur in this portion 
of the body. 

First, consider the problem when the temperature changes only along x; 
it does not change along y' and = (i c., dt/Oy = A1/d= = 0). Hence rsothermal 
surfaces will represent planes parallel to a plane yz At the inilial time, the 
temperature distribution 1s given along ¥ as some function 1(x, 0) = Ux). 
A temperature distribution at any ume along x is to be found 

Our problem involves the solution of the differential heat conduction 
equation 


Be) 2 PEt (@>D, —co<x<00}, ary 


with a grven temperature distribution at the initial time instant 
tx, 0) = f=) (412) 


Boundary conditions are absent but they may be replaced by the physical 
conditions 


G+ 09, 4) _ 9 00,4) 4. 
“Gx 7 a ae 138 


‘This problem may be solved by the Founer method but the following 
limitations are imposed on the function f(x): (1) the funcuion flr) should 
be expressible in terms of the Fourier integral; (2) the function flr) should 
fend to zero at x -» co a5 rapidly as possible so that the finite value of the 
integral J@_ f(z)? de may be preserved. 

Hence we give here & solution according to the Source method which docs 
not impose these limitations on the function Kx). The solution by the 
Fourier method will be given at the cad of the present section. 
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In Chapter 3, Section 3.2 it is shown that the special solution of cqua- 
tion (4.1.1) has the form 





eg) 

t= Crazy exp] |: (4.1.4) 
Inspection of expression (4.1.4) reveals that at a given time + the tempera- 
ture distribution curve along x has a maximum for x = ¢ (Fig. 4.1). 


Fig. 4.1, Temperature distribution inside 
an infinite medium exposed to an instan- 
taneous heat flux. 





The area S under the curve, i.e., the area formed by the curve and the 
abscissa axis, is a finite value and equal to the integral of expression (4.1.4) 
within the limits — 00 to co (the origin of coordinates is taken at the point €). 


8~ CT ae - Sae'] am 


=£ [epi Ala =e. 





Here the variable z is introduced 


x-& 
Gary 





and the value of the definite integral is known 
le exp[—z*]dz = +/a. 


Thus the area under the curve equals a constant C. The ordinate of the 
curve at the maximum point is equal to C/(4mat)”*. Hence, with an in- 
crease in time r the ordinate decreases and the curve becomes more shal- 
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low (see Fig. 4,1) and vice versa, with a decrease in time + the ordinate 
increases. At diminishing time (r—+ 0) one obtains an infinitely narrow 
strip but its area remains equal to the constant C. 

Using this property of expression (4.1.4), the given initial temperature 
distribution (x, 0) = f(x) inside an infinite body may be presented as a 
sum of separate particular solutions of form (4.1.4), ic. the curve f(x) 
may be replaced by a sum of the infinte number of curves of the form 


c @-9 
te amps o{- “SP]. 


Ie is necessary to note that despite an infinitesimal width of a separate 
stnp df (Fig 42) the height of ms quantity will be finite and equal to 


AAS). The area of such a strip equal to C will be an infinitesimal quantity, 1¢, 
4G, 0) dF = fl dF = C 


The complete initial distribution inside such an anfinite body will be 
equal to 


t 


Fig. 42. Representation of the intial 
temperature distribution as a sum of par- 
heular solutions 


A, 


him Ky t= um azar 


[Ae e[- oa ae (4.1.5) 


war *, 


This relation will be valid nat only for the initial time instant (x ~ 0) 
but for any subsequent time interval, 1 ¢, the general solution of our problem 


will be as follows 
(x, = Gat fLapea[- oS) a. 4.1.6) 


‘The general solution of equation (4 1 6) may be rewritten by introducing 
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a new variable w defined by the relation € = x + 2(at)"*u. Then we shall 
have 


1 1) = ke i Aix + 2(ar)*u) exp[— ut] du. (4.1.7) 
va 


Tt may be shown that solution (4.1.7) satisfies the differential equation (4.1.]) 
and the initial condition, noting that at -> 0 f(x + 2(ar)"*u) + f(x). 
Consequently, we shall have 


1 L 
1x, 0) = —= J] fle) exp[— v*] du = fo) —— | exp[— w*] du = fix). 
ae mate 


This approach may generalized to plane and space problems. By analogy, 
we have 


Keane = aie [fe mep[— SFO AD) teat, 
(4.1.8) 


n “0 ~ 
ewe ~ Gow [TL J7 Aen ; 
—' 4-6-7) ~o 

sg exp| 4 Goer ora a5 dy dt. 

(4.1.9) 

Our problem may be solved with the aid of the Fourier method also. 

In Section 3.2, it has been established that the general solution of a one- 
dimensional problem has the form 


Ax, t) = Py Cy sin kx exp[— ak,2r] + E>, C08 kyx exp[— ak pt]. 


Since a boundary condition is absent, values of k may be considered to 
form a continuous serics of numbers, and each subsequent number differs 
from the previous one by an infinitesimal quantity dk, Then both sums will 
pass into a definite integral taken from 0 to oo. In addition, the constants 
C, and D, will be some functions of k. 

Thus we have 


x,t) = i exp[— ake] f(k) sin kx 4 fy) cos kx] dk. (4.1.10) 
To determine f,(k) and f,(k) we use the initial condition 


(x, 0) = f(x) = fs LA) sin kx + fx) cos kx] dk. (4.1.11) 
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From the theory of the Fourier series it is known that if the predetermined 
function f(x) satisfies definite conditions, then it may be expanded in the 
Fourier series which may be replaced by the Fourier integral 
1 
lz) = JF oe [™ AE) sin ke sin hax + cos KE cos ka] dE. (4.1.12) 


Comparing relations (4.1.11) and (4.1.12), we come to the conclusion that 
the derived functions f,(k) and /:(&) are equal to 


K=~E fo marsinkg dt, A= f~ Me cos xe de. 


The final solution of our one-dimensional problem for an infinite body 
in the Fourier form will be as follows 


txt) = > JT expl— atte} dk [7 M8) costk(E = 29) 48. (4.1.13) 





Solution (4 1.6) or (4.1.7) for an infinite body has secondary importance 
for us. Both these solutions satisfy infinity conditions (41 3). 

In our case at x + + 00, (x, t) 0. A heat process in such an infinite 
body consists of a temperature leveling process starting from some ume 
instant which has been taken as the initial one. This nonuniform temperature 
distribution may appear as a result of a momentary action of some heat 
source (instantaneous heat source), the power of which is proportional to 
SE). The method considered is therefore frequently called the method of 
point-by-point sources Chapter 9 will deal in more detail with this problem 
We shall now consider the basic problems, 


4.2 Semi-Infinite Body 


Consider a body bounded on one side by the plane yz and on the other 
stretching into infinity. Such a body is named a semi-infinite body. An in- 
finitely Jong bar, the Jatera) surface of which has ideal thermal insulation, 
may serve as a semi-infinite body. 


a. Statement of the Problem. The temperature of a semi-infinite body at all 
points has a definite value gwen by some function f(x), 4¢, (x, 0) = fix). 
The problem of cooling such 2 body wall be solved since the problem of 
heating may be always reduced to that of cooking by simply modifying 
the dimensionless temperature variable. 


4.2 Semi-Infinite Body 87 


At the initial time the end of a bar has temperature t, which is maintained 
constant during the entire heat transfer process. The temperature distribution 
over the bar length at any time and the heat loss through its end are sought. 

From the mathematical viewpoint this problem may be formulated as 
follows. We have a differential equation 


ies) = a Fes) (©>0, O<x<e0), (4.2.1) 
with boundary conditions 


(x, 0)=fix), 10, 2) = 422) 
8t(c0, x)JOx = 0. (4.2.3) 





A temperature gradient at the infinitely removed point is absent (sec 
Fig. 4.3). 
At first, to simplify the calculations, we assume f, 
It is necessary to determine 1{x, Tt). 








Fig. 4.3. Temperature distribution inside a semi-infinite bar when its lateral surface 
is thermatly insulated. 


b. Solution of ike Problem by Classical Method. This problem may be 
solved on the basis of the previous one (for an infinite body). For this pur- 
pose let us prolong the bar in the negative x direction, i.c., it will be con- 
sidered infinite (Fig. 4.3). The initial temperature at a point x > 0 is equal 
to f(x) and that at a point — x is chosen equal to — f(x), i.c., the function 
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of {(x) is considered to be odd: 
Se) - — fl—- x). 


Proceeding from the symmetry considerations, the temperature distri- 
bution at subsequent time instants will be an odd function and for x = 0, 
its value will be always zero, Hence the surface condition is fulfilled. 

If we replace x by & on the curve of the initial temperature distribution, 
the general solution will have the following form on the basis of the fore- 
going: 


coat (once Ea 
+f, —K- Sex| — ES] az} 


Write this solution in another farm 


0 = aeaaey [10 [evel SZ) 


5 exe(~ ener) 


J a. 2.4) 

Expression (4.2.4) 1s a general solution of our problem If the initial 
temperature 1s constant and docs not depend on x (temperature of a bar 
at the amtial instant 1s uniform and equal to %), ic., 


1{x, 0) = f(x) = fe = const, 
thea the solution may simphfied. By substituion of the first part of the 
integrand 
Ex + lar, 

and the second part 

B= — x + ular), 
we obtain 

a(x, tT) = fo =e eee: exp[— uw] du. 


aren 
Va 


Since the function exp{— wu] is a symmetneal function with respect to 
u, it may be watten: 
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x,t) 2 pretent 
See 


where the integral 


exp{— 1] du = ert 52 (425) 


2(ar, ay)" 


=s ff expi— w] du = ert(uy 
va 


is called the Gauss crror function. 

The function erf(w) changes from 0 at « — 0, to I at u—» co (in practice, 
this occurs when u > 2.7 since erf(2.7) = 0.9999). 

If the end of the bar is not maintained at O°C but at some temperature 
10, T) — {4 — const, then by introducing a new variable 0 = ¢ ~— ¢, our 
problem is reduced to the foregoing since 


80, t) = 10, t) — 





0. 





Heace the solution of this problem may be written thus: 


tx, 1) — 
to 






Gj ext( (4.2.6) 


wes): 


¢. Solution of the Problem by the Operational Method. Applying the La- 
place transformation to differential equation (4.2.1) results in 


nf 2 = ta Fees 2) Pe), 


where 
Lis, D) = {F tx, ve-* de = TEx, 5). 


In the left-hand side of the equation, the Laplace transformation should 
be taken from the first derivative. According to the basic theorem, it is 
equal to the product of the transform by an operator s minus the value of 
the function at the initia! time instant, ive., 





a 2 wm gt es) 
sT(x, 8) — 0) = apy {Le DI} = a (4.2.7) 

Thus, differential partial equation (4.2.1) for the inverted transform of 
the function ¢(x, t) turns into an ordinary differential equation for the 
transform T(x, s), since T(x, 3) does not depend on r. For this transition, 


the initial condition is used. 
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Rewriting Eq. (4.2.7) in the following form gives us 
T(x, 3) — 2 TEx, 5) + f2 -0 (428) 


We now introduce the special condition that the temperature of the bar 
before cooling is the same everywhere and equal to fo, (ic, f(x) = hy = 
const). In this case Eq. (42.8) takes a more simple form 


T(x, 3) —(s/eNTOx, 9) — (tels)] = 0. (4.2.9) 

A general solution of this differential equation for the transform may 
be written thus (see Section 3.2) 

T(x, 3) a = Ay exp{(sfa)”*x] + By expl—(s/a)#x]— (4.2.10) 


where A, and 3B, are constants to be determined by the boundary con- 
ditions. 
Using the Laplace transformation for the boundary conditions 


LK, DI=0, 710,58) = 0, (4.2.11) 
fF) =0 T(o.8)=0. (4.2.12) 


From condition (4.2.12) a follows that 4, = 0 since otherwise the first 
term in the right-hand side of (4.2.10) increases infinitely with x, viz. 


0=T'es, 5) 
= (sfay¥*Ay expl(sia)'*(co)] — (sfe3Y4B, exp{— (s/a)”*(oo)], 


whence it follows that 4, = 0. 
If we use condition (4.2.11) 
O — (fo/s) = B, exp[—(s/a)’*-0) = By; ke, By = — belt, 
then the solution for the transform will acquire the values 
(tals) — Tx, 2) = (tols) exp{— (s/a)¥*x} 


To determine the inverse transform, the table of Laplace transformations 
is used, from which it is found that 


L-{(4fs) expl— V9 = 8 = er). 


4.2 Semi-Infinite Body 1 
In our problem k = x/\/a. Consequently, the solution of the problem 
will be 
fo — tx, 1) = Gl — erf(x/2(ax)”)], 
whence 
Hx, tity = erf(x/2V az), (4.2.13) 


i.c., we obtain the same solution (4.2.5) for the case of a uniform initial 
temperature distribution over the bar Jength. 

If the temperature of the bar end is not equal to zero but to f, = const, 
then boundary condition (4.2.11) may be written as 


LO, =)] = Eft}. TO, 5) = ta/s- (4.2.14) 


Consequently, the constant By = — (f — #,)/s since tf > t,. Then the 
solution for the transform has the form 


(lols) — Thx, 8) = [Cte — te)/s}exp[— (s/a)¥*x]. (4.2.15) 
In a similar way the inverse Laplace transformation is obtained as 
fo — 10%, 1) = (to ~ tefl — erf{x/2(ar)”?}] = (te — te) erfe{x/2(ar)'*}, 


where 


erfe(u) = 1 — erf(u). 
This solution may be written thus 


(x, t) — 
to— ta 





= ext{ (4.2.16) 


pare. 5B 
ass) e 
i.e, an expression identical with (4.2.6) is obtained. 

Solution (4.2.16) directly follows from (4.2.13) us it is only necessary to 
shift the tempcrature datum; however, detailed caiculations have been 
given to show the application of the Laplace transformation to constant 
boundary conditions different from zero. 

The original problem with a given initial temperature distribution f(x) 
may be solved in a similar fashion and it js only necessary to proceed from 
differential equation (4.2.8) for the transform, As a final result the same 
solution (4.2.4) is obtained. 


d. Solution by Fourier Transformation Method. \n our problem at x = 0, 
t=4,. The initial temperature is s(x, 0) = t = const. The temperature 
gradient at an infinitely great distance does not change, i.¢., di{oo, r)/Ax = 0. 
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For convenience of calculations, the function O(x, 1) = to — 1(x, 1) is 
introduced, Then the boundary conditions assume the form 


30(e0.7) =0. (42:7) 


0(x,0)=0, 40, t) = f — t, = const, az 


Since the surface temperature (« = 0) is given, the Fourier sine transfor- 
mation is used giving 
FLO, )] = Pee, p) = J Ox, 2) sin pr de. (42.18) 
Applying this transformation to the differential equation (4.2.1) we ab- 
tain 
rf 22] = ef M0}, 


We first calcutate the transformation of the nght-hand side of the equa- 
Vion to obtan 


‘ FAI(x, = 
if sin px PED a — pdx, 1) cos pr is 





Gd(, t) aed 
+E snp fe —P* [> o¢x, e) sin pede 
= Plo — ta) — PFOA P, *)+ (4.2.19) 


as at x = 00, Hoo, 1) = 0 and OO, 1) = fo — fai F009, rOv = 0 
Hence, we have 
Boe. aplig ~ 4) — ape, (4220) 
Upon integration of Eq (4.2.20) and taking into account the initial condi- 
tion we obtain 


2, = 





(es = 
P 


Using the transformation formula we obtain 


(1 — exp(~ p*ar)]. 4.2.21) 


D(x tile — te) = (2/2) fg [1 — exp(— p*ar)] sin pr (p/p) 


It is known, that 
JP Gin peep = 222 


(iz) fr exp(— par) sin pe(dpip) = erf(xi2(ar)! *)- 
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It follows that 


fo — HX, 1)f(lo — fq) = 1 — exf{x/2(ar)”2}, (4.2.22) 
or 
06%, 7) — fa lg — fe) = orf {x/2(ar)"*}, 


ie., solution (4.2.16). 


e. Determination of Heat Losses. The heat losses dQ, from the bar end 
for time dz through a unit area are given by 


#0. —1(55)_ oem a6e— solar [= Cac 





It is known that 


1 ft 
& [= {aera} = eaeger | ae 
At x =0 the exponential function is equal to unity. Then, we obtain 


Abo = t ” 1 kcal 
“eae Gey)(to — ty) Gey (int hr, 





ga ee ). @2.23) 


Thus, the rate of heat transfer from a surface unit or a heat flux is directly 
proportional to a temperature difference (44 — {) to some thermal cocffi- 
cient (2cy)’ and is inversely proportional to vt. Consequently, at the 
first instant of time, the rate of heat transfer is infinitely large and then it 
gradually decreases. The thermal constant (Acy)*? will be called the cocffi- 
cient of heat activity of a body! or the coefficient of heat accumulation 
€ = (cy)¥*; it is usually measured in keal/m* °C hr? 

Relation (4.2.23) may be obtained by the operational method, viz. 
470, 5) 


tg) = 2-2 (L0G, Deo = — 2 


Differentiating solution (4.2.15) for the transform with respect to x, we 
obtain: 


Hig) = = 2-2 (4)"exp{— (£)"0] = -- Genres — or . 


s 


' For the physical significance of the coefficient of heat activity of a body, see Chapter 10, 
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Using the table of the transforms we find: 
9 = — Rey) te — te) Gat), (42.24) 


i.c., the same relation for the heat transfer rate is obtained. 

The use of this method of determing the heat losses from the solution 
for the transform in many problems is even. more simple. 

The amount of heat given off during a finite interval, x, is determined by 
integration within the limits from: 0 to t, ic., 


Qe = Qa0— f° eta = MU fae) de = Ono — Qe AN — VE. 
(4.2.25) 





Thus the amount of heat (Q,..—@Q,) given off by a surface unit of the 
bar end is directly proportional to the square root of time, to the temper- 
ature difference (4 — f,), and to the coefficient of heat activity. 

The amount of heat carned off by the whole bar, the end area of which 
ts equal to S, will be 


AQ = (2/2 Vtg — SV. (42.26) 
Si Analysis of the Solution. We proceed to write solution (42.16) in 


dimensionless form, The relation (¢(x, tr) — %4)/(fe — tg) 25 2 relative excess 
temperatuce which we desrgnate as 4, 1... 


= (x, 





(42.27) 





ta— te 


The relation at/x* is the homochronous number for processes of net heat 
conduction and is widely referred to 2s the Fourier number. For the x 
coordinate we designate it by Fo,. i.¢., 


Fo, = ar/x*, 
Then, solution (4.2.16) may be written 
0 = exf{1/2(Fo,)¥2} (42.28) 


Figures 4.4 and 4.$ are charts of the solution (4.2.28), The ordinate repre- 
sents the dimensionless temperature, @, and the abscissa, the dimension 
fess time (the Fourier number). For the purpose of calculation the curves 
for the Fouritr number from 0.62 to 1000 are constructed. 
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Fig. 4.4 Relation between the dimensionless excess temperature 9 and the Fourie: 
ssumber Fo, for a semi-infinite bar (at smal! valoes of the Fourier number). 
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Fig. 4.5, Relation between the dimensionless excess temperature @ and the Fourier 
number Fo, for a semi-infinite bar (at large values of the Fourier number). 


Figure 4.6 provides diagrams of 6, x (89/8x), and F'o,{40/0Fo,) plotted 
versus Fo? Figure 4.6 shows that at 1/2(Fo,)“* = 1/2 the derivatives 
x 06jx and 06/9Fo, have a maximum. 
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aS pent 
NG 








Fig. 4.6. Plot of 0, x(00/2x) and WF Fo,(0/3Fo,) versus local Fo, for a sem 
infinite bar [202) 


We illustrate the use of the curves by means of a partecular problem I 1s desired to 
determine the temperature of the ground 4x, #) at a depth x = 05 maf the ground 
surface t3 marntained for F = 24 hr at a temperature (0, r) = 1000°C The temperature 
of the ground before heating (x, 0) = 20°C and the thermal difiurivity of the ground 
a 25.10% m'yhr 

“Ths 18 a problem on heaung of a sem-mfimis body; a may be revuced to that on 
cooling by replacing a vanable M(x, x) = 100°C ~~ #(x, 1) Then 010,14) = 1000" - #10, 
DH OC, Oe, 0) — 1000? — r(x, 0} = 920°C const Calculatmg the Fourier number 
for the coordinate x = 05 m: 


25-10%-24 
25-10" 





f= = 024, 


‘The setative temperature 0 1s found from Fig 4 4 ta be equal to @ £52, hence the ground 
temperature will be 
On 


PDO 985; Or, 1) = 085-980 — 8337, 


307 = 
10x, t) = $000 — 06x, 1) = 1000 — £33 — 162°C 
I the ealeulations 2 ty evaporation of moisture from ground 1 neglected The tempera 


ture will be less in the presence of morsture evaporation, such problems wilh negative 
heat sources will be considered in Chapter 8 
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4.3 Infinite Plate 


An infinite plate is usually understood to be one such that the width and 
length are infinitely great compared to its thickness. Thus, an infinite plate 
represents a body restricted by two parallel planes, A change in temperature 
occurs only along x. Along the y and z axes the temperature remains in- 
variable (6t/dy = 0t/8z = 0). Hence this problem is one-dimensional. 


a. Statement of Problem. A temperature distribution over the plate thick~ 
ness is given as some function f(x). At the initial time, the bounding surfaces 
are instantaneously cooled to some temperature t, which is maintained con~ 
stant during the whole cooling process, Find the temperature distribution over 
the plate thickness and the heat rate at any instant. 

We place the origin of the coordinates at the center and designate the 
plate thickness by 2R, ie., R is half the plate thickness. 

From the mathematical viewpoint the problem may be formulated in 
the following way. We have a differential equation 


Oux 2) _ be 8*1(x, t) 


- = @>0; -R<x<+R) 4.3.1) 


under conditions 






tx, 0) = JO), 
U+ R= consi, (4.3.2) 
(— R, 1) = t, = const. (4.3.3) 


h. Solution of the Problem by the Method of Separation of Variables. 
Assume that the function f(x) is even,? ie., lx) = f(— x); therefore 
(Y(X)/8x)e.0 = 0. For this case, the boundary conditions (4.3.3) may 
be written 

1(R, *) = fe a0. =0. (4.3.3) 


The latter relation is a consequence of the symmetry condition of a temper- 
ature distribution curve at any instant; it must be satisfied during the whole 
cooling process, since heat transfer [rom boundary surfaces occurs uniformly. 

A particular solution of differential equation (4.3.1) may be writlen as 
(see Eq. (3.2.21) 


1{x, t) = C(sin kx) exp[— ak*r] + D cos kx exp[— ak*r]. (4.3.4) 


2 The case when the fonction f(x) is odd will be considered Iater in this section. 
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From the symmetry condition it follows thal C = 0, viz: 
(0.4) _ , 
<I tim (kC cos kx — kD sin kx) exp[— ak*x] = kCexp[— ah*r) 


=0, 


whence C = 0, since during the whale process of cooling (0 << co) 
exp[— ak*r] 1s not equal to zero. 

‘This result may be obtained by analyzing the physical conditions imposed 
on the plate, The temperature distributton must be symmetrical relative 
to the axis of coordinates, consequently, it should be deseribed by an even 
function. cos kx is such a function, whereas sin&x is an odd function 
and thus must be omitted from the solution. 

Tt is now necessary to satisfy the second boundary condition. To simplify 
the calculations, we tentatively assume f,= 0. We have 


(R, 0) = Deos kR exp[— ak*r] == 0, 


from which it follows thet 


coskKR == 0, kR= $5, da, Bay oe 
KAR = Qn — Diz, (4.3.5) 


ie, & has not a single value but an infinite number. 
Conseguently, the general salution will be a sum of all the particulas 
solutions, i.¢., 


x, = E Pacosn— 1) 4 a exp] -—Qa - ye (43.6) 


The constants D, in each special solution will have their eigenvalues, since 
the sum of the particular temperature distnbutions for any given time 
should describe the real temperature distribution. 

‘Thus, the superposition of the cosine curves must give the real tempera- 
ture distribution, including the initial temperature distribution. Hence, 
assuming, ¢ = 0, we should obtain the given function f(x), it being repres- 
ented as the Fourier series 


Kx. 0) = fix) = E Dz cos kee 63.79 
Ps 


Now the trigonometric functions cos kx and sin kx form an orthogonal 
system of functions. 
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We note that the system of functions 
A), OX), AO)» fol) 


is referred to as an orthogonal over an interval (a, 5) if the integral 
b 
J, ADH) ax = 0 (43.8) 


for values of / and j not equal to each other. 
For example, it may be shown that the system of functions cos k,x 
is orthogonal 


=0 atman 


sf >O0 atm=n. 





je cos(k,,x) cos(k,x) dx { (4.3.9) 


Transforming the integrand by means of the following formula we have 
cosa cos = t[cos(« — 2) + cos(« + f)]. 
Then, the integral 7 will be equal to 


pre sink, — KR , sink, + k)R 
(lm = Kn) Em + kn)” 


Using the trigonometric formula 


sin(@ + 8) = sinacos# + cosasin f, 
we obtain 
a 2k, sin k,,R cos k,R — k, cos KR sin kyR] 


sf eg — ke) 


(4.3.10) 





In our case kyR = (2m — 1)}a, k,R = (2n — 1)}x. Hence, cos k,R = 
cos k,R = 0. The numerator is zero and at mn, the denominator dif- 
fers from zero; consequently, the integral is equal to zero. 

The special case when m = 7 should be considered separately, since the 
aumerator and denominator in the expression above are equal to zcro. 
In this case we have 


T= [cost kx de = + re | =R, (43.11) 


ic,, the integral differs from zero. “ 
These formulas are used to determine constant coefficients ,. We 
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multiply both sides of equality (4.3.7) by cosk,,x and integrate it from 
—-Rto +R ie, 


+n 1k 
j pik 0) 60S kyr dem f J D, cos kx cos ka dt 
7 Rent 
= og 
“Zz ms cosk,t cosk,rde. (43.12) 


All the integrals in the right-hand side of this equality are equal to zero 
according to relation (4.3.9) with the exception of the case where me nt 
which yields Iman = R. 

Consequently 


Dy = (1/R) [kus 0) cos kx dx = (2/R) a3 t(x, 0) cos kx de. (4.3.13) 


In the derivation two necessary assumptions were not explicitly sinted: 
(1) the integral (4.3 (3) has a finite and definite value; (2) the integral of 
the anfimite series is equal to the sum of mtegrals of separate terms of a 
sertes. These assumptions demand that the function f(<) should sausfy 
the Dinchlet condition: the function f(x) in a definite interval must be (1) 
single-valued, finite, and integrable, (2) have a finite number of matima and 
minima, and (3) hase a finite number of discontinurties 

Thus, the generat solution of our problem (4 3 6) may be written as fol- 
lows 

ar 

Pa RI 





= x 2 FR t 
Hx, 1) = EZ cosa, = evr 2 f nxenn, Das, 
= * ale ® 43a) 
where 
fa = hyR = (2 — 1)iz 


This solutron is at the same time that of a problem on determination of a 
temperature field inside an infirute plate of tiuckness 1 ~ RO <x <1) 
when one of the surfaces ts thermally insulated (at x — 0 a heat flow ts absent 
as O1(0, t)/9x = 0) while the opposite surface x = 1 1s menntarned at sen- 
perature OPC. At the imtial time the temperature distribution is given as 
the function x) which may be of any form but it must satisfy the Dirichlet 
conditions. 

If the function f(x) 15 odd, the solution to (4 3 1) subyect 10 boundary 
conditions (43.2) and (433) (with s, = 0) 1s obtained in a simidar way, 
yielding 
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. z frre sin y, Fats 


i.) = & sin Bs = exp(- He 
(4.3.14) 


fat 





where jt, = n=. 

Solution (4.3.14’) is at the same time applicable to the problem of cooling 
an infinite plate 7 = R (0 <x <7) thick when its surfaces are maintained 
at temperature 0°C (the origin of the coordinates is on one of the surfaces 
of the plate). At the initial time instant the temperature distribution is 
given 2s the arbitrary function f(x) satisfying the Dirichlet conditions, 

If the initial temperature distribution is uniform, ie., t(x, 0) = f= 
const, then the integral (4.3.13) can be calculated as 





2 (2 * = Bees x jk _ 2sin gy 
z fe Ty C05 By eb = 7 i Hae |, = by 
2y 
mA AES 
Br 
since sin y,, = sin(2n — 1)ia = +f, ie., the sine acquires + 1 or — |, 





respectively, depending on the vatue of the argument (for even values of 
n the sine is —1 and for odd ones, + 1.) 

Thus the solution of our problem may be written 
1 = See = (~ 2) 43.15; 
eT Bee OK M08 ttn ae eMP| — He Fz) ¢ ) 

If the temperature of the limiting surfaces is not equal to zero but to /,, 

then the solution may be rewritten thus 

= & 

=> 


fo ast Fr 


1%, t) = fe 
fo 
¢. Solution by the Operational Method. Upon usc of the Laplace transfor- 

mation, the differential heat conduction equation will be of the same form 

as in the previous problem, i.e., 


o= 





(= 1)°*8 608 4 eXP(— #657 Fo). (4.3.16) 





T(x, 8) — (sfa)T(x, 5) + (aja) = 9. (4.3.17) 


The initial condition «(x, 0) = fg = constant was used when passing 
from the partial differential equation for the inverted transform i(x. 7) 
to equation (4.3.17) for the transform T(x, s), viz, when applying the 
Laplace transformation to the arbitrary time temperature. 

Boundary conditions (4.3.3a) after the transform will be 


T(R, 8) = tes, TO, s) = 0. (43.18) 
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The solution of differentia! equation (4.3.17) may be written as follows 
(see Section 3.3) 


T(x, 5) — (fo/8) = A cosh (s/a)¥*x + Bsinh (s/a)*x, (4.3.19) 


where A and 2 are the constants determined from the boundary conditions 
(4.3.18). According to the symmetry condition, 8 = 0 sinee 
T'(0, s) => [(s/a)""A sinh(s/a)“4x + (sja)"*B cosh(s/a)¥*x],-9 
= (s/2)"4B = 0, 
whence B = 0. The constant 4 is found from the first boundary condition 
(4.3.18) 
T(R, 8) = tels + A cosh(s/a)"*R = ffs 
whence 
A = — (te — %)/s cosh(s/a)*R. 


Thus, the solution for the transform will be of the following form 


+“, — Mo = ta) cosh(s/ay""x _ ¢(s) 
(tl8) — Te 9) = aR ey 320) 


It may be shown that the right-hand side of the equality is the ratio of 
two generalized polynomials* with respect to s, viz" 


(5) = Ue — 42) cosh(s/a)vtx 


x xt 
= (le 4)(1 tsi tart +). 
R R 
v(s) (1 +3yst tae Ot s+). 


Since the generalized polynomial y(s} dors nat camtain a constant (the 
first term is equal to 5), all the conditions of the expansion theorem are 
fulfilled and it may be used when passing from the solution (4.3.20) for 
the transform to that for the snverse transform. 


* An Infinite convergent power serics, the exponents of which are natural numbers, fs 
teferred to as a generalized polynomu! of a polynomuat of infinitely high power. Some- 
umes it will be sumply called & polynoma! 
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The expansion theorem may be written 


-E fe expls,r), (4.3.21) 





where s, are the roots of the polynomial y(s). 

We seek the roots of the function y(s) = s cosh(s/a)*R (i.c., the values 
of s such that p(s) is equal to zero). Then we have (1) the simple root 
s = 0, (2) an infinite number of simple roots determined by the following 
relation 





whenee 





Then determining y'(s): 
wn we 
VO = aes sioh(-Z)"R + comn(-Z)"R 


1/s\_ fst s\uz 
-4(3)"2 sinn( 4) R+ cost( 4) R (4.3.24) 
We have: 
lim y/(s) = 1, 
10 
lim y'(s) = 3 iup sinh in, = — 4p, Sin zy = Y'(5,)- 


ty 


The quantity sin pt, is equal to + 1 or — i, depending on the value of 
n, ic. 
sin ji, = (— 1" 


Next, we find the quantity (s,): 


90) = (to — tas 
(Sn) = (ta — £4) cosh (s,fa)¥2x = (tq — fe) Cost ipta(X/R) 
= (fp — 1) 008 44, (xR). 





Finally we obtain 
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fo — 10, 1) = (hp — 4) — a — 4) 


xEB2C1 


act He 


& expf— put SE 
teed Ha RE] 





tos ty 


ie, the solutron is identical with (4.3.16): 


0 = Ne SF Aycos yg ZS exp(— pat Foy, (4.3.28) 
te ooh R 

where Aq = (2/j4,)(— 1"? is the inttiat amphtude and Fo= ar/A* is 

the Fourier number. 


d, Analysis of the Solution, The relative excess temperature is a function 
of the relative coordinate and the Fourer number; 


0 =g{x/R, Fo). 


Hence a@ cooling process consists of the progressive leveling of temperature 
over the plate thickness (the bounding surface temperature is the same all 
the time and equal to t,), the rate of which 1s proportional to the thermal dif- 
Suswity coefficient Such a heat transfer process 1s referred to as an internal 
Process and the problem itself, cn internal problem A representation of the 
temperature distribution at different tume antervals is given in Fig 47 


Fig. 4.7. Temperature distribution in- 
side an infinite plate (internal symmetrical 
Problem) 





Solution (4.3 25) represents a convergent senes, 1 ¢., an algebraic sum of 
cosine curves with progresst-ely attenuating amphtudes determined by the 
expression A, eep[— #4? Fo), t.c., the amplitudes decrease both with an 
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increase in gz, and time. The frequency of such cosine curves increases with 
n as it is cqual to (2n — 1)/4. 

Figure 4.8 gives the temperature distribution over the plate thickness 
for Fo = 0.05 according to solution (4.3.25). The temperature distribution 
curve may be presented rather precisely as a sum of three cosine curves 


4 ax 4 Bax 
Ox = eel a? Fo/4} cos se — ae exp[— 9 2*Fo/4 ] cos oR 


Sax 


4 
+ zo exp[— 252? Fo/4] cossR 


From Fig. 4.8 one can see that the summation of three cosine curves 
with various amplitudes and frequency gives us a temperature distribution 


12; 


























































































































09) 
Fig, 4.8. Temperature distribution ine 
side an infinite plate st a Fourier number 
Fo =0.05 (symmetrical problem). 
= 
0% 
9) 
-o2! : = 





+ OS Co) os 1 


curye at the given dimensionless time instant corresponding to Fo = 0.05. 
For small values of Fo, it is necessary to take several terms of the series, 
since the amplitudes attenuate stowly; for large values of Fo, all the terms 
of a series are negligibly small, as compared to the first. This is clear since 
Ha < fle < fy <-++ fy = On — 1)z]2, and consequently the exponential 
function exp(— j4,?Fo) quickly decreases with an increase in j4n3 for cxam- 
ple, at Fo = 0.5 exp(— i;*Fo) = exp(— 42°) — 0.291, and exp(— #"Fo) 
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== etp(— $x*) < 000004). Therefore, starting from a definite value of 
Fo, ane may restrict oneself to the first term of series (4.3.25) Such a so- 
tation will be convenient for practical calculations. 

For small values of Fo, the solution (4 3.25) is less convenient. The opera- 
tional method makes it possible to solve this problem in a form more 
applicable to small values of Fo. 

Let us return to solution (43.20) for the transform. First we expand 
1fcosh(s/a)"*R into a series (see Appendrx) 


= 2(exp[—(s/a)“4R] — exp[— 3(s/a)™*R] 
+ expl— S(s/a)¥2R) — +++) 


1 
cosh(s/a)"*R 


= 2 E (—tewl-Gr- 1 GloyRL 
‘The solution (4320) may be written 
(lols) — TO 5) = [hte — ta} fs) Aexpl(sfay’*x] + expl—(s/a)'x)) 
2 E (— ye evel Gn — sre") 
=((te- tyslé, (— 1y*!fexpl— (2a — I)R — ¥)(s/a)t?] 
+ exp[—((Q2a — IR + x)s/a)"*]} (4326) 
For the mverston of the transforms the tabulated formula ts used 
L-((t/s) expl—kV SI] = erfe kV 


Then, the solution of our problem 1s obtained as follows 








b—-txyr = a (Qn -WR-* 
2 ee =i 1" +ferte ary? | 
Qa —1)R+ x 
eel won 


This solutron may be written as 
om et ey S (aye 
ante an 
Qn— = CIR) , op O2= V+ GIREN 04528) 


x qerfe 
{ 2\/Fo 2\/Fo 
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Solution (4.3.27) satisfies the differential equation, initial and boundary 
conditions. At r —+ 0, i.e., at small values of Fo, the arguments of the func- 
tions are large and the functions themsclves are close to zcro as (x, 0) = fp; 
at x = R the sum is equal to J, i.e. (R. 1) = ft. 

At small values of Fo, all the terms of the series are infinitesimal except 
for the first; thus the function erfe u quickly decreases with an increase in 
the argument; for example, at u = 2.7 erfcu = 0.0001, i.e., in practice it 
is equal to zero. The function erfe u = 1 — erfu is tabulated and for cn- 
gineering calculations the use of solution (4.3.28) docs not involve diffi- 
culties. 

Let us calculate the dimensionless teraperature # as a function of the Fou- 
rier number for the centra) plane of a plate (x = 0) according to the fol- 
lowing approximate formulas taken from solutions (4.3.25) and (4.3.28) 


“ . ; ne 
Os {eso — a Fo] -4 exo|— “E Fo| 





eh eof- St ve]—te[-- aff, asm 


Pe ee pe i. (4.3.30) 


2\/Fo 2/Fo 2/Fo 
and according to the exact formula 


afm ipe 
23S ee[-@ pre]. asa 











0.<1- afecte 











The calculated results, accurate to four decimal places, ure given in Table 4.1. 

From Table 4.1, it can be seen that the calculation by the approximate 
formula (4.3.30) will give complete coincidence with that obtained by the 
exact formula from smaii values of the Fouricr number up to Fo < 0.4. 
In the range of Fourier modulus from 0.4 to 3.8 (0.4 < Fo < 1.8), a discre- 
pancy is observed only in the fourth decimal. Errors become apparent for 
Fo > 2. It should be noted that within the limits of Fo from 0.001 to 0.1, 
we need use only one term in the brackets of formula (4.3.30), Calculation 
by the approximate formula (4.3.29) evidently gives wrong results at small 
values of Fo from 0.001 to 0.08; beginning with a Fourier number of 0.08, 
the formula (4.3.29) yields correct results. Moreover, for Fo > 0.4 one 
may restrict oneself te the first term of formula (4.3.29), The incorrect 
values obtained by formula (4.3.29) for small values of Fo are explained 
by the fact that relatively few terms of serics (4.3.25) were used. 
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TABLE 41. Texerrarvec of (wrrsire Pratt aT x = 0 (Monte oF Platt} 








Fo 0.03) 0,29) 0,430) ro 0425) O29) 0,30) 






















001 1.0000 0.9332 1.0000 
0.004 1.0000 «0 9591 1.0000 
DOID 1.0000 0 9330 -1,0000 
0 020 10000 (0.9978 1.0000 
0.010 0 9992 


92 O99 0. 
0050 0.9%9 0.9971 © 
0.060 © 0,9922 99923 -0.9922 
9080 09752 09752 0.9752 
0.100 0,9493 0.9193 0 9493 
0 7723 


yesrne nooo 
USMHENOBAA 





"Boundary surfaces (x = A, x = — R) held at temperature ¢, , mitral plate tempera 
ture 4 


Thus, for smal! values of Fo it 1s necessary to usc solution (4 3.27) 
By this example one can sce a great advantage of the operational method 
which makes m possible to solve a problem in two forms: one 1s conyentent 
for calcylations at small values of Fo, another for large values of Fo. 

Figure 4.9 gives curves of the dimensiontess temperature distibution in 
a plate for yvarous values of the Founer number (0005 to ! 5). Prom 





Fig. 4.9. Curves of dimensionless excess temperature distribution inde infinite 
plaie (0) — 3/2) i the sbscnss and 15 the ordinate, the teale «s the same in both cases}, 


(symateesl problent)- 
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Fig. 4.9 one can see that the temperature in the middle of a plate begins 
te decrease rapidly, starling from Fo > 0.06. 

A cooling process is essentially completed at Fo > 1.5. 

Figure 4.10 furnishes plots of the dimensionless temperature (f ~ 1)/ 
(ty — t2) = (1 — 8) versus the Fourier number for various values of 
(i — x/R) from 0 to L. 





ae 8 ss ow 3 <s 





ore 


{, (bits 
1 





Fig. 4.10. Plot of dimensionless temperature (f, — 1/(%e — 4.) = (I — 0) versus the 
Fourier number [102] (symmetrical problem). 


These plots may serve as nomograms for enginecring calculations, In 
addition, Table 4.2 illustrates values of the dimensionless excess tempera- 
ture in the ntiddie of a plate for various values of the Fourier number. 


¢. Determination of the Specific Heat Rate. The amount of heat in kilo- 
calories lost by a plate is 


AQ = CM — 2) = Va — Ds 


where 7 is the volumetric mean temperature of a plate. The specific heat 
rate (heat per unit volume; keal/m*) is 


40, = olte—)- (43.31) 
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TABLE 42, Tisrrratune No Minnie or oer Pur 





Oe 2S yet efter — 19 
"OR Ga <7, -m Zn] 





0.001 1.0000, 
© coz 1 0000 
0,003 1,0000 
0 Gos 1 0000 
9.005 1.0000 
0.006 1.0000 
0,007 1 0000 
O WS 0.9958 
0 009 0.9996 
0.010 0.9992 
@ O11 0.9985 
0,012 0 9975 
0,013 0 9961 
0.014 0.9934 
0.015 on 
0 016 0 9896 
0.017 0 9866 
0 O18 0 9332 
0,019 © 9754 
0 020 © 9752 
001 0 9706 
0 022 0 9687 
0.023 © 9605 
0 024 © 9850 
0.025 © 9453 
0.026 © 9333 
0 27 0 9372 
0 028 0.9308 
© 029 © 9242 
© 030 0 9173 
00 © 9107 
0012 0.9038 
0 033 0 3967 
0 034 0 8936 
0035 © 8824 
0 036 0 8752 
0 037 0 8679 
0.033 0.8608 
0.039 0 8332 
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TABLE 4.2, (continued) 

4Fo iFo 

0.136 0.3326 0.198 0.1804 0.40 0.0245 
0.138 0.3261 9.200 0.1769 0.42 0.0202 
0,140 0.3198 0.205 0.1684 0.44 0.0165 
0.442 0.3135 0.210 0.1602 0.46 0.016 
0.144 0.3074 0.215 0.1525 0.48 0.0112 
0.146 0.3014 0.220 0.4452 0.50 0.0092 
0.148 0.2955 0.225 0.1382 0.52 0.0075 
0.150 0.2897 0.230 0.1315 0.54 0.0052 
0.152 0.2840 0.235 0.1252 0.56 0.0051 
0.154 0.2785 0.240 0.1192 0.58 0.0042 
0.156 0.2731 0.245 0.1134 0.60 0.0034 
0.158 0.2671 0.250 0.1080 0.62 0.0028 
0.160 0.2625 0.255 0.1028 0.64 0.0023 
0.162 0.2574 0.260 0.0978 0.66 0.0019 
0.164 0.2523 0.265 0.0931 0.68 0.0016 
0.166 0.2474 0.270 0.0886 0.70 0.0083 
0.168 0.2426 0.275 0.0844 0.72 0.0010 
0.170 0.2378 0.280 9.0803 0.74 0.0009 
0.172 0.2332 0,285 0.0764 0.76 0.0007 
0.174 0.2286 0.290 0.0728 0.78 0.0005 
0.176 0.2261 0.295 0.0693 0.80 0.0005 
O.178 0.2198 0.300 0.0659 0.82 0.0004 
9,180 0.2155 0.31 0.0597 0.84 9.0003 
0.182 0.2113 0.32 0.0542 0.86 0.0003 
0.184 0.2071 0.33 0.0490 0.88 0.0002 
0.186 0.2031 0.34 0.0444 0.90 0.0002 
0.188 9.1991 0.35 0.0402 0.92 0.0001 
0.190 0.1952 0.36 0.0365 0.94 0.0001 
0.192 0.1914 0.37 0.0330 0.96 0.0001 
0.194 0.1877 0.38 0.0299 0.98 0.0001 
0.196 0.1840 0.39 0.0271 1.00 0.0001 


* Same conditions as in Table 4.1. 


Thus, it is necessary to define the mean temperature of a plate. We have 


fey =e fede 


From solution (4.3.25) we may obtain 








iz) 


= E B,expl~ 2 Fo, 


(4.3.32) 
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Expanding tanh (s/a)¥*R in series 

tanh(s/a)"4R — 1 ~ 2 exp[— 2(s/a)"*R] 4-2 exp[— 4{s/a)"72R) — «+s, 
then we shall have from (4,3 33): 


to = 
Fe Tey HSI 1-2 Eye eso artoteerm. 


Hence the solution for the inverse transform i(t) may be written thes: 


te te) to af (FZ) 2B 


«p(Se)"en(- )- da erfe Taye aaah}: 


Finally, the solution will be of the form 


6-4 _;_ o(E2)"+4.VFo E ( tyertierte 
; & 


fo 











Oo 

(4.3 38) 
where terfew = (pa ) exp[— ut] — werfew 

It also follows that at small values of time, or rather Fo, solution (4 3.38) 
transforms into approwumate solution (4.3 36) as at Fo + 0, etp[— nt/Fo)] 
+0, and erfe(n/4/Fo) -+ 0. 

Solution (4.3.38) may be obtained directly from (4 3.28) using another 
calculation method. At first 4Q, may be determined by the formula 


= - fra, (4.3.39) 


and then from relation (43.31) the mean temperature Kr) may also be 
determuned. The result will be the same. 


Sf. Analysis of the Solution. The relation between the dimensionless mean 
temperature 0 and the dimensronless time Fo tn the form of (4334) or 
(4.3.38) 1s widely used an problems on diffusion. Average concentration 
plays the same role as the mean temperature in such problems. Table 43 
gives valucs of 6 for various values of the Founer number and the corre- 
sponding calculation diagram of O versus the Fourier function 1s plotted 
in Fig. 4.11. 
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TABLE 43, YaLurs of FuxcTionst 
ss 4 


b- SL aw 


xsl on — tyra 





x'Fo/4 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 6.08 0.09 





1.0000 0.9282 0.8984 0.8756 0.8563 0.8394 0.8240 0.8099 0.7968 0.7845 
0.7728 0.7618 0.7512 0.7410 0.7312 0.7218 0.7127 0.7038 0.6952 0.6869 
0.6787 0.6708 0.6631 0.6555 0.6481 0.6408 0.6337 0.6267 0.6199 0.6132 
0.6066 0,6000 0.5936 0.5873 0.5812 0.5751 0.5691 0.5632 0.5573 0.5515 
0.5458 0.5402 0.5346 0.5292 0.5237 0.5184 0.513) 0.5079 0.5028 0.4975 
0.4926 0.4877 0.4827 0.4779 0.4730 0.4682 0.4536 0.4589 0.4543 0.4497 
0.4452 0.4408 0.4363 0.9359 0.4277 0.4234 0.4192 0.4150 0.4108 0.406 
0.4027 0.3896 0.3847 0.3907 0.386% 0.3830 0.3792 0.3754 0.3716 0.3679 
0.3643 0.3607 9.3570 0.3534 0.3499 0.3464 0,3430 0.3396 0.3362 0.3329 
0.3296 0.3263 0.3230 0.3199 0.1165 0.3134 0.3104 0.3173 0.3042 0.3012 
0.2982 0.2952 0.2923 0.2854 0.2865 0.2836 0.2805 0.2780 0.2751 0.2725 
0.2698 0.2672 0.2645 0.2618 0.2592 0.2566 0.2541 0.2516 0.2491 0.2466 
0.2441 0.2417 0.2393 0,2369 0.2346 0.2322 0.2300 0.2276 0.2253 0.2231 
0.2209 0.2187 0.2165 0.2144 0.2122 0.2101 0.2081 0.2060 0.2039 0.2019 
0, 1999 0.1979 0,1959 0.1940 0.1920 0.1902 0.1882 0.1864 0.1845 0.1827 
0, [808 0.1791 0.1773 0.1755 0.1738 0.1720 0.1703 0.1686 0.1670 0, 1653 
0.1336 0.1620 0.1604 0.1583 0,573 0.1556 0.1541 0.1525 0.1511 0.1496 
0.1481 0.1466 0.1452 0.1436 0.1423 0.1409 0.1394 0.1381 0.1367 0.1354 
0. 1340 0.1327 0.1313 0.£300 0.1287 0.1274 0.1262 0.1249 0.1237 0.1225 
0.1243 0,1200 G.1188 0.1176 O.1165 0.1153 6.1142 0.1131 0.1119 0.1108 
0, 1097 0.1086 0.1076 0.1064 6.1054 0.1043 0.1033 0.1023 0.1012 0.1003 
0.0993 0.0982 0.0973 0.0963 0.0954 0.0944 0.0935 0.0926 0.0916 0.0907 
0.0898 0.0889 0.0880 0.0571 0.0863 0,0854 0.0846 0.0837 0.0829 0.0821 
0.0843 0.0805 0.0797 0.0749 0.0781 0.0773 0.0765 0.0768 0.0751 0.0742 
0.0735 0.0728 0.0721 0.0713 0.0707 0.0700 0.0592 0.0686 0.0678 0.0672 
10,0655 0.0659 0.0653 0.0546 0.0640 0.0633 0.0627 0.0820 0.0614 0.0609 
0.0602 0.0596 0.0890 0.0584 0.0579 0.0573 0.0567 0.0556 0.0556 0.0550 
10,0545 0.0539 0.0534 0.0528 0.0524 0.0518 0.0513 0.0508 0.0503 0.0498 
0.0493 0.0488 0.0483 0.0478 0.0473 0.0469 0.0460 0.0460 0.0455 0.0451 
0.0446 0.0442 0.0437 0.0433 0.0429 0.0424 0.0420 0,0456 0.0412 0.0408 
0.0404 0.0400 9.0396 0.0392 0.0387 0.0384 0.0380 0.0376 0.0373 0.0369 
0.0365 0,0361 0.0357 0.0354 6.0350 9.0347 0.0344 0.0340 0,0336 0.0333 
0.0331 0.0327 0.0324 0.0321 6.0318 0.0315 0.0311 0.0308 0.0306 0.0302 
0.0292 0.0296 0.0293 0.0289 0.4287 0.0283 0.0281 0.0278 0,0276 0.0272 
0.0271 0.0268 0.0265 0.0263 0.0260 0.0258 0:0255 0.0252 0.0250 0.0247 
9.0245 0.0242 0.0249 020237 6.0235 0.0233 2.0230 0.0228 0.0226 0.0224 


BSSBRRSeSBRESBSeaaRSERES 


PNpeeee ee eee sapssssesso 


ypyee 
3a8as 


Pee en ES 
Bsssesse 


———— 
* Boundary conditions as in Table 4.1. 
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Fig. 4.11, Relanon between the dimensionless mean ¢xeess temperature & and the 
Tourer number for an infinite plate (symmetncal problem) 


We now find the dimensioniess heating rate d0/dFo According to equa- 
tion (4334) nas 


= dijtFo = 2 3 expl— 4Qe — 15! Fo} 43.40) 
c' 


Using approtimate formulas (4 3,36) and ¢4 3.37), 
= ddfdFo = Af(aFo)’t = Qjayai{t—d}) for To <O1, 341) 
— ddldFa = 2exp(— int Fo) = fat for Fo>O.1, (4.3.42) 


As Fo = a/R, the heating rate dOjdr will be directly proportional to 
the thermal di(Tusnity and inversely proportional to the square of half the 
plate thickness. Table 44 :llusteates values of @ and W/d¥'u for various 
values of the Fourcr nember 

All the above solutions are also valid for the case of cooling af an infinite 
plate when one bounding surface has ideal thermal insulation (absence 
of a heat flow which is characterized by the condition a1(0, r}/dx = 0) 
and at the initial time instant the opposite surface ts instantaneously cooled 
to a constant temperature 4, ie, (Rr) = f, (the ongin of coordinates 
1s taken at the adiabatic surface) The mnstial temperature distribution over 
the plste thickness may be enen 2s some function fix) or be vmform, 
fe., r(4, 0) = % = const In this case & represents not half, bur the whole 
plate thickness. 


4.3 Infinite Plate M17 


TABLE 44 Retanion errween di/dFo,0, «no Fo For an Inranete Prave (—RS3xS.RY* 








Fo 6 2 dB /uFo Fo 6 +db/dFo 
0.005 0.91978 3.9894 o4 0.3021 0.3728 
0.01 0.8849 2.9735 0.5 0.2353 0.2912 
0.02 0.8401 1.9941 0.6 0.1844 0.2275 
0.04 0.7729 1.3904 0.7 0.1475 0.1820 
0.05 0.7236 1.1536 O8 0.1127 0.1389 
0.10 0.6430 0.8917 0.9 0.0900 0.1150 
0.2 0.4960 0.6323 1.0 0.0587 0.0848 
03 0.3859 0.4772 1a 0.0537 0.0663 





* Boundary surfaces held at temperature f, and initial plate temperature f. 


If at all time one surface of a plate is maintained at a constant temperature 
fq = const, and the opposite one, at a constant but different temperature, 
for example, at the initial temperature t. = const, then the boundary condi- 
tions may be written as (Fig. 4.12) 





10, t) = t, = const, «(R, t) = f = const. (4.3.43) 


The origin of coordinates is on the left surface of a plate (0 < x < A). 


Fig. 4.12. Curves of the temperature dis- 
tribution inside an infinite plate (asymunct- 
tical problem). 





A solution for the transform T(x, s) has the form (see (4.3.19) 


fo— te [sinh(sfay"(R— x) 
aa sinh(sjay""R ): 4244) 





2 — T(x, 8) = 


The solution of the problem is obtained in two forms by using the same 
method. First, applying the expansion theorem, we obtain 
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(6D x By 26 R-x 
= ee +Ee pt sae R 
x exp(— 44,7? Fo), (43.45) 


where pt, «ret are the eigenvalues. In a stationary state (7 = 0), the 
temperature distribution will be a straight line passing through a point 
@, &) and (R, tf) Second, developing (sinh(s/a)“*R)-' in a series and 
‘using the table of the transforms it is found 


— Mate x < 2nR + 2nk — x 
0 nel aaner ~ E(t Reape — ete Soe 
(4.3.46) 


‘The first term of solution (4.3,46) represents a solution for a semi-infinite 
body since solution (4.3.16) may be obtained from this solution if we let 
R = o sec (4,.2.16)) Hence, at small time values, or rather at small Fou- 
rier values, heat propagation in a plate occurs similarly as in 2 semi-infinite 
body. In this case (small values of Fo} the sum is negligibly small as com- 
pared to the first term. Tlus follaws directly from solution (4.3 46) if it 
ts sewntten in the dimensiontess form 


0 = er GIR _S (crte 282 LIRY erfc BER) (4.3.47) 
2vFo 2VFo 2YFo 


For small values of Fo the arguments of the function erfe are great and 
the functrons themselves are close to zero The sum may therefore be neg- 
fected. 

The physical significance of heat propagation inside a plate at small 
values of Fo may be obtamed from the analysts of solution (4.3.28), viz. 
if we move the ongn of coordinates from the plate center to the Jef surface, 
ie., we substitute a variable XY so that x + R= X and 2R-+ oo, then 
Solution (4.3.28) takes the form 

x 
0=ef-— Pres (43.48) 
‘This is clearly a solution for a semi-infinite body. In Fig 4.13, the tem- 
ptrature 0 is plotted versus the Founer number for sanous values of the 
dimensiontess coordinates of the plate from 0 to 1. 

The solutions for an infinite plate have been analyzed in some deta! to 
show the reader the great advantage of the operational method over the 
classical one, The solutions in the Laplace form, representing the known 
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Fig. 4.13. Plot of the excess dimensionless temperature 0 versus Fo for various values 
of (1 — x/R) from 0 to 1 [102], Boundary surfaces x — Oat s,,x = Rat fy; initial plate 
temperature, fy. 


combination of the functions erf or erfe, are convenicnt for small values 
of the Fourier number. Vice versa, the solution in the Fourier form, con- 
sisting of the product of two functions (one is of the exponential form taking 
into account a temperature change in time; the other is of the trigonometric 
form characterizing a temperature change over the plate thickness) is con- 
venient for large values of the Fourier number. In this case, one may limit 
oneself to the first term of a series, neglecting all the remainder. 

The Laplace operational method makes it possible to obtain such ap- 
Proximate solutions with any degree of accuracy. These solutions are ra- 
ther simple and may be used in engineering calculations with considerable 
success, 


4.4 Sphere (Symmetrical Problem) 


a. Statement of the Problem. A problem: for a spherical body may be for- 
mulated as follows. There is a spherical body of radius R with @ known initial 
lemperature distribution fir). (An important particular case is where the int- 
tial temperature is constant and equal to ty). At the initial ime, the sphere 
surface is instantaneously cooled to some temperature equal 10 fe which is 


120 4. Bounpary Cospitios of tic Frast Kixp 


maintained constant during the whole cooling process The temperature distri- 
bution inside the sphere at any time instant and the specific heat rate are to 
be determined. Since cooling occurs uniformly, isotherms inside the sphere 
may be represented by concentric spheres, ic, the temperature depends 
only on a radius-sector r and time x (see Fig. 4.14). 


—--_ 






Fig, 414. Temperature distnbution 
curves inside a sphere (symmetrical 
problem). 


The differential heat conduction equation in a symmetncal problem has 
the form 


Or, t) vr) , 2 Sur, t) 
MG (2G, 4 2 BH 


int r Or 
{(r>0, O<r<R) (4h 
at conditions 
ar, 0) = fr), (442) 
4(R, t) = t= const, (443) 
10, t) # 09, (4.44) 


O1(0, t)/8x = 0. 


The last condition 1s the symmetry condition. 
Differential equation (441) may be wnitten 


Ale, tL _ | Berle, TH $45) 
ee SS ies 
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The equivatence of equations (4.4.1) and (4.4.5) may be shown to be 


rot. {3 aco} 


a Var 





yt | Or 





cancelling r we have 
oe ( 2 a 
ae (GE > Ge): 


b. Solution by Method of Separation of Variables, First of alt, let us solve 
the problem by means of the method of separation of variables. If the 
product rr(r, r) is replaced by @, then Eq. (4.4.5) with respect to @ is iden- 
tical with that for an infinite plate. The particular solution of this equation 
is known [see Eq. (4.3.4)]: 


8 = rir, 1) = (Csin kr + D cos kr) exp{[— ak*r], (4.4.6) 


Consequenily, 
tr, t) = (C{sin kr] {r +- D{cos kr}/r) exp[— ak*r}. (4.4.7) 


As the distribution of isotherms is symmetrical with respect to the 
center, and the temperature in the middle of the sphere (r = 0) cannot 
be infinitely large, then the constant D is equal to zero; the latter con- 
dition is necessary since at r—+0, {sin kr}/r—ek and {cos kr}{r—-eo. This 
derivation also directly follows from solution (4.4.6), since at r = 0, 
Mr, r) should be equa! to zero, hence D = 0, 

Thus the particular solution will be 


i(r, t) = Cf{(sin kr)/r} exp[— ak*r]. (44.8) 





To simplify the calculations, we assume f = means that the tem- 
perature is taken relative to f, as the datum. Then, imposing the boundary 
condition (4.4.3) on solution (4.4.8), we shall have 


1R, 1) = Cf(sin R/R} exp[— ak*r] = t = 0. 
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Hence, sinkR = 0, ic, KR = 7,27, 32, ... (0< r <00). Thus, there 
fs an infinite number of values of K determined by the following equafity: 


KR=nt= per a= LBIerss (4.4.9) 
‘The values of 2, are taken, starting from = since at m = 0 the appropriate 
term will be zero for all points r < R. 
‘The general solution will be a sum of particular solutions 
ri{r, 5) = SS Cy Sin kyr expt— ak?) 4.10) 
cm 


For the determination of constants C, the initial condition is used 


ri(r, 0) = aftr) = z Cy sin kar 4a) 





If the function rf{r) satisfies the Dirichtet conditions, then it may be ex- 
panded m a Fourier series. We mulnply both sides of equality (44.11) 
by sin kr and integrate it over the Iinmts from 0 to R; then 


f ley (inka dr = & if : Ca(sin kyr) (Sin kr) de. (44.12) 
os 


‘Wath the belp of the method desenbed in Section 4 3 it may be shown that 


Yemen 
= fe (sin kyr) (sin kr) dr 
- Km (sin KR) (cos kyR) — ky (S10 KR) (COS KR) , (44.13) 





ko — ky 
Jenony = J (aint har) de = SR (4414) 


AS ky =n, then Jing) = 0 and Sines) = AR, Le. all the integrals are 
equal to zero except one when r= m in which cases this integral ts $F, 
‘Thus, for the determmation of the coefficients C, the following relation 

is obtained: * 
Cu NR) ff) (sin har) de (4415) 


The genera! solution of our problem is as follows 


dectm § AMIE 2 fy ann.) are 
(6.4.16) 
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For a uniform initial temperature distribution #(r, 0) = f{r) = to, we 
obtain 


3 f. rhe (0 a5) =- 


since cos pg, = cos nz = (— 1), 
Finally we have 


oo 2 -3 (ay 2 pei exe — bat rae (4.4.17) 


2Rto 
COS pty = (— 1)? 
ra Ha = (— IY 





2Rty 
Ha? 


If the temperature f, is not zero, then the solution of this problem may 
be written 





Be _ angele exp{—p,2Fo}, (4.4.18) 
where 
Ag =(— 14-25 Ba = UT. (4.4.19) 


¢. Solution by the Operational Method. Solution (4.4.18) is obtained by 
means of the method of the Laplace transformation. Applying the Laplace 
transformation to differential equation (4.4.5), we have: 


(7, SY" — (Sfa)rTe, 5) + (rtefa) = 0. (4.4.20) 
Solution (4.4.20) may be written by analogy with solution (4.3.17) as 
1T(r, 8) — (rtols) = A cosh(s/a)¥?r + B sinh(sfay*r. (4.4.21) 


Since in the middle of the sphere (r = 0), the temperature ¢(0, r) and its 
transform 7(O, s) cannot be infinitely large G.c., it must be lim,.0 T(r, 5) 
+0), then one can clearly see that 4 = 0. 
‘Thus, we have: 
i 19 
Tr. 8) — Je = peti (4.4.22) 


Boundary condition (4.4.3) for the transform will be of the form 
T(R, 8) = tals (44.23) 
Boundary condition (4.4.23) is now imposed on solution (4.4.22): 


fo paneer 


te 
es 
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whence 
___ (e— R 
= > FanhteayR* ($424) 
Thus the solution (44.22) may be written 
0) — 76, = eh (4.4.25) 


rs sinh(s/ay"?R 
The numerator ¢,(s) = (fo — re)Rsinh(s/a)’*r and the denominator 


yi(s) = rs sinh(s/a)'*R are not generalized polynomials with respect to s 
but they may be so reduced by multiplying or dividing by (s/a)'4, siz: 


sion( Sy (yt {(2)"F + zy 
sins) aT yearly ye] 


(4426) 





From operatronal calculus it 5 Known that if ¢(s) and 4(s) are generalized 
polynomials wath respect to s where ¢{s) - stris ys) = s4yi(s), then 





gis) oils) . 
km Fo 2 We’ fst 20, (4427) 


where s, are the roots of the equation ¥,(1) = 

Therefore, except the first root s = Othe inversion of the transform may 
be done according to the ordinary expansion theorem since im our case 
gifs) and y,(s) satisfy condition (44 27) 

For determination of the roots ¥;(s) it 15 necessary to assume y,(s) = O° 


yils) = rs sinh(s/a)' *R = 0. 


Hence, we obtain the following roots (1)s = 0 (zero root). (2) sinh(s/a)' 7R 
= (1/i) sin i{s/a)'*R = 0, whence as/a)'7R - 2, 2a, 34, + mT OFS. = 
= = aftg/R? = — antx?/R? as wy = 12 

Using expansion theorem we obtain 


es) ) 3 eo 


“ = 
yits) eat He GD 


oo, 
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Rio 
PilSn) = (lo ~ fa) F sin yp 


ayn)" 


v1 (Su) 





Consequently, we shall have 


5: F105) oage 











rot ¥1 Gn) 
=-F Ci PAs see etih) exo{— mt). (4.4.28) 
a in 
Relation (4.4.26) is used for the zero root: 
(s) = (lo — )R|r +" s+ -]. 
t (4.4.29) 
s4 
ys) = rs[ +57 PS+ | 
Then 
in 25). — 
fim ey 4.4.30) 


Finally, the solution of the problem may be written in such a form: 


to — tr, t) 
he, 


=1- 5 2-1 Es estl®) exp|— ze Fl: (4.431) 


nat 





which we rewrite in dimensionless quantities as 


pe a? Ba 
tg te 


Resin (r/R) 
e TH 





exp[— p?Fo], (4.4.32) 


where A, = 2(— 1)", 4, = nz, i.e., the solution identical with (4.4.18) 
is obtained, Solution (4.4.32) represents a quickly convergent series because 
the exponential function exp[— y,°Fo] rapidly decreases with an increase 
in Lp. 

For small values of Fo, it is necessary to take a Jarge number of terms 
of the series, resulting in considerable inconvenience in computations. 
For large values of Fo, a single term of a serics may suffice and ail the 
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remainder may be neglected. Consequently, solution (4.4.32) is more con- 
venient for large values of Fo. 
For small values of Fo let us find a solution in a different form. Expand- 
ing [/sinh(s/a)“*R in senes (see Appendix) we obtain 
1 


aang/ayan ~ 2lEePl—Gla)"*RI + expl— 3(8/0)"A)] + +++) 


= 2S exp[—2n — 1)/a)""R} 
a 
In addition, using the formula 
sinh(s/a)“*r == 4 {exp[(s/a)“¥r7] — exp[— (s/a)'"r]} 


solution (4 4.25) for the transform may be wvitten as 


f= 1G, 3) = CHIEF cexpl—1@a = 198 = riisjay") 
c= 
— exp{—[(22 — 1)R + rifs/a)""*}). (4.4.33) 


Using the table of transforms, 2 solution for the inverse transform is ob- 
tained as 


nb FE foe HOM 





— 2VFo 
= erfe 22 N+ ois (4434) 
2\/Fo 


This solution 1s spplicable to r > 0. For the temperature in the mudie of 
the sphere (r = 0) let us derive a solution in the following way. From solu- 
tion (4.4.25) we have 


(als) — TIO, 5) = [lo — te) Ras)? sinh{sjay*R) 
= 12lle — DRM" E expl— Can ~ 1(s70y"4R) 
Then, using the relation 
EIS) expl— AV ST} = Car)? exp A*/S1] 
we define 
6, = Wate 1-2 PF ep 


tn — 





(4.435) 
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Solutions (4.4.34) and (4.4.35) show that solutions for an infinite plate 
and sphere may be presented in one and the some function. 

Figure 4.15 gives curves of the temperature distribution as a function of 
the dimensionless coordinate r/R for various values of Fo from 0.005 to 0,4. 
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Fig. 4.15. Curves of the dimensionless excess temperature distribution inside sphere. 
[(1 — r/R) is the abscissa and 6 is the ordinate.] 











Fig. 4.16. Plot of dimensionless temperature (f — #)/(t. ~ fa) 
Fourier number Fo for various coordinates r/R from 0 to | for a sphere (102). 
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TABLE 45, Vaturs or Fuscnoxs* 


8, = Sy exrl= ws'Fo) aso T= Een n’n'Fo) 





0,00 1.0000 1.0000 0.74 0.8531 
0.02 1 0000 0.8537 O76 0.8418 
0,04 1,0000 0.7967 0.73 0 8303 
0 06 1.0000 0.7543 0 30 0 8186 
0.08 11,0000 © 71935 0.82 0.8068 
010 1.0000 0 6897 0.84 0 79390 
0.12 1 0000 © 6632 086 0.7831 
o14 1 0000 0 6394 088 0.7781 
016 1 0000 0 6176 090 0 7591 
0.18 1 C00 © 3976 on 0.7871 
020 1 0000 0 5789 ow 0.7351 
ow 0.9999 0 3615 09 0 7232 
O24 0 9798 0 S431 098 oO 7112 
026 0 9995 © $296 100 0 674 
028 0 9950 0 $149 1.05 © 6700 
030 © soin 10 0 6313 
on 0 4877 1.15 © 6132 
on 0.4750 120 © 53860 
0.36 0 4629 iz 0 5596 
0.38 04513 1.30 0 5340 
040 © 4408 a3s 0 sms 
0,42 0 4294 140 © 4358 
oat 0 4190 4s 0 4631 
0.46 0 4090 150 0.4413 
0.43 0.3993 135 0 4203 
050 0 3901 1.60 0.4003 
O52 0 3810 1.65 0.3816 
Os 0 3723 170 0 363) 
0 36 0 3639 1.73 03437 
O38 0 3357 1.80 0321 
C6 0.3477 1,85 03133 
062 0 3400 1.90 0 2981 
0 GF 0 3325 1.95 0 2837 
0 6 © 3252 200 0 2700 
0.68 0.2181 210 O2uS 
0.70 O33 2.20 e2u 
072 0.3045 2 0.2003 





ee 
= Center dimensioniess temperature and mean remperature, respectively for sphere, 
tespectively (symmetncal problem) 
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TABLE 4.5. {consinned) 








Consequently, the mean temperature of a sphere i(r) = 9 = 17°C. 

if the sphere radius and its thermal coefficients are known, then it is possible to deter- 
mine the cooling time and heat losses at this particular time by clementery formulas, 

For engineering convenience, Table 4.5 gives values of 8, 15, = 9(0, x) is the tempera- 
ture in the middle of a sphere) and of 6 for various values of the Fourier number. A plot 
6 = f(Fo) is constructed in Fig. 4.17. 


4.5 Infinite Cylinder 


If a cylinder of a length / is considerably greater than its diameter 
2R (i.e. /2R D1), then it may be treated as an infinite cylinder whose 
length is infinitely great as compared to its diameter. 

If the heat transfer between the cylinder surface and the surroundings 
occurs uniformly over the whole surface, its temperature will depend only 
on time and a radius (symmetrical problem). 


a. Statement of the Problem. An infinite cylinder is considered with some 
prescribed radial temperature distribution, i.e., in the form of the function 
fr). At the initial time instant the cylinder surface is instantaneously cooled 
to some temperature t, which is maintained constant during the entire cooling 
process. The temperature distribution and specific heat rate are desired as a 
Junction of time. 

In our case, the differential heat conduction equation is written as (see 
Appendix ILI): 


ate, 1) fan), 1 OUD) ah 8 
MOD g (PO 4 1 MEO) (@>0; O<r<R) G51) 
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The boundary conditions are the following (Fig. 4.18}: 


1, 0) = fr), (4.5.2) 
R, t) = 1, = const, (45.3) 
0:0, 1)/r = 0, (0, t) sk © (45.4) 


The last condition menas that temperature along the cylinder avis during 
the entire heat transfer process must be finite. 


da. 


Fig. £18. Curves of temperature dist 
bution inside an infinate cylinder (symmet- 
nea) problem) 





5. Solution of the Problens by Separation of Wartables. In Section 32, 
itas shown that 4 particular solution of the heat conduction equation by 
the separation method 1s as follows 


1 = 0 exp[— ak*2). 55) 
where @ ts the solution of the differential equation 
Fd +k =O 
In our case O(r) should be a solution of the Bessel equation 
OC) & (UNI) + AE) = 9, 456) 
which may also be written 


1O"(r) + (7) + RrD{r) = 0 
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Let us find the solution of the Bessel equation 
xu + uu! + xu-0 4.5.62) 
in the form of a power series 
= Ag + A,X + agx* + ayP + ++, (4.5.6) 


Differentiating each term of series (4.5.6b) and substituting w, w', u'’ into 
the left-hand side of the expression (4.5.62) we obtain 
Mo By FAX + AqX® + Gg + att ves, 
ulm ay + age + 3agx* + Sage + Sagxt + ore, 
wh = 2+ 1+ a+ 3+ ax t 4+ Baat+ oes, 
Multiplying the first series by x, the second by 1, the third by x, and 
summing and gathering terms with the same powers of x, we have 
G+ (ay -}- 2ag)x 4 (ay + 3*ag)x* 4- (a, + 4a,)x? + +++. (4.5.6) 


For expression (4.5.6c) to be equal to zero [or all values of x, it is ne- 
cessary that all of the coefficients of x be equal to zero, i.e., 





a,=0; a+ 2a,=0; a 4+-3a,=0; a+ 4a, 
Gy. + Wa, = 0. 


From these equalities it follows that all the coefficients with odd subscripts 
are zero (as a, = 0) and those with even oncs are expressed through ap as 


ay = — (1/2?)ag; ay = — (1/4*)te = (1/2°4*)ay; 
ay = ~ ae{6? = — ag/24°6?, 








Substituting the above values of the coefficients into (4.5.6b) we obtain 
wm ak — oe + pag — Gage t+) 


If a = 1, then the particular integral of equation (4.5.6a) will be equal 
to the function: 


7 x xt 
Joe) = 1 Ge aage — Bare G5.6d) 
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This function is referred to as the Bessel function of the first kind and is 
of zero order. 

‘The second particular solution of equation (4.5.62) may be found by 
using the formula (sec Eq. (3.2.14)) 


vs f urtexpi— f Ui de)de, (4.5.6¢) 


where u(x) = J,(x) is the first particular solution, and a(x) is the second 
linear particular solution independent of u(x), 
One finds that the second solution is 


E(t dt adele d al 
(4.5 6f) 


Usually instead of the function u,{x), the ¥(x) is taken whieh is cannected 
with u,(x) in such a way that 





u(x) = Lol) In x + 


Ye) = 2 ula) + 2 4.09 (© ~ 192), 


where ¢ = 0.5772 is the Euler constant, Yo(x) is the Bessel function of the 
second kind of zero order. Such a form of the function ¥y(x) is taken to 
allow simple approximauons at large values of x. 

‘The particular solutions u,(x) = Jo{x) and u(x) or ¥q(x) are Lnearly 
independent since ¥(x)/Jo(x) + const; the general entegral of the Bessel 
equation (4.5.62) 1s 


wx) = CIAx) + DY dix) 


where C and D are the arbitrary constants. 
Equation (4.56) reduces to equation (4.563) assuming r= x/kz the 
proof 1s left to the reader. Then the genera! integral of Eq (4.5.6) will be 


O(r) = CIfkr) + D¥ekr). 57) 


Since the temperature along the cylinder axis (r = 0) must be finite, then 
solution (45.7) cannot contain the Bessel function of the second kind 
which at ¢-+0 tends to infinity (See Fig 4.19). Hence, from the physical 
conditions of the problem, the constant D must be equal to 2¢ro (D = 0) 
‘Then, the particular solution of heat conduction equation (4.5.1) will be 


of the form 
t = Clelkr) expf— ektr]. (458) 





Fig. 4.19, Plot of the Bessel functions of the first and second kind, 


The function Jo(kr) is even, viz: 





(ery _ (ery 


(ke 
Joker) = 1 — SP 4+ Se — sega 


Tt consequently satisfies condition (4.5.4) as 


aan = af Re, MeO, er? 
oiler) = — kl -5- ~ “aaa + ag -| 


v= — kAlkr), 





also at r—+0, Jq'(kr) —» 0. 
We find the constants k and C from the boundary and initial conditions. 
To simplify calculations we assume ¢, = 0; it means that the datum of 
temperature is taken as ¢,. Imposing boundary condition (4.5.3) on (4.5.8) 
wwe obtain 
fg = CIAKR) expl~ ak* x] — 0. 
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Consequently, during the cooling process (0 <r <9) the following 
equality should be valid 
AER) = 0. (4.5.9) 


This equality is referred to as a characteristic equation. from which ¢i- 
genvalues ky are defined. 

The function J,(kR) is similar to a trigonometric functron cos kR (Fig 
4.19); it has on infinite number of roots A,R = p,, namely, jz, = 2.4048, 
fz == 5.5201, pty &= 8.6537, etc. It should be noted that at large values of n 
the difference fig41 — My is close to x. 

Thus from the characteristic equation it follows 


KR ta, ky = IR. (4.5.10) 
Hence, there are an infinite number of particular solutions of the form 
t= CUilkyr) expl— ak,tr] (4.5.11) 


They will all be vakd not only for differential equauon (4 5 1) dui alsa For 


boundary condition (4 5.3) 
Such functions (4.5 $1) are referred to as fundamental functions, a series 
consisting of them will be a general solution 


(r,t) = 3 Cubebkard expl— ahr] (4512) 
- 
For determination of the constants C, the initial condition (4 5.2) 1s 


used, ie, 
Hr, 0) = fle) = SS CAtksr} G51 
ot 


Equation (4 $.13) represents the Ressel transformation For determination 
of the constants C, the same method as described in the previous problem 
is used, but in:tially at should be proved that a system of functions Vx Jo(ax) 
Vx Jebx) 18 orthogonal. 

Introducing the notations 


Si = Solar), — ¥2 = Job) (514) 


The functions J,at) and J(he) sausfy the appropnate differential equa- 
tions and 9, is therefore an integral of the equation 


xy" ty’ + atxy = 0, 
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and yp is the integral of the equation 
xy" + yy + Bxy = 0. 
These equations may be written as 
Gy) = — atxy, (yy = — bexy. 
Hence, we haye 
Gy'Y = — ay, (4.5.15) 
GyY = — Bex, (4.5.16) 
Multiplying equality (4.5.15) by y2, equality (4.5.16) by y,, and sub- 
tracting the second from the first, we obtain (also accounting for equality 
(4.5.14) 
exp ds ~ aay xye = Yalan’) — va(xys'Y 
=v0n'Y — wGy2) + yeGo'Y — n' Gol 
= Orny — Ore) = Gear’ — nae’) 
Rewriting this cquality thus gives us 
(8 — a*)xyaye = (veer — Wave (4.5.17) 
Upon integration of both sides of the equality from 0 to x we have: 
@- @) i ys dx = XVayy! — Arye!» 
Passing to the former notation we obtain 


Jf wrloxp Jor) ae = EP) — eI) 45,18) 
as 


wi’ = ady(ax) = ~ ad,(ax), 
Jal = BUS (bx) = — b5,(6x). 


Wf b =a, then the right-hand side of (4.5.18) becomes indefinite of the 
type 0/0 which may be dctermincd by means of the L*Hospital rule (dif- 
ferentiating the numerator and denominator of the fraction with respect to 
b and assuming @ to be constant): 
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fi Teta) de a tym TIAA) + bxoC@ (Ov) — acti (bO (0x) 
« ~ ob pe oe 


= x {xteonter + axson[sn— 22] 
+ axts(as)} x 


since 
Jq(at) = — J,{ar), 


Ji (ax) = Fofax) — (Iax)(er). 
Consequently, finally we have: 
J i. xIgh(ax) de = bx? [JMar) + Jar) (45.19) 


‘This formula 1s valid for all values of a and 6 and will be used later. 

We multiply both sides of equality (4.5.13) by rJfA,r) where har are 
the roots of the fonction J(kr) and interprate 1 within the limmts from 0 
to R: 


JE Aerethan de = JE Cordatbar ilar) dr 
orc f rhitket eka) de. (4.520) 
aot e 


According to equality (4 5.18), all the integrals of the rght-hand side of 
the equality are equal to zero except when mi =n This follows from 
R 
fp ethawelkar) de 
=R halolknRII Kn) — KeJAKe RAR) °, 
9 oy oer 

because Je(kaR) = So(keR) = 0. For m = n, according to formula (4.5 19), 
we have 

JE rtetar) de ARP Ika). 
Thus, 

R 
IR) J fender) ar 


C= (45.21) 
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Finally, the solution of our problem will be of the form 


— S _Solear/R) 2 
OSD Gd 


x fs flr Jolstar [R) dr expl— pn{arfR J]. (4.5.22) 


Consider the special case where f(r) = f = const. Then it is necessary to 
calculate the integrai 


ht 
QAR) [ terdalerarfR) dr. 
Preliminarily, it will be shown that 
J telax) ax = (fa)x{ax) + const. (4.5.23) 
The function 3, = Jo(ax) is the integral of the equation 
xy" + + xy = 0, 
which may be written as 
Gy’) + oxy = 0. 
Consequently, we bave: 
Gory = — xy, 
Jal = add (ax) = — aJ,{ax), 
[— axJ,(ax)¥ = — axJo{ax). 


Upon integration of the last equality, there appears formula (4.5.23). 
Thus, we have 


21H) J terFearr IR) dr = Bolten) Hlet)- (45.24) 


Then, the solution of our problem for f¢=0 will be of the form: 





9 DAs LF prune iR) expt jeXariR 6.5.25) 
= 





where 
Ay = 2th I etn) 4.5.26) 
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Thus, the temperatare distribution inside a cylinder depends on the Fou. 
rier number and the relative coordinate ¢/R. 


t 
= (Fo), 
i.e., our problem is intemal. 


¢. Solution by the Operational Method. Applying the Laplace transfor- 
mation to a differential heat conduction equation, the ontinary differen- 
Gal Bessel equation for the transform 7{r, 5) is obtained: 


T(r, 8) + INT (r, 5) — G/e)TTr, 5) + (ele) = 0. 
Rewriting this equation as 
T(r, s) + Tr, s) — (s/aye[Tr, 2) — {fe's}] — 0. (4.5.27) 


If Eq (45.27) is compared with (456), one can see that the [stter differs 
from equation (4 5.27) by a sien in front of the last term In our case 
At = — s/a, hence, k = t(s/a)'* 

The solution of the equation of form (4 5.27), referred to as the modified 
Bessel equation, consists of a sum of two parucular solutions The fist 
solution 1s given by the modified Bessel function of the first kind, of zero 
order, or equivalently by the zero order Bessel function of the first Lind 
with 2 purely imaginary argument 
= 
= Atel 1 Sp + sae > TST 





ate ($528) 





The function /,{=) in compartson with Jo{>) plays the same role as 3 
hyperbolic cosine cosh =, as compared to the tngonometnc cos = 

The second particular solution 1s presented by the Bescel function of the 
second hind, of zero order, of 2 purely imaginary srfument 


= — Moz(is) ~ Clat=) ~ U2? 


2 5 
sa-pdt-asa- y Gee 45.) 





where C = 0.5772 is the Euler constant. 
Thus, the general solution of Eq (35.27) may be wniten os 


Tir, 8) — =. = Al{(s/2)' 7} — BEAG'aY 7}, 45.30) 
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where J,{(s/a)*r} = Jo{ils/e)"r}, A and B are the constants independ- 
ent of r and are determined from the boundary conditions. 

According to condition (4.5.4), the temperature along the cylinder axis 
(r =0) cannot be infinity, und therefore the constant 8 is equal to zero 
because at r+ 0, Ky(s/a)*r) + — co. Hence, we have 


T(r, 8) ~ (lols) = Ale{(sfa)¥*r}. (4.5.31) 


The function /){(s/a)¥*r} is even (sce expansion (4.5.28); it is valid for 
a symmetry condition. 
Boundary condition (4.5.3) for the transform is written as 


T(R, 8) = tals. (4.5.32) 
Imposing condition (4.5.32) on solution (4.5.31) we obtain 
T(R, 8) = (tals) = tals + ALK S/aY"R}; 





thence r ) 
— lo — ta 
A= — SoGqaraRy (4.5.33) 
Finally, the solution for the transform will be 
=f wm Mo teoflsiay*r} __ ols) 
(tos) — Tir, 5) Shella) R} vis) * (4.5.34) 


Solution (4.5.34) represents a ratia of two power series with natural 
exponents with respect to s with the series in the denominator not containing 
a constant (the first term of the series is equal to s). 

Thus, all the conditions of the expansion theorem arc fulfilled and it may 
be applied to the inversion of transforms. 

We determine the roots of y(s) hy equating the function to zcro: 


ys) — slo{(s/a)"")R} ~ sbofitsfa}"4R) = 0. (4.5.35) 


Hence, (1) s = 0 (zero root), and (2) i{(s/a)V*R = pri fla, 5 My are the 
roots of the Bessel function Jo(j). Thus, there is an infinite number of roots 
for s; they are 

Sy = — Ofte [RE 
We now find y'(s). We have 


vere) ee (2) 


= 2((8)"9) + mY) 
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as 
Ae) = die) faz; 





=) == C/I). 
Consequently, we obtain: 





=f ¢Q@]_ © 3S gl) 
“ ‘| ver! yO) Sway PT 


fy — 10, 1) = (hy — be) = STE fe (ue +) exp{— at 26 





Finally we have 





0 = GHGS AuuriRei-meFo, 4536) 
where 
Aa = pte (ete) 


Solution (45.36) is identical with (4.5.25), 
Figure 4.20 gives the temperature distribution as x function of the di- 
mensionless coordinate r/R for various values of Fo (0 005-0.8). From 





Fig. 4.20. Curve. of the dimensiontess excess temperature destribution intide a0 
infinite cylinder. [(1 — r)/Rs) is the abscissa and 0 ts the ordinate.) 


4.5 Infinite Cylinder 143 


Fig. 4.20, one can see that a cooling process is essentially completed at 
Fo > 0.8. These curves may serve as nomograms for determining 0 for 
any specified values of Fo and r/R. 

From the analysis of solution (4.5.36), it follows that the series rapidly 
converges since 2) < fy < ty < +++ <p. Also, with an increase in x, the 
initial amplitude 4, decreases, and the exponential function exp[— 1,2 Fo] 
also sharply diminishes. Therefore, if small values of Fo are excluded from 
consideration, one term of scrics (4.5.36) is sufficient and the calculation 
formula (4.5.36) acquires a simple form. 

For small time intervals the solution may be obtained in another form. 
Inspection of a solution (4.5.34) for the transform reveals that at small time 
values, the quantity (s/a)“#R = ¢R (q = (s/a)”*) is large; then the following 
asymptotic approximation for the Bessel function may be vsed at large 
values of the argument. 


Ie) ~ we e(1+ +a --). san 


Upon using this expansion for Jn{(s/a)Y2R} and Jo{(s/a)”* r}, the solution 
(4.5.34) for the transform may be written as 


— Th, 3) ~ (a= 1OVR axel (2)"@-»] 


ft + (ar) + (9/128) iy") + + 
T+ (/8qR) + G/128qF RF + 


~ AE FY eal (5-7) 


9R* — Tr — 2Rr 
128g RF 















x {t ie 


According to the table of transforms, this solution will be of the form 








fot) ff RY | R—r , (R—nMarR!* R= 
yar hace (4) a Taye + —aRae ierfe see 
4 QRE= 1H = 2Re)ar : 
+ ORM it erte , aa fie, 4.5.38) 


We write this equation in dimensionless form as 
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eS, “Gye era (4-1) 


~(2)"ro |e oee + 3 (42) 





2VFo 


=2 (4) Fo eit), (4.3.29) 
2/Fo 


This solution is valid for small vatues of Fo and for ¢ > 0, At the small 
values of Fo when the argument of the function i erfc and i? erfe is large 
and the functions themselves are close to zero (sce Appendix), solution 
(4.5 39) becomes similar to that for a semi-infinite body. Consequently, 
cooling of a cylinder at the tnitral values of time occurs similarly to that 
of a semi-infinite body 

The solution along the avis (r = 0) may be obtained from that for the 
transform assuming Jo{(s/a)”?r} = 1 Then, we shall have 


ans ol -(3)"4] 
ae + GR ik + 4 of 
te 


~ “nats ray exp[—()'"al] 


(ols) — Thr, 5) = (lo — te)(22R)"* 





Using the table of transforms we obtain 


Omi — aur evp| - —_ | Kus (atx) 4540) 


Table 46 gives numerical values of the relative excess temperature along 
the cylinder axis for various values of the Fourrer number, The necessary 
calculations were made according ta formulas (4539) and (45.36) The 
yelation (lo — t)/{to — te) = SAFO) vs plotted wn Fig. 4.21 for different salucs 
of the dimensionless coordinates 7/R These may be used for design 
purposes. 


d. Determination of Heat Losses. First, we find the mean cylinder tem- 
perature by means of the formula 





iy — QIK fP attr, dr 
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46. V, - oe: e 
TABLE 46, Vauuts or 8, = = las Jon 16.!Poy 

Fo 0, Fo % Fo 6 

0.005 1.0000 0.205 0.4875 0.41 0.1496 
0.010 1.0000 0.210 0.4738 0.42 0.1412 
o,015 1.0000 0.215 0.4605 0.43 0.1332 
0,020 1.0000 0.220 0.4475 0.44 0.1258 
0.025 0.9999 0.225 0.4349 0.45 0.1220 
0.030 0.9995 0.230 0.4227 0.46 0.1187 
0.035 0.998S 0.235 0.4107 0.47 0.1057 
0.040 0.9963 0.240 0.3991 0.48 0.0998 
0,045 0.9926 0.245 0.3878 0.49 0.0042 
0.050 0.9871 0.250 0.3768 0.50 0.0887 
0.055 0.9798 0.255 0.3662 0.52 0.0792 
0.060 0.9705 0.260 0.3553 0.54 0.0704 
0.085 0.9596 0.265 0.3457 0.56 0.0628 
0.070 0.9470 0.270 0.3359 0.58 0.0560 
0.075 0.9330 0.275 0.3263 0.60 0.0499 
0.080 0.9177 0.280 0.3170 0.62 0.0444 
0.085 0.9015 0.285 0.3080 0.64 0.0396 
0.090 0.8844 0.290 00,2993 0.66 0.0352 
0.095 0.8666 0.295 0.2908 0.68 0.0314 
0.100 0.8484 0.300 0.2825 0.70 9.0280 
9,105 0.8257 0.305 0.2744 0.72 0.0249 
0.110 0.8109 0.310 0.2665 9.74 0.0222 
0.115 0.7919 0.315 0.2590 0.76 0.0198 
0.120 0.7729 0.320 0.2517 0.78 0.0176 
9,128 9.7540 0.325 0.2445 0.80 0.0157 
0.130 0.7381 0.330 0.2375 0,85 0.0117 
0.135 0.7164 0.335 0.2308 0.99 0.0088 
0.140 0.6980 0.340 0.2242 0.95 0.0056 
0.145 0.6798 0.345 0.2178 1,00 0.0049 
0.150 0.6618 0.350 0.2116 1,03 0.0037 
0.155 0.6442 0.355 0.2056 1.10 0.0028 
0.160 0.6269 0.360 0.1997 1S 0.0021 
0.365 0.6100 0.365 0.1940 1.20 0.0016 
0.170 0.5934 0.370 0.1885 1.25 0.0012 
0.175 0.5771 0.375, 0.1831 1.30 0.0009 
0.180 0.5613 0.380 0.1779 1,35 0.0007 
0.185 0.5458 0.385 0.1728 1.40 0.0005 
0.190 0.53906 0.390 0.1679 1.30 0.0003 
0.195 0.5159 0.395 0.1631 1.60 0.0002 
0.200 0.5015 0.400 0.1585 1.70 0.0001 


* Center line temperature of infinite cylinder (symmetrical problem). 
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Fig. 4.21. Plot of dimensioniess excess temperature (1 -- 0) sersus the Founer num- 
ber for various values of the coordmate for a ey)mdet [102] 


Substitunng the appropriate expression from Eq. (4.536) for Mr, +) and 
taking into account equahty (4524), we obtain upon transformation 


= Py 3B, expl— #°F 0], say 





where By = 3/z,3, ce, a solution similar to that (or the plate and sphere 
asobtained The difference ss that fora plate pr, = (21 — 1) /2), By — 2/0" 
and for a sphere, #4, = na, B, = 6/p,%, respectisely. Thus, in the cases 
considered a decrease in the mean temperature 13 described by a simple 
exponential law, 

The relation between G and the Founer number 1s depicted in Fig. 4 22 
which may serve as a calculation plot. 

Let vs now solve a particular problem A glass tong bor beated to 120°C 1s placed 
into meting We, O'C. Determine the temperature inside the bar after a minute of cooling 
as well as the amount of heat lost if the tar Gametec ss 2m. 

Comuver the bar to be an infinite cylinder The thermal coeficients of glass arc the 
following 2 == 064 heal: nVChr, € = OIG keal/Ag’C and y = 2500Lg m*, then @ = 38 
+10 > mr 

We find the Fourer number to be 
6-70 
0 









= 0265 = O27. 


ast = f/6ohr, R= lem 001m 
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‘We now determine the dimensionless temperature by formula (4.5.36) for r = 0. Since 
Fo = 0.27, one may restrict oneself to the first term of the series (4.5.36), ic, 


2 2 
ee Ay |— to) ———- — ——___ a . 
FAs ntl rte CREDA EY OO Oa 


= 16-0211 = 0.34 


Here, it is taken into account that J,(2.4) = 0.52; exp[—(2.4)* » 0.27] = 0.211. 

The quantity 4, might be determined directly from Table 6.10 for Bi = oo (see 
Chapter 6). 

‘The calculated value 0, = 0.34 may be checked from Table 4.6, from which one can 
see that for Fo = 0.27, 8 0.34. The temperature along the cylinder axis at t, —0 
will be 

£0, 4) = feb = 0.34 + 320 = 41°. 

For calculation of the heat rate let us determine the mean temperature by formula 

G.5.41) us 
8 = Byexpl—m'Fo] = a expl—(2.4)? - 0.27] = 0.147 = 0.15. 

Let us check this from the plot in Fig. 4.22. Heace at Fo = 0.276 = 0.15, ic, the 
calculation is correct. 

The mean temperature becomes 


F(x) = 6(4) — 0.15 - 120 = 18°. 


The specific heat rate is 
AQ, = e7lle — 2) = 0.16 - 2500(120 — 18) = 40,800 (keal/m*). 


Fo 
Om _@ sm as 
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Fig. 4.22, Relation between the dimensionless excess mean temperature and the Fou- 
tier number for an infinite cylinder. 
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4.6 Infinite Hollow Cylinder 


a. Statement of the Prodlem. Consider an Infinite hollow cylinder (cy lin- 
drical tube). At the initial time instant, the temperature of the mbe it a given 
function of the radius flr) the temperature of the external and internal sur- 
Saces is maintained constant during the whole cooling process. The tempera 
ture distribution at any time is desired. 

The boundary conditions are (see Fig. 4.23) 


Hr, 0) = fe), (46.1) 
1(R, 1) = fe = const, (4.6.2) 
1(Re. t) =f, = const, (4.63) 


where R is the radius of the external surface and Rg is the radius of the in- 
ternal surface, 


Fig, 4.23. Infinite hollow 
cylinder 





b. Solution of the Problent by Method of Separation of Variables. First 
of ail, to simplify the problem assume 4, = fy == 0. In Section 4.5 it has 
been shown that the solution of the Bessel equation assumes the form 


Wer) = CL(kr) + DYE). 


However, here D = 0 cannot be assumed as the function Yelkr) varies 
over a range of Ry <9 < Rand there ts no special difficulty with exther 
function in that they are both finite aver the range of interest 
Consequently, the solution of the heat conduction equation will take 
the form 
tr, 1) = (Cher) + DY (kr) exp[— ak*t) (464) 
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Boundary conditions (4.6.2) and (4.6.3) are used to determine constants 
C and D. Assuming 4 = tf; = 0, 


CIo(kRo) + DYy(kRy) = 0, (4.6.5) 
CI(KR) + DYo(kR) = 0. (4.6.6) 


The coefficients C and D obviously cannot be simultaneously equal to zero 
as in this case the temperature is zero (a trivial solution). A system of two 
linear homogeneous equations (4.6.5) and (4.6.6) with respect to the un- 
knowns C and D will have a solution different from zero in the case when 
the determinant of the system equals zero 


FhkRe), — YolRe) | 


(4.6.7) 
JAKR), YR) 


or 
ILERVYo(KRo) — Jolk Re) ¥o(KR) = 0. 


Hence, the proper values of the problem or eigenvalues k, are obtained 
from equation (4.6.7). 

Characteristic equation (4.6.7) has no complex roots but an infinite 
number of positive real roots k,. Consequently, a general solution will 
acquire the values 


Hr, 2) = E (Cobelkar) + DaYolkarexl— akytr]. (4.6.8) 
P= 
From Eq. (4.6.5) it follows 
D __ JdkeRe) 
© YoGeR)" 


Then, solution (4.6.8) may be written 
== cy a 
tr, t) = & VaR PE akyPr] [Folkat) Yo(KnRa) 
— Idk Ro) Yolkar)]- (4.6.9) 
We introduce the symbols 


An = Cul YolKnRo)s 
Voleat) = Jo(kur) YoKnRo) — Jo(Kn Ro) ¥olknr)- 4.6.10) 
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Solution (4.6.9) then takes the form 

r= Ea exp[— ake] Felker) (611) 
The initia! condition (r = 0) ts used for determining the constant 4,; 


MN = EAD ($612) 





If the function f(r) can he developed in series whose terms are combinations 
of Bessel's functions (4.6.10), then it is assumed that Eq. (46.12) may be 
integrated term-by-term. 
Muluplying the left- and nght-hand sides of Eq. (46.12) by 7#%(kqr) 
and integrating from: Ry lo R, we obtain 
JE ROW barra = E Ay fh rVelker Warde. (46.13) 





We will now prove that al! terms of the series (4 6.13) for all a= m are 
equal to zero. 
Using formula (4-5 17a) we have 
(bt — a) fi. Dd = a! — OY 
‘We assume 
¥1 = ASax) + B¥Aax) = Vilar), 


Ya = AT (bx) + BYAb«) = Velox) 
A formula simitar to (4.5.18) 1s obtained 
J s¥elex G0 de 
beac (oe) — ext dv Vilar) 
fl — Beteler (bey — exh Ptiten) scomst (4614) 
If we assume a= ky, b= Ky, v 27, then 


JR ehotkarWalbar) de 
(er eer) = har KN 
bin! a ST ek a. Pa 


5 keR FAERIE RR 


= 





1 
=e 
— keRV GARRARD 
kp PRV hs ReW hn Rod 
+ RV KR Kehoe Gos 
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where Vo(kqr) is defined by formula (4.6.10) and Vy(kyr) by 
Vika) = Js(kar)¥o(knRo) — Jo(KnRe) Yiear)- (4.6.16) 


According to characteristic equation (4.6.7) the quantities /%(k,.R) and 
Vo(k mR) are zero. The first two terms of the right-hand side of Eq. (4.6.15) 
are therefore equal to zero. 

The third and the fourth terms of Eq. (4.6.15) are also zero as Vo(k, Ro) 
and Volk, Re) are zero according to formula (4.6.7) 


Wo(kRo) = Joh Ro) Yolk Ro) — JoCk Ro) Yolk Ro) = 9. (4.6.16a) 
Hence, when > 7m the integral of Eq. (4.6.15) [and of (4.6.13}] equals 
zero; it has a finite value at m = m, where 


f eM) dr= A, f) Macaca) dr. 46.17) 


Similarly, as in Section 4.5, the following formula may bc obtained from 
formula (4.6.14): 
JarVe nr ar 
= {bh kar) + Vier Hi 
= ERVE ER) + VK aR)] 
— ERG Re) + VK Rud (4.6.18) 
As Vo(kaR) = VolkaRy) = 0, formula (4.6.18) yields: 
fe PVM kyr) dr SURRY MER) — Re VK Ro) ]. (4.6.19) 
Formula (4.6.19) may be transformed to a somewhat simpler form. From 
the theory of Besse) functions, it is known 
IX) ¥olx) — Ja(x) Vie) = 2fax. (4.6.20) 
Then 
V(b Ro) = Sin Ro) ¥oKnRo) — JoKnRo)¥i(KnRo) = 2fstky Re. (4.6.21) 
Characteristic equation (4.6.7) is used for determining V,(k,). 


Sol Ro) YAR) 


YelRe) = TER) 
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ViKaR) = Sika R) Vo(uRe) 
— John Red¥i (ka R) 


a ZilkaRWolknRod Yok R) 
JSKEARY 


— Folk Pod ¥iKnR) 


JolksRo) 
= ery aR YolkeR) 


— JAERIVAKR] 
Using Eq. (4.6.20) we have 
— telknRo) __ 2 
MGR) = TER) TOR 2) 
Substituting Eqs. (4.6 21) and (4,6.22) into (4.6.19) we obtain 


= _ 2e aR) — Jot{kaR)) 
fp.rVetlkar) de = EES =o (4.6 23) 
Then, the constants A, will be: 


Ag a Na 
"Fe Re) = 





EE SE Mvelkae) ar. (4.624) 


Thus, the solution of the simplified problem acquires the values 
k, 






_#s Hk n RV) 
dan = FS {pee ae 


x fear) ar] ew(— ok,*s i} (4.6.25) 


Returning to our original problem where f, and f, are assumed not to 
be equal to zero, we seek a solution of our problem in such a form as 


tr, tr) = O(r) + Ol, x). (4.6 26) 
The function O(r) must satisfy the differential equation 


(46.27) 





and the boundary conditions 
OUR)= 4, OR) ty Gsz) 
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The function #(r, t) should satisfy differential equation (4.5.1) and the 
boundary conditions 
HR) =0, HR 1) =0. (4.6.29) 
as well as the initial condition 
800, 7) = fir) — Or). (4.6.30) 
It is obvious that the function 7(r, t) will satisfy the differential equation 
and boundary conditions (4.6.2) and (4.6.3): 
#{(Ro, t) = O(Ry) + (Ry tI) =H +0—h, 
1(R, t) = 6(R) + 6(R, 7) = +0—h, 
(7,0) = 66) +r, 0) 
= 6) +f) — 90) = fo). 
A new variable d0/dr = z is introduced to solve Eq. (4.6.27). Then Eq. 


(4.6.27) assumes the form 


dz i 
a tm 0 (4.6.31) 
The solution of Eq. (4.6.31) has the form 


z= Bir =d6jdr, (4.6.32) 

and upon integration we have 
Or) = Blar+C. (4.6.33) 
The constants B and C are determined from boundary conditions (4.6.28) as 


aaah cahinR— sink 
B= TCR” «= "ICTR C628) 


Upon substitution of Eq. (4.6.34) into (4.6.33) we obtain 


t, In{Rir) +: t In(e/Ro) 
(n= SO (4.6.35) 


The function @(r) represents a temperature distribution in a hollow cylin- 
der in a stationary state. The solution @(r, t) may be obtained from Eq. 
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(46.25) substituting [(r) — O(r)] for f(r): 


OS katabkaR Wolk) 
Or. 1) = BAERS Seay 


x {fh Aeavatbae) de ~ fF 20h) a}, 6.36) 


exp[— ak,*r) 


The second integral in Eq. (4.6.36) may be calculated if O(r) is replaced by 
equation (4 6.35) 
We integrate it term-by-term assuming 


u = t, In(R/r) + 1, In(r/ Rp). 
D= (RIV has du = (AMEND, — MOY = Vlkeg) dr: 
JRO Wothear dr = {UIlaCRIRED} (be ICRF) + fe Inr/ RD) 


praia cm tar 
=A 2 
~ TRY {ort ry in = 1, #2 Re) 





Here the formula dS’(kr)/dr = — KV,(kr) was used. Using formulas 
for Vo(k,R) and ¥y(k,R) we have: 
2 RK SolkaRo) _ Puke 
we KAR JoKah) 
ey 2brfolKn Re) = tJolkaRN (4637) 
ath, JohaR) 


fh etOe Walker) de = ty 





Finally, the = tii solution 1s obtained 





= Walker) expt akte) 
We) = Gay (tine + alae] +S cag aw 
xf REO aR) fp NOW kar dr — ALAR) 
X [elelkaRe) — trelkaR) i} (4638) 


Introducing the symbols py, = KaRe; R/Ro = 7, 
Fo = at/R,*. 
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Then, solution (4.6.38) may be written as 


1 R r S Veltar! Ro) exp(— 4,*Fo] 
= — tf. In — > SO 
d= iam [e+ RE] +E F3Gmy — Ten) 


2 ae BN 
x (GoiaReanan) [5 AOA tn) 
— aol unr)EFoCten) — tomes )}- (4.6.39) 
The roots 4, are determined from the characteristic equation 
Jobe) Yolmu) — Jol) Yetx) = 0. (4.6.40) 


The first five values of are presented in Table 4.7 for value of m 
from [.2 to 4.0. 


TABLE 4.7. VAcuts of THE Roots j, OF THE CHakacTeristic EQUuaTION 


Jolit) Yorn) — YeCs)Jolmy) = 0 








am a) Ms Bs & Be 

1.2 15.7014 31.4126 47.1217 62.8304 78.5385 
1.5 6.2702 12.5598 18.8451 25.1294 ‘31.4133 
2.0 3.1230 6.2734 9.4182 12.5614 15.7040 
2.5 2.0732 4.1773 6.2754 8.3717 10.4672 
3.0 1.5485 3.1291 4.7038 6.2767 7.8487 
3.5 1.2339 2.5002 3.7608 5.0196 6.2776 
40 1.0244 2.0809 3.1322 4.1816 5.2301 





Let us now consider a particular case, The initial temperature of ail the 
points of a tube is assumed to be constant, i.e., 


Hr, 0) = fir) = fo = const. (4.6.41) 
Then, using formulas (4.6.21) and (4.6.22) the integral is 
fi eyvetht dr = FZ Hl fe 


as Pe = pay 
= sarteRy WoltnRe) - Jel). (4.6.42) 
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Solution (4 6.38) acquires the values 


r) tnt { Telfer Ftar [RY 


1 R 
tom ay (nine oR) bE Teed on 


Selita) — trJolnpty) i 
Jo Un) — Jo (ripen) 1)” 


Figure 4,24 furnishes calculation diagrams for the case when the tempera- 
ture of the internal cylinder surface 1s constant and equal to the initial 
temperature f, = fp o> const, and the temperature at the external cylinder 
surface at the initial instant assumes the value off, (¢, = %,) and is maintained 
constant during the whole process of heating (#, > ¢). The diagrams are 
plotted for various values of the dimenstonless coordinate r/R [or equiv- 
alently, 1(1 + {Re/R})). 


te! 





x exp[—4,3Fo) [1- (4.6.43) 








oor SN om ct os ' ww 
fenetjel — 





Fig. 4.24. Plot of dimensiontess temperature (¢ — 4)/(t, — #4) versus Founer number 
Fo for different rats Rq/R at r/R = A(t + (Ref) (102) 


In Fig. 4.25, similar calculation diagrams are presented for the case of 
a uniform initial temperature distrbution- (1,0) = tf = const and for 
the boundary conditions f, = f, = const, fy = fe = const. In the diagrams 
shown in Figs. 4.24 and 4 25, the Fourier number is defined by the rela 
tion Fo = at/R™. 

If % == fy = fa, then the expression in square brackets under the sum- 
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Fig. 4.25. Plot of the dimensionless temperature (/ — fo)/(fe — fa) versus Fo for dif. 
ferent ratios Ra/R at r/R = 41 — {Ro/R}) (102). 


mation sign will be equal to f)— %, and the first addend of formula (4.6.43) 
will be Z. 
‘Then, we have 


6= a x =x = et a exp[— 42 Fo). (4.6.44) 





In some solutions the function ¥,(kr) is replaced by Uo(kr). This is due 
to the fact that the relation between the constants D/C is defined from 
equation (4.6.6) rather than from (4.6.5). In this case we obtain 

107, 0) = Ey CE expl— kerala) ¥elknR) — Jel) Yolo?) 
wm Yo(knR) 
= A, exp(— ak,?r] Uolkar). 
cs 


The following simple relationship exists between these functions: 


Volker) = we Ukr). (4.6.45) 





Obviously 
Veter Re) = EY ela Re- (4.6.46) 
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¢e. A Second Problem of Cooling a Cylindrical Tube, in this case, the evs 
ternal surface is thermally insulated and the internal one is maintained at 
a constant temperature f,. The intial temperature distribution over the 
tube-wall thickness is assumed to be uniform. 

Mathematically the problem may be written as 


WEDS? (- 4). Ro<r<ck 1>0, 6647) 


oe 
a(t, 0) = ft = const, (4.6 48) 
aR, 1 1(Res 4) = fy me const. (4.6 49) 


Or 


Since the inital temperature 35 constant and does not depend on the coor- 
dinate, for solving this problem it is advisable to use the Hankel transfor- 
mation method 


tule) = fie, Welowrde 4650) 

where p, are the rocts of a transcendental equation 
JSAPRIYVLPRe) — SAPRIVAPR) = 0, (4651) 
Viker) = TAP VVEDRo) — JAPRISAG- (46.52) 


We apply the Hankel transformanon to Eq (4647) Changing the order 
of sequence of differentiation and integration, the left-hand side of the 
equation wall hase the form 


ip retary ED dp = cede) (4659) 
The right-hand side of Eq (4.6.47) ts integrated termusse 


ofl 0m (MGM) or mfr BEE 


a ae "i 6 $4 
~ a fp SE hand (46 $4) 


The expression in square brackets as equal to zero as atr = K,f0u(R, aes 
= 0 according to the condition and at r = R, the function bo(pRe) — 
according to formula (162). 

‘The integral in Eq. (4 6 $4) is integrated term-by-term as 
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= apli¥)(pryt(e, TLE, + ap fz t(r, t)[Vo'(pr) + pr¥o'(pr)] dr. (4.6.55) 
Furthermore, 
— Voller) = Valor) = Apr) ¥o(pRo) — Je(PRo¥V (pr). (4.6.56) 


From formula (4.6.16) it follows that ,(pR) = 0. 
In addition 
Vopr) -+ pr¥s'(pr) = — spel pr), (4.6.57) 


since y = Vo(pr) is the solution of the Bessel equation at pr = x. 
Thus, 





Ps fs Valpry 2 (-% Oil, ty) 


7) de = — apRV(pRo)t{ Rot) 

as fr, Fotordee, r)dr, (4.6.58) 
According to Eq, (4.6.21) 
¥y(PRe) = 2/apRo MO 


and according to the condition ((Ro,t) =. the differential Hankel 
transformed equation is obtained as 





HalP D+ aptiy(p, 2) — 7H (4.6.60) 
The gencral integral of this linear equation has the form 
tlt, 2) = exp|— fa ar]-[4 — J c2atetxy exp[ Jove | 
= Aexp[— apr] — (4661) 





The constant A is defined from the initial condition, to which the Hanke! 
transformation is applied 


PagrVolerder O) de = ty J Volpe) ar = CaledleMaCOMIEDA, 


= (ofp RVACPR) — RoVi(PRo)}- (4.6.62) 
Taking into account Eq, (4.6.59) and that ¥(pR) = 0 we can obtain 
tp, 0) = — 2to/zp*. (4.6.63) 
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Now, evaluating Eq. (4.6.61) at r= 0 we have 
Aa ee te) 


ap 
tulp. *) = 219 expl— ap*z] — ss. 


Making use of the transformation formula 


a am TF PPAR olrer? 
MMM = SE IG a Re) = DPB 






Fed 


we obtain 
H“tu(p, 2) 
== t(r, =) 
S __ Pah paR)VolPar) 


~ 7 pHUepRe) ~ GAP-B 
* (lq — te) expI— a7,*t] — ta}. 
The formula f(r) was developed above in serics form: 


=f = E Crake) 


o.. = oI Hk yR) Volk ar) 
1 Te aRa) = TKRY 
Hence, the second sum 1s equal to fp 
Thus, finally we have 


on MAD be 
te 


4 
we FAV ehr Bo) 
* oy Tele) — Jean 


4.7 Parallelepiped 





expl— 4," Fo] 


(4664) 


(4.6.65) 


(4666) 


(4.6.67) 


(4668) 


(4669) 


Statement of the Problem. There is a plate of finite size 2R, x 2Ry ¥ 2Rs 
the temperature of “hich is the same everywhere and equal to ty At time 
instant x =O all the surfaces of a plate are instantaneously cooled to some 
temperature tg < te which is maintained constant during the whole cooling 
pracess. We wish ro determine the temperature distribution at any time as 
well as the mean temperature required for determination of heat losses. 
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We place the origin of the coordinates in the center of the parallelepiped 


Fig. 4.26); then our problem may be formulated mathematically as fol- 
lows. 


Fig. 4.26, Parallelepiped. 











We have 
Ox) (Ott) PUTT) | Oxy, 22) 
OF ee [ ae Bie a oe | 
(§>0; —R<x<+R3 —R<y<t+Rs —-R<z<t+R) 
47.1) 
1(x, y, 2, 0) = fe = const, (4.7.2) 
MERA D=f, te ERAN her (413) 


2, ¥, Ry, t) = fee 


We now prove that the solution of this problem may be prescnted as the 
product of the solution for three infinite plates, the thickness of each plate 
being equal to 2R,, 2Rz and 2R,, respectively, i.c., 

0. 7) 
= 


1 ¥, 2, 2) Pes 
to— Ie 


tx, F 
fo 
In addition, temperature s(x, r), #(, 1) and ¢(z, x) are determined by 

the solution of differential equations 





GOT 474 
x an (4.7.4) 


fo 





G(x, Tt) #t{x, 7) Oty, 7) _ a ZO. 2) 
er oe a iy 2.5) 
Oz, =) Fe, 2) 

a 
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with boundary conditions 
tx, 0) = 1, 0) = te. 0) = % = const, (4.7.6) 
MARI ER Th. ERT) hye (4.7.7) 
Equation (4.7.4) may be written thus: 


ty Jo Se TP he + 





chy [Ge 2) = rely) = tell, 1) ~ tel, (4.7.8) 


where dt=1,—f. For the proof, we will subsiiute solution (4.7.8) 
into differential equation (4.7.1). Upon transformatton we obtain 
(2G _ nD a tite, r) 
ides ca 
4s 2) = eM fe {Ge _ 2,9} 


+ (els = stig = 4) {AE — @ FRED, a9) 


(tO. 1) — tis. 1) — te 





Since (x, 1), (Us t) and ¢{z, 1) are valid for differential equation (475), 
then all the values in brackets in Eq (479) will be equal to zero, hence, 
Eq (479) becomes :ndentity. Thus, solution (478) satisfies differential 
equation (471) 

Substituting solunon (47.8) mto minal condwion (472) gives us 


Ip 





+7 7 {r(x ©) — ta}, 0) — LG. OF — fel, 


then, accarding to condition (476), we obtain the xdentity 
fy = te = (ADM = drs t= tye 


Hence, our solution (4 7.8) is valid for the initial condition. 
Substitution of solution (4.7.8) mio boundary conditions (4 73) gives 
us 





= tet (ANTM, 1) — 6 
* [rO. ) — elf. 0 - 
Ay Re et) = = + (dM, 8) — A) (37.10) 
% (CR. ) — lle, 1) = 4h 
10, Jy Rae 1) be = te + (SOU) = AIL) > 4d 
x {Rs 2) — 4) 


UR. eet) = 
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As t(R,, 1) = (Ry, tT) = (Rs, t) = fy, then in each equality of relations 
(4.7.10), one of the quantities in square brackets is equal to zcro and all 
three solutions yield the identity 


fa = fa. 


Hence, solution (4.7.8) also satisfies the boundary conditions; thus, ac- 
cording to the uniqueness theorem this solution fits our problem, 

Thus, the solution of our problem may be written in the form of (4.7.8) 
or (4.7.4) as 





6 = LRRD fe FSS dgAygs cos pgle/Ri) 608 tulvRe) 


fo ~ be et omen dot 
X cos 4,{2/R,) exp[—(a,8K? + fn2Ke? + ay2K,°) Fo], (4.7.11) 





where 


A, (— UD Clt)s An = (— WP Ct) Ae = (— VR) 
Bn > (Qn — 1)(@/2); Kn = Om ~ I\n/2); By = (2k — 1/2). 


Fo is the Fourier number (Fo = at/R®); R is the generalized size where 


R 
Ko G22. 





Itis possible to use the corresponding solutions for an infinite plate other- 
wise and to obtain a solution for a parallelepiped in the following form: 


G(x, ¥, Z, T) = O(x, TOO, TILE, 1). (4.7.12) 


The mean temperature of the parallelepiped is determined by means of 
expression (4.7.12) as 


G=F FS ES wa Brexpl—UetKee + Mokke + wePKy) FO}, (4.7.13) 


aL mel bea 


By =U, Bm = Ufa, By = tn? 


Thus, the problem for a parallelepiped is reduced to that for an infinite 
plate. The analysis and calculations are not therefore given here. 
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48 Finite Cylinder 


a. Statement of the Problem, Consider a cylinder, of diameter 2R and length 
2. The cylinder temperature is everywhere the same and equal to t,. At the 
inisial time instant, the oplinder surfore (lateral ond end surfaces) ts tanian- 
taneously cooled to some temperature t, which is maintained constant during 
the whole cooling process. The temperature disiribution inside @ cylinder at 
any time as well as the mean temperature as the time function ks to be de- 
termined. 

The determination of a temperature field of aw finite cylinder when its 
temperature is a function of only three variables (time, radius, and = 
coordinate) involves a solution of a differential heat conduction equation 

Otlr, = t) Oe, 2.0), 1 Oe zt) , Or, 2, 1) 
PAE ao a PRT 4 FM 4 SY 
(r>0; D<r<cRi —l<r<th, GBI) 
at the initial 
t{(r, 2,0) = f = const, (482) 


and boundary conditions 
(thom. URADSH he (48.3) 
The origin of coordinates ts at the center of a cylinder (Fig. 4.27) 


al 


Fig, 4.27, Finite cylinder 





}, Solution of the Problem. \n a manner simitar to that in the previous 
paragraph at may be proved that the solution of our problem Or, =, 7) 
has the form 


Or, = t) = Or, THE, thy (4.8 4) 


where 0(r, ¥) is the solution for an infinite cylinder and O(=, t) is the solu- 
uon for an infinite plate. Their mntersection forms a finite cylinder. In ad- 
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dition, the initial and boundary conditions remain the same: 


tr, 0) = Kz, 0) = %) =const; HR, r= (L400 = 





fe= const. (4.8.5) 


Thus, the solution of our problem will be 
2) 





= tr, 





he 


= EE babel te ~F) €05 tm EXPL (Ht? + Mat KAVFO}, (48.6) 


fel met 


where A, = 2/u,J:(#,), fx are the roots of the Bessel function of the first 
kind of zero order 








2 R * 
n= (=I 5 tig = On~ 1) > Kini ron. 
The mean cylinder temperature is 
6= = BB EXPL —(tt,” + mKi*) Fo), (4.8.7) 
fel nit 
where 
4 2 
B= + Bye. 
pet in? 


We will new carry out a representative calculation. A steel disk 20 cm in diameter and 
12.cm in thickness is heated to 300°C. At the initial time instant, it is placed into melting 
ice. We are to determine the temperature at the disk ecater 2 min after cooling, 

The disk-surface temperature during the cooling process is considered to be constant 
and equal to ¢, = 0°C. We assume the thermal diffusivity to be equal to a = 45 - 107 
m*fhr. 

The solution of this problem may be written in the form 


(7, =, 2) = Of, 2)8(z, 2) 


where O(r, 2) and O(=, x) ore the solutions of a problem fur an infinite cylinder and an 
infinite plate, respectively. 
We use the tables for determination of @,,,. For this pucpose we first calculate the 
Fourier number for a cylinder and 2 plate: 
45-105-5 


a 
= = - 9 = 0416 042 
Foum Gr 7 56-10-30 <3 


because J = 6 em = 0.06 m, + = 2 min = 1/30 hr; 
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From Table 4.2, one can see that for Fo = 042, the setative temperature in the maldle 
of a1 infirate plate is equal 100,, = 045, snd from Table 4 6, for Vo = 0 12, the tempera: 
ture of the whole avis line of an infiowte eylinder 15 equal 108,, = 067. Hence, the dunen+ 
sioaless temperatuct of a finite cytinder is 

0, = 0,4 Oe 2 045-057 O03 
whence 
1 = 300-03 50°C, 


4.9 Heating Problems 


In heating problems the cooling of a body with a given mitial temperature 
is considered subject to the condition that at the initial teme the body sur 
face assumes some constaml temperature which is maintained constant dur 
ing the whole cooling process (f, = /, = const). The problem for the heating 
of a bods with some prescribed tnitial temperature may be reduced to that for 
cooling By: means of a simple replacement of @ variable when at the initial 
fume mstant the surface temperature tstantonceusly becomes constant and 
equals t, (ty > to). 

We hase the problem for cooling 


Star + a Vt, 10) = be. 4 {t, < fe) 





Introducing a variable V = % — #, we have 


Be av, 00) -0 b= n-u % 


The problem for body cooling 1s obtained when the initial tempersture 
(0) 1s zero and the body surface temperature ts equal to (,(0)- fo— fe 
const. Hence, all the formulae derived wall also be valid for problems on 
body heating. However, by 0 it should be understood that wath cooling 
tt, 
o= er Ue > ted 
and with beaung 





o= 


Thus, in transipon to 3 heating problem im the solution for body cooling 
the dimenssontess quantity @ should be reptaced by (f, — A/a ~ fa) OF 
(= {1 — te) {te = fe}). This method is used to calculate the problem 
in Section 4 2. 


CHAPTER 
5 





BOUNDARY CONDITION OF THE SECOND KIND 


A process of heat transfer to a body being heated in high-temperature 
furnaces takes place mainly by radiation; in the majority of such cases 
convective transfer may be neglected. 

The heat flow absorbed by a body surface from heated walls and a roof 
is directly proportional to the difference of the fourth powers of absolute 
temperatures of the exchanging surfaces 


% = Cling — 4) (5.0.1) 


where ¢ is the Stefan-Boltzmann constant and C is the coefficient which 
depends upon the radiative heat-absorption capacity of the body surface 
and the arrangement or irradiated and radiative bodies relative to one 
another. Suffix s stands for a body surface and rad a radiating surface. 

Heat exchange with heated gases is governed by a modified law, in which 
tha and ¢, have multipliers e,.¢ and Epoay respectively, referred to as emis- 
sivities of the radiative gascs at the gas temperature and at the surface 
temperature. It is often assumed that the values of &,5 and epoay are almost 
the same, so an average value of © may therefore be taken and factored 
out. Then, the ordinary relation for a jaw of heat transfer by radiation is 
obtained. 

Thus the heat flux transferred to the body surface is a certain function 
of time f(z) which is given as 


% =f) (5.0.2) 
In certain particular cases, the boundary condition (5.1.2) may be simplified. 
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In the heat transfer theory for furnaces, it is customary that all the rs- 
diation sources be replaced by one having some aterage temperature re 
ferred to as a furnace tempersture (4). 

IC temperature of a body surface {¢,) is considerably Iess than that of a 
furnace (f,), the second term in brackets may be neglected and a constant 
heat flow absorbed by a body surface is obtained 


4. ~ 8C(i2) x const (5.0.3) 


This boundary condition ts a specific case (simplest) of the second Mad 
(he., the heat flaw to a barly surface Is prescribed) when a heat flow is constant, 
Solution of problems with @ variable heat flow q, = f(t) may be obtained 
Srom the corresponding solution for @ constant heat flow with the help of the 
Duhamel theorem or by the Fourier end Hankel integral transformation. 


5.1 Semi-Infinite Body 


By way of an example of a semi-infinite body, we consider a long bar 
with ats lateral surface insulated and of a size such that the thickness and 
width of it are neghgible compared to its length. In the previous chapter, 
heat teansmission at small values of the Fourier number was shown to 
occur similarly to heat propagation in a seminfinue body. 


a. Statement of the Problem. Consider a semi-infintre body having an int- 
tial temperature te. A bounding surface is heated by a constant heat flow 
Ge = const. The temperature xartes un one direction. We are io find the 
temperature destribuuon in this direenon ot ony time instant. 

We have 


att) ad Px) (F>0: O<x<0o), GAD 
1(x, 0) = fy = const. 5.1.2) 

440, 2) tr 

I= Ct ue 45.1.3) 

tox, t) = he. — Giloo, Ae = 0 gis 


5. Solution of the Problem by the Classical Method. This problem may 
be reduced to that of heat conduction with the first kind of boundary con 
dition considered in Chapter 4, Section 2. 
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Instead of a variable ¢, we introduce a new variable q (heat Mux) de 
termined by the relation 








(8.1.8) 
Differentiating Eq. (5.1.1) with respect to x gives us 
2 [so 5.1.6) 
Ix 
(5.1.7) 





ie, an ordinary differentiat equation for 2 one-dimensional problem, only 
now the variable g replaces f. 
For the new variable g, the initial and boundary conditions have the form 


g(x, 0) =0 (5.18) 
(moreover, to simplify calculations we assume that f= 0) 

q(0,t) = q = const, (5.1.9) 

a(x, tT) = 0. (5.1.10) 


We know the solution of Eg. (5.1.7) for conditions (5.1.8)-{5.1.10)' (sce 
Chapter 4, Section 2) viz: 


Ox, *)/9, = erfe x/2(ar)'* (5.1.11) 


To determine (x, t), we substitute into expression (5.1.5) the expression 








for y(x, z) from (5.1.11); end integrate between x and o2 to obtain 
x,t) = fe [* x . ‘ 
Kya $e |” erte Fags de = HE any erfe yr G12) 


in Chapter 4, Sectiea 2 i 
bar. The problem for heative ts ota. 
C=O ee 






cf 2 problem for cooling 2 semi-infinite 
‘om that for cooting by replacing by 
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where 


jerfew = f erfew dw = —Leepl~ st} —werfew 5.13) 


¢. Solution by the Operational Method, The solution of differential equa- 
tion (5.1.1) for the transform 7{+, s) has the form 


T(x, 8) — Cols) = Ay exp[(s/a)**x) + B, exp[—(s/a)'2x) (5.114) 


Boundary conditions (5.1.3) and (5.1.4) for the transform may be writ 
ten as 
IT’, 3) + (9,13) = 0, (3.1.45) 


T'(oo, 5) = 9, (5.1.16) 


It follows from condition (5.1 16) that A, = 0, for as x + oo the tem- 
perature gradient tends to zero and a body temperature cannot be infinitely 
great (at x —+ 00, 1(50, 1) —» fg). 

The constant 4, 15 determined from boundary condition (5.1 15). We 


have 
Shute 1.98 
-(Z)"a+ $=0 
Whence 
ci? 
= — a 
a(G) 


Tx, 9) ~(4)'* ‘| (5.417) 





To find the inverse transform, we use the table of transforms according, 
te which. 


tlhe get] = ant ete (5118) 
2 
Finally we have 
24. . 
tx, 1) ta SJE (an) Pi erle Fe (51.19) 


ie, the solution is identical with (5.1.12). 
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It is seen from the above example that the solution by the operational 
method rapidly leads to resuits. 


d. Analysis of the Solution and Heat Rate. We now introduce 2 new cri- 
terion gx/#{(tq — fo). Where fz is the average temperature of a heating 
furnace, and call it the Kirpichey criterion: 


(6.1.20) 





= 
The Kirpichev criterion is the ratio of the heat fiux (g-) through the bar 
end to the maximum possible heut fiux at the point x provided that the 


temperature gradient at this point is maximum and equal to (4, — fo)/a. 
The solution (5.1.19) may be written 


f= iy). 


- Ki, Fo,i erfc 


1 
fo (6.1.21) 





where Fo, = at/x* is the Fourier number. 
Figure Si furnishes calculation diagrams. The generalized variable 
4/Ki, Fo,, the dimensionless temperature gradient 2x(99/0x)/Ki, and the 


dimensionless heating rate 2+/ x Fo,(69/@Fo,) are all plotted versus the 
number 1/(2(4/ Fo,)). These diagrams allow approximate calculations. 


Loe 
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Fig. 5.1, Temperature, temperature gradient, and heating rate versus 1/2(Fo,)'@ (1021, 
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Additional insight into the meaning of the Kirpichev criterion may be 
obtained. We note that 


9 = OCU + Hla + tle — 4) = Galle — 4). (5.1.22) 
For a given f,, 2 maximum heat flow will occur when f, =f. Thus, in 


this case 
Ri, = Gagx/2. (5.1.23) 


ie. the Kirpichey criterion is similar to the Biot criterion. 

Thus, the criterion Ki, is numencally equal to the ratio of the internal 
(%/A) and the external 1/a,4 thermal resistances if the radiant heat flow 
is replaced by an approximate relation of the Newton law for cooling 

Hence solution (5.1.19) may be written 


0 Kee te — Ky f2{ Fe) exp[~ GE] ~ ete to): 
die : “(51.24 


The amount of heat required for heating the bar is prescribed in terms of 
the heat flux q,, 1.., 





dQ,jdt = q, = const. (5.1.25) 


Hence, the heat consumption per unit area of the bar-end suefaee (4Q,) 
will be durectly proportional to ume: 


AQ, = at = Y(t, — 1). (5 1.26) 


5.2 Infinite Plate 


a. Statement of the Problem, Consider an infinite plate 2R in thickness at 
Initial temperature ty The plate is uniformly heated from both sides by a 
constant heat flow (for example, it ls heated tn a furnace at @ rather high tem- 
perature 14). The temperamre distribution across the plate thickness at any 
time instant is 10 be found. 

The differential equation will be the same as tn Chapter 4, For a symme- 
tical problem, the initial and boundary conditions have the form 


Hx, 0) = fo = const, (5.2.1) 
oR, + ae aGg ($2.20 
i 2 


20, t) ° (5.2.3) 
ox 
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b. Solution of the Problem by Classical Method. To solve the probiem, we 
introduce a new yariable g(x, z) by relation (5.1.5). Then, for the new 
variable, we shall obtain differential equation (5.1.7) similar to the differen- 
tial heat conduction equation. 

The initial and boundary conditions for the new variable will be 


a(x, 0) =0, (5.2.4) 
UR, 1) = Ges (5.2.5) 
9, 7) = 0. (5.2.6) 


The last condition follows from the symmetry condition (5.2.3). 

‘Thus, a kind of a problem on “heating” of an infinite plate with zero 
initial “xemperature” is obtained when one boundary surface is maintained 
at “zero temperature” and the opposite’at temperature equal to g.. 

The solution of essentially the same problem is given in Chaptcr 4, 
Section 3. 

To solve our problem, (R — x) in solution (4.3.45) should be replaced 
by x and @ by (1 — 9), ie., the problem for cooling should be changed 
to that for heating. 

Upon such a replacement, we obtain 





x, 7) % as os yet 2 sia Pa ~ expl— Bet Fo}, (5.2.7) 


We ant 


where “4, = nx are the cigenvalues. 
The temperature field is found according to the formula 


(ey D= > +f q(x, 1) dx + (4) + C, (5.2.8) 


where ¢(r) is some function of time and C is the constant of integration. 
Substituting solution (5.2.7) into (5.2.8) and integrating we obtain 





tes 2) = SE GE SE yet cos Fe oxol—mat FO] + 90) + Co 
im (6.2.9) 
To determine g(r) and C, we use 
di(r) 
a= ORE (6.2.10) 


where i(z) is the average temperature of an infinite plate defined by the 
formula 
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1 opr 
te) = J} te ae. (5.21) 
Relation (5.2.11) may be written in an integral form as 
1 = Ber tte (S21) 
We obtain (x) from Eq (52.9) as 
m= 8 pga ce. (523) 


since the integral of the sum with respect to x between 0 and R is equal 
to zero (sin gw, = 0) 
Comparing (5.2.12) and (5 2.13) we find 


CA ree 3 
gt) - oR” C= te GE: 


‘The final solution of our problem wall be of the form: 


tx, 1) — ty 





bt Per RAS See ae 2 (ere 
. 4 i< oe TREC Feu OO} Me Fel metFo}} 
(3214) 


Thus, to solve the main problem at was first necessary to find a solution 
of the anwliary problem for g(x, 1) Moreover, additional relation (5 2.12) 
had to be used to determine the constants of integration All of this greatly 
complicates the solution, therefore, the problems considered below will 
be solved by integral transformations 


¢. Solution of the Problem by the Operational Method. In the case of an 

infinite plate, the general solution of a one-dimensional problem for the 
transform T(x, s) 15 the following 

toe yur syit ahs 

Tx, 3) — So A cosh(4) x~ esinb( 3) . (5245) 

The inital temperature of the plate 1s uniform everywhere and equal to 

ts. Roundary conditions (5.22) and (5.23) for the transform will have 

the form 
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—T(R 3) 4+ = 0, (5.2.16) 
T'@, s) = 0. (5.2.17) 


It follows from the symmetry condition (5.2.17) that B == 0 (the temper- 
ature distribution is symmetrical with respect to the central line), 
The constant A is determined from condition (5.2.16), i.c., 


Le a ee ee F é 
(=) 4 sich( =) Re sa0, 4= Tease e 


Consequently, solution (5.2.15) assumes the form 


fe ge cosh(sfay’*x ay 
Ts 8) 2 = sat gahGTAVAR = wey" (5.2.18) 





Solution (5.2.18) is the ratio of two generalized polynomials as 


6) = a,{1 4 sedi Apstten), 
vnw(Lapks +a Bet. ) =a, 


where g(s) is the expression in parentheses. The power series y(s) does not 
contain the constant, ie., all the conditions of the expansion theorem are 


fulfitled. 
To determine the roots s, of the generalized polynomial p(s), the latter 


is equated to zero: 

w(s) = As(s/a)* sinh(sfay7R = Aste(s) = 0. (5.2.19) 
Hence we find sy = 0 (double root) and s, = — ay,7/R*, which is an in- 
finite number of roots since 


sinh(s/a)'2R = (1fi) sin fs/aA7R = 0, — i{s,/a)"*R = na = ba, 
where n= 1, 2, 3,..- 
Using the expansion theorem, we obtain 


20) i ( Hs) «}} 








yoy > ee ds | Apts) 
; WH) Os), WsIg"(s) 
= fe | 26" Seay tS Fp) AoE 
_ eat _ aR 
"4K a’ 
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since 
PO)= Ge, GO) = Ria, HO) = 3F/2a, — G'(0) = Rad, 
Further, 


5 Ie ee x Aca 
2G. eo Sac pees pe S03 Ha Re col ay rae 





since 


vernal (2) "sn 2)" = ena)" 


a cost(5)'"x 


Hence the solution of our problem will be 





v= 


fr) eA Re Ce 
+R 5 re ye 2 008 14 HI wt Fol}. (52.20) 


Solution (5 2.20) ss tdentical with (5.2.14) 


@, Analysis of Solution and Heat Rate, We introduce the Kirpichey 
criterion 
. aR 
paar EY 


where 7, is the average temperature of the furnace Then our solution 
aequires the form 

9 t= fe 

(te 





% 05 da eXpE= sa? Fo}. (6.22) 


Thus, the relative temperature will be a function of Ki, Fo, and x/R.+t. 
0 = {{Ki, Fo, (x/R)} (52.22) 


With the increase of time, or rather of the number Fo, the series decreases 
rapidly and at some value of fo > To, the sents becomes negligible, leave 
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ing only the first two terms of solution (5.2.21). From this time on, the tem- 
perature at any point of the plate will be a linear function of the time 
and the temperature distribution across the plate thickness is described 
by a parabolic Jaw, i.e., quasi-stationary conditions for 2 temperature- 
gradient field are observed. For the coordinate x = 0 (the middic of the 
platc) quasi-stationary conditions appear to within 1% at Fo > 0.5 (see 
Chapter 6, Section 10). 

Our problem also may be solved in a form convenient for small values 
of Fo. 

Using the expansion fsinh(s/a)"*R]- in series (see Appendix I) the 
solution for the transform is written 


T(x, 8) — De ae 5, {ew[- (2)"cer- pr 29] 


@ 


5 


‘ve 
+ exp|- (4) (Qn R+ >}. (6.2.23) 

Then, when applying the table of transforms and, in particular, relation 
(5.2.18) of the previous section, the general solution of our problem will 
have the form 





Qn—-)R-x, 


1(x,7) — Mary 





(ax)? & fierfe 
a 





Solution (5.1.19) may be obtained from solution (5.2.24) if the variable 
x+R=X is substituted and 2X =o is assumed. In criterial form, 
solution (5.2.24) may be written as 








9 —{2D-4 
aah 
7 =a (20 —1)— (e/R) , - (Qn — 1) + GARY 
= 2Ki(Foy & [i ae 
(5.2.25) 


At small values of Fo, all the terms of the series are negligibly small 
compared to the first one, so that we may confine ourselves to it. Then, 
the calculation formula acquires a simple form. 

Figure 5.2 gives the curves of the temperature distribution inside the 
plate for various values of the criterion Fo (from 0.05 to 1.1) and Fig. 5.3 
shows the temperature at the surface and the middle of the plate during 
the heating process. 
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Fig, $3. Relation between 0/Ks and To for the surface and center of the plate 


5.2 Infinite Plate 179 


We now give an illustrative example. In a drying chamber of infrared radiation, a 
ceramic plate (2K = 4 cm) is heated for 15 min. The average chamber temperature is 
400°C and the radiant flux is q¢ = 2500 keal/m* hr {the thermal coefficients of the plate 
are assumed to be equal to 2 = 0.25 kcal/m hr °C, a = 4.8 + 10-¢ m*/br). The initial tem- 
perature of the plate is 20°C. The temperature at the surface and in the center of the 
plate is to be found. 

First caleulate the Xirpichey criterion and Fourier number, 

2800 - 0.02 48 + 10-+. 55 
X= chao 9 PO aage 7 

using R= 2 em =0,02 m. 

Calculate the value of @,/Ki for the plate center (x = 0) according to the formula (5.2.21) 


@,)Ki = Fo — } + (2/a*) exp(-—2'Fo} = 0.3 — 0.1667 + 0.2026 exp[— 2,961] = 0.144, 





We check the value obtained by referring to Fig, 5.3, From Fig, 5.3 it follows that for 
Fo — 0.3, 0/Ki — 0.14, i¢., the calculation is correct. It is of interest to calculate this 
value by formula (5.2.25) 


@JKi = aro(i erie seve + ieee xa) 


= 20.3)" 2i erfc(0.913) 
= 1.095 - 0,132 = 0.144, 


‘The value ierfc(0.913) is determined from the table (i erfe(0.913) = 0.066). Thus, 
‘one and the same value is obtained. So, 


(0, 2) = by + Ote — ty) —= 20° + 380 - 0.53 - 0.144 = 49 °C, 








We next determine the temperature at the plate surface. According to formula (5.2.21) 
we have 


1 2 “ 
6,/Ki — Fo 4 any ye el- 7*Fo) 
= 0.3 + 0.3333 — 0.2026 - exp[— 2.981] = 0.623, 


and, according to formula (5.2.25) we obtain 





0,/Ki = axeoy(i erfcO + 2ierfe ) = 1.0954(0.564 +. 0.005) = 0.623, 


ar 


since i erfe 0 = 0.5642, 
Thus, both formulas lead to one and the same result. We check this by Fig. 5.3, where 
we find that for 


0 
Fo=03, py = 0.82. 


‘The temperature at the plate surface is finally determined to be 
1(R, 2) = te + (tg — My = 20° + 380 + 0.53 - 0.623 = 145 °C. 


The amount of heat (ransferred to the plate is determined from Eq. (5.1.26). 
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e. Solution by Fourier Integral Transform Method. Consider a more general 
case when the heat flow g, is the function of time 9, = f(x). For a generality 
of the problem, the nonuniform initia! distribution of temperature is 
taken 

ax, 0) = fx). (5.2.26) 


The boundary conditions may be written as 


— BRD) 4 oe) =0, (5227) 


ae(0, 1) 


ioe 0. (5.2.28) 


Let us make the integral Fourier cosine-transformation 
Tent) = J t6x, 1) costuax{R) de, (5.2.29) 


where n=0,1,2,3,. and 7.(n,t) 1s the transform of the function 
t(x, t} which satisfies the Dinchlet conditions. 

Inversion of the transform of the function 1s accomplished by the for- 
mula 


Hx, 2) = (U/R)TO. ) + (2/8) E Tea, ey cosnax/R) (5.230) 
c= 
Multiplying both parts of the differential heat conduction equation by 
cos(a2x/R) and integrating between O and A, we obtain 
R dix, Fe nae Rn OA(x, t) att 
i) ede [Pa cos de (523) 


o ir ° 


The expression for the partial dernvative of the second order 1s 





IUCr, Lie s y 2R7) x) 840,17) _ ata? 
— de = (- ~ - per T D 
ip at ate oe R (6.232) 
The use of boundary conditions (5.2.27)-(5.2.28) yields 
TLD, OF Toe, y= (— a Eats) (5239) 


The solution of this simple equation gives 


$ faoenle | 


Tn, 0) = eo{- 
(5.2.34) 
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To determine the constant C(n), the initial condition (5.2.26) is used: 





Ten, 0) = Cla) = f* 16x, 0) cos ae = f* Me) 008" dx. (5.2.35) 


Consequently, the solution for the transform will have the form 





Teo.) = (— I$ fF a6) ex] - 
antatr 


ae ~»| do 





+ exp) 





| ia I) cos = dx. (5.2.36) 


To accomplish the inversion of the transform by formula (5.2.30), it is 
more convenient if solution (5.2.36) is rewritten 


T{n, 1) = TO, t) + T(r, 1), (5.2.37) 
where in the second term, 2 — 1, 2, 3,.... Then 


Tan, 2) = J" fo dx + f° (6) 0 


{ ex[- = on =) ft Fie) 605 de 





+(- f= an a) ex[— 5 ste - 0} ao. (5.2.38) 
The original function is now obtained by formula (5.2.30) as 


tes 2) {ft sara ace 
= 





+E 





MAX 
x fe ieee +z (= 1 cos 
‘RK 
« fr 
Solution (5.2.39) is more general than (5.2.14) and (5.2.20), and both of 


these solutions may be obtained from (5.2.39). 
If the temperature distribution at the initial moment is uniform, 


SX) = fo = const, 


eS »| a3. (5.2.39) 
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solution (52.39) yields 


sats 
23 


et) = = gaya Ec I" 60s pe, 
re, 


iz 


x fl ator evo{- wee oe = a 4 ($2.49) 


where j4, = nt 
In deriving this expression, we took into account that for m= 0, 


a © 
if Ig COS jt, Ri =0, 


ie, the first series in solutian (5.2.39) becames zero. If, in addition, the 
heat flow at the plate surface 1s unsform, ic., 

at) = 9. = const, 
then solutron {5 2.40) gives 


(x,t) — tg = & ZT 42R = tc prt cos me 3 $ 


605 jy Fent- 1! Fo} (S241) 





ua ibe 
_ 


From the theory of Fourier scenes, it is known that 


Apt egy te 242 
ar 3 ¢ IN Sp 608 eZ = a ($2.82 


Then we have finally, 


2 2 
+ RE 0 2 conn, FZ evel at Fol]. (6243) 





which is identical with (5.2.14) and (5.2.20). 


5.3 Sphere (Symmetrical Problem) 


a. Statement of Problem. This problem ts similar to the previous one, but 
instead of an infinite plate, we have a sphere, The surface of the sphere 
is heated uniformly (symmetrical problem) at @ constant heat flux g.© Ue 
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= const. The radial temperature disiribution at any time instant aud the spe- 
cific heat rate are to be found.. 

The differential equation is given in Chapter 4, Section 4, 

The initial condition is the following: 


1(r, 0) = fo (5.3.1) 


Since the solution is obtained by the opcrational method, the boundary 
conditions are written for both (he transform and the inverse transform as 


- HR 7) 


MED, ao, — TR) +-%-0. (532) 
a0, 

AOD 0, 7@,2)=0, (5.3.3) 
10, tr) #0, TIO, 8) #00. (53.4) 


4. Solution of the Problem. The solution of the differential heat conduction 
equation for the transform, when isotherms are located symmetrically 
with respect to the sphere center (ie., when conditions (5.3.3) and (5.3.4) 
are taken into account), has the form (see solution (4.4.22)) 


sinh(s/a)"r 


r (5.3.5) 


an HOS 
Tr, s)- = B 
The constant £ is determined from boundary condition (5.3.2) ie., 


sy s\@ Bo rsyt og 
— 5(5)" cosh) "R + Fe sint(2)"“x +4 =o, 





hence 


ack 36 
a= Alay" R cosh{s/ay"2R — sinh(sja)* RY Soe) 





Hence, the solution for the transform will be of the form 


rT g.R(sinh(s/a)*r){(sfay4r As) 
(9) — = FateoshGalal"=R — (76 [ay"*R) sah Glay=R] ys)” 
(5.3.7) 


It represents the relation of wo generalized polynomials 


aR sinn(sjayr _ ge Le ee me 
Se aaa 177" aa (: ap-as4 op wrt: 





184 5. Bouxpary Cospimion oF tHe Stcoxp Kino 


r= fen)" ~ rare)" 
-=[(a ap Bes -) 


a: a @ 
1, R 
-(F E+ He Gs4-)aerw. 


where ¢(s) is the expression in square brackets which is a generalized poly- 
nomial with respect to s Thus, the conditions of the expansion theorem 
are fulfilled, 

To find the roots of the expression p(s), we equate it to zero. Hence we 
obtain s = 0 (double root) and 5, = — ayt,8/A%, which is the infinite num- 
ber of simple roots determined from the charactenstc equation 


tanp=p, (5.3.8) 
which is obtained 2s follows: 
cosh(s/a)*R — (1/(s/a)"7R) sinh{s/ay'7R 
= cos M(sfa)'4R — (1/ils/ay7R) sin i{s/a)'7R = 0. 


Designating i(s/a)“*R = yw, we obtain cos p — (1/p)sin x — 0, ie, char 
acteristic equation ($38) Applying the expansion theorem (the case of 
multiple roots) to the root s = 0, we find 





0) f [on Ms) 
FO) HS Lae (« 7] 
P(s) Ds) 2, PIsI7'G) 
toy [ren Sy te Say eta} 


= ae) 
a Rt 2R* 10)" 

since Wer ee 

20) ~ 28, ponte COHTo. O=s5F 


Then, we apply initislly, the expansion theorem to the simple roots 5, 
Initially, we find 


yy = [eosn(£)"@ - aatrag sinh(Z)'"8] aa) 
ant 

+4 (2)"eson(2)""* - Jeon 2) "n+ Cie 

7 


\"r 
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= — Be, sin wy 
= — B48 008 py. 
VG)= > >] (2)" “Rsini( +)” “R}. 


For the latter equation, we took into account the characteristic equation 
(5.3.8). For the quantity (s,), 


a r 
(4) = 2% SiO Mole _ GR? Sin tn 
a Mela Ir 


Consequently, the solution of our problem will be of the form 
_ — 9R [Bae _ 3R? — 5° 
Me) = Re Oe 
3 
Seed RSE Lae 
net fn COS My Ty 





exo( shies <]- (5.39) 


The roots of the characteristic equation (5.3.8) are a serics of values 
independent of the criterion Ki, viz: 4, = 4.4934, ue = 7.7253, ws = 
10.9041, #, = 17.2208, ctc. (see Table 6.5 for Bi = 0), 


¢. Analysis of the Solution and the Specific Heat Rate. We write the 
solution in a criterial form as 


gH oD=% 
tg bo 
| 1 Cad —} z 
=“ Fo~ 35 (3-59) - 2 prom 
Rsin Mae Ls 
a ae 
x R expl— te Fo}, (5.3.10) 
where Ki is the Kirpichev criterion. 

The series in solution (5.3.10) converges rapidly and, from some value 
of Fo > Fo,, it may be neglected compared to the first two terms in the 
brackets. From this value, the temperature at any point of the sphere 
will be a linear function of time and the temperature distribution will be 
parabolic. 

We next find an approximate solution for smal! values of Fo. We return 
to solution (5.3.7), which may be rewritten as 
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Ty, ) — a sinh(sfa}"?r 
i s ar s{(s/ay¥ *Rcosh{s/a)' *K ~ sink(s/a)" *R] * 


($3.11) 
At small values of Fo the value of (s/a)!?R is great, At large values of 
(sa 7R (> 6.0), it is known that sinh w= cosh w= je", tanh ws cothu 
=1 to within the third decimal place Then, for values of 7 close to R, 
sinh (s/a)'*r may also be replaced by $ exp[(s/a)'7r}, ic. 


R? 
Ter, 8) 2 “Fea S ap PKG R—M. (83.12) 


Using, the table of transforms (See Appendix 5, formula (56)), we find 


ee Hr, t) — bo 
la — lo 





‘ % 1- t-4 
=k exp [Fo -45 | evte HFoys ~ (Fon'*) — erfe sree 
(5.3.13) 








For the sphere center (r = 0), the solution (5311) may be written 





_ fe GR 
TO. 8) — > — FyleoshGejav =R — fatal =R) sintejan =] 
~ 24.R exp[— (s/a)"*RJ. (5.3.04) 


IVETE — AIRY 


Then using the table of transforms (sce Appendix 5, formula ($7)), we 
have 


: t 
Om2 Ki{fewpcre = 19) ere pbs — (Fo)! } (S315) 





From the exact solution (3.3.10) and the approumate solutions (5.3 13) 
and (5 3.15), it follows that the relative excess temperature 15 directly pro- 
portional to the Kirpichev criterion and 1s also dependent on the number 
To and the relative coordinate r/R Thus the relation O/Ki 1s. a function of 


Fo and r/R alone 

@ r 

= — 5.3.16) 
we AF.) : 


In Fig 5.4, the curves of the distribution of the quantity 0/Ki are shown 
as a functional relauve coordinate r/R for various values of the Founer 
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Fig. $4. Temperature field of a sphere 
for ¢. = const (symmetrical problem). 































































































number (from 0.05 to 0.5). From Fo = 0.5, a heating process becomes 
quasi stationary; the temperature of any point increases in a linear fashion 
and the temperature distribution follows the parabolic law. In Fig. 5.5, 
the quantity 0/Ki is plotted versus the Fourier number for the surface and 
the center of the sphere. These graphs considerably simplify the calculation, 
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‘The specifle heat rate per unit volume is determined by the formula 
AQ, = (3/R)q,7- (5.3.07) 


d. The Solution for the Case ot), t¢ = fit). Consider a more general 
problem with the following boundsry conditions 


tr, 0) =f). 63.8) 
~2BED + a(x) =0, (53.19) 
9t(0, +)/dr = 0. 53.20) 


Use the finite integra! transform, we have 
Tp(p, 1) = (c rir. t) ser a,, ($3.21) 


where p ts the root of the characteristic equation 
sin pR — pRecospR = 0. (5.3.22) 


The inverston of the transform Ty(p, r) to abtain r{r, x) is carted out 
by the formula 


w= m0. 2)+ = = wie SP Tees 1). (532) 


Application of transform (5.3.21) to the differential heat conduction equa- 
fion and taking into account condition (5.3.20), gives us 


ff (Fa 2 2 one, 2), sane ad 
oF 


- [2e) | sin pr = 32 
(2g a Ws PTA. 3) 30 


ir 


From (5.3.19) it follows that 


Purr) 2 ie nD sare 
RG +s a) ae 


= R snot —p'Tp(p, 0). (53.25) 
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Multiplying now all the terms of the differential heat conduction equa- 
tion by r(sin pr)/p and integrating with respect to r between O and R, 
we obtain on the basis of (5.3.25) 


aT;(p, i 
THD. optep.) = SR ae ar). (5.3.26) 
Solution of Eq. (5.3.26) gives 
Ro ban Reheat  @ y sin pR 
hp. 1) = expt ante] {e(p) +f REE 
x [i @ explep*0} a}. (53.27) 


To determine C(p), we make use of initial condition (5.3.18) and obtain 


c= fF ty ae ae (5.3.28) 
Then solution (5.3.27) may be written as 
a ffF sin pr 
Top, 2) = expt opt) {f° fe) “BP ar 
+ Z£REBLE (* acavexpter*oyaoh. (5.328) 





For convenience of the transition to the inverse transform, we find 
A 
THO, 1) = fo rifle) dr + Fe I a(0) do. (5.3.30) 
Substitution of Tp(0, r) and 7>(p, r) into Eq. (5.3.23) gives the solution 


tn=a fr fe) dr + 2 an (9) a9 


Sup singer 
fe SOPH expt — ap,?r 
+ z aint pk pL— op,7t] 
Say . 2S RpasinpaR 
eS OA aes FS Pe 
x SBP expl—aper} 


xz 2 g(®) explap.28] dd. (5.3.31) 
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Designating #4 = p,R: Fo = at/R® and substituting from the charac 
teristic equation sin pr = xoeos 4, we arrive at the final form of the so 
lution: 


r,t) = ZS oes te f q(0) dd 


+ = Ba Sin par/R 


nat A a He mR 
x exp[— p,* Fo] Ie hr) 


2 singyr/R 
PaCS fg 


sin LTTE tp 





+43 eee 


x ff a0) exo (net SB) a, (53.32) 


In the specific case 
1(r, 0) = tf = const, q(t) = g, = const. 


Solution (5.3.9) ts found from solution (5.3.32). 


5.4 Infinite Cylinder 


a. Statement of the Problem. For an infinite cylinder with radius R, the 
Statement of our problem ws the same. The whole surface of the cylinder is 
heated uniformly by constant hear flow (symmetrical problem), 

The differential heat conductron equation for an infinite cylinder when the 
temperature uepends only on r and f, 3 given in Chapter 4, Section $ 

Initial and boundary conditions are identical with conditions (5.3 1)- 
(5.3.4) of the previous problem 


5, Solution of the Problem. The solution of the differential equation for 
the initeal condition ($ 3.1) and conditions (5 3.3) and (5.34) may be write 
ten (See solution (4531) 


Tir, 8) = (ols) > ATo{(s/a¥ 77} (84.1) 


where fy{(s/a)!"r} 15 the modified Bessel function of the first kind and 
zeroth order and A is the constant with respect to r. The consiant 4 ts 
determined from the boundary condition 


-(g)"aef(3)"Aho dees 
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We obtain 
ee a, 
4As(sfay*1, {(sfay"*R} ” 


as Jc'(=) = J,(2) is the modified Bessel function of the first kind and the 
first order. 
Hence, the solution of the transform may be written 


to ae Rinksiay¥r}__ 5) 
Me) = Flay eRi sia) RY aay 4) 
This solution is u ratio of two generalized polynomials with respect to s; 
the polynomial y(s) does not contain 4 constant and the polynomial (5) 
has a constant equal to ¢-R, ic., 


Ws) = ache{ (2)"4 


5.4.3) 


(5.4.4) 





where ¢(s) is the expression in brackets being a polynomial with respect 
tos, 

We now use the expansion theorem to find the fundamental roots of the 
expression. For this purpose, the Jatter is equated with zero; 


w(s) = As(s/a)*RA ((s/a)"FR} = As*e(s) = 0. 


Hence, we obtain s —0 (double root), Af (s/a)"*R} = (1/i)J; {i(s/a)"R} =, 
i.e., the infinite number of roots 5; = — ay,°/R*, where i(s/a)"R = je are 
the roots of the function J,() (see Table 5.1). 

We now find the valuc of %(0)/p'{0) as 


$m [5 (SBF EE) 
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TABLE 5.3. Roort of Cxaractrastic Eqvanoss Jy(p) = 0 asm J,(2) = 0 











Roots fy Roots 7. Roots te Roots sy 

” of equation — of equation ” of equation of equatron 
Aly) =O Ji O A) 0 JQ) ~ Oo 

1 2.4098 3.8317 6 18.6711 19.6159 

2 5.5201 7 0156 ? 21.206 22.2608 

3 8.6537 10,1735 8 24,3525 25.9037 
4 7915 13.3237 9 27.4935 29.0168 

5 14.9309 16 4706 10 30.646 32.0397 

since 
fe y r * R 
CO= GR, FO)=Z, POmGRar, CO— Er 


Farther, we determine y’(s,) as 
veo $a(2)"14(2)"mh + AE "a 
ium ¥'@) = ae wh(e)"a} = Buu 
since 4,'(z) = Jy). Thus, we obtain 


$ P00 av OE 2 
Aye 7 See) 


‘Using the recurrence formula, we obtain 
Bedi Ota) > Hedelte) — LG) 
since, according 10 the charactenstic equation J,{j1,) = 0, 
FG) = Seen 


Hence, the solution of our problem may be written 





Ale) ool ne 








t= a(r, 2) — te 
te 
= ki[2Fo - 3(1 -24) 


= a suea Jo(ee +) cwlmae Fo}]. (54.5) 
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c. Analysis of the Solution and Specific Heat Rate, The serics in solution 
(5.4.5) converges rapidly because y,, are large quantities (see Table 5.1). 
Therefore, from a certain value of Fo > Fo,, the series may be neglected 
and the temperature at any point of the cylinder will be a linear function 
of time and the temperature distribution wilt be parabolic (quasi-stationary 
condition). 

Figure 5.6 gives distribution curves of the dimensionless quantity 6/Ki 
for various values of Fo. From Fig. 5.6 it follows that from Fo = 0.6, 





Fig. 56. Temperature field of am infi- 
nite cylinder for qe ~ const (symmetrical 
problem). 





the parabolic quasi-steady distribution of 9/Ki is obtained. The relation 
between @/Ki and the number Fo for the surface and along the cylinder 
axis is depicted in Fig. 5.7. 

We next determine the approximate solution for small values of Fo. 
In solution (5.4.2) for the transform, we expand the functions Tof(s/ay*R} 
1,{(s/a)*R) in an asymptotic series 


1 Te. Fh ek 
Wu) = aye e(1 tan + TaeaF + ). 

1 Ske eee 
NO ~ aaa e(1 "a ~ Tea ). 


Restricting our attention to the first two terms, we may write solution 
4.2) as 
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Fig. 5.7, Relation between O/KE and Fa 
for the surface and the cylinder aus. 








-+ (eR? | (R+3r)a me A ee 
FUs9) -4+ [Geer Srs(FRY on (3) (R a 


(5.4.6) 

Making use of the table of transforms, we obtain the approximate solution 
fof 2p \4 1 — (r/R) 
Ome Kil 2( 2 Fo) tents Si) 

{1+ 3(r/R)} Fo R* 1—(IR) 7 

+ eR ete et |. 647) 


where 
erfeu = ep[- w)—werfeu, ierfeu | ferfew ~ 2userleu) 
ve 





‘The temperature at the cylinder surface (r = 8) ¥ill change witli time, as 
0, =~ 2Ki{Fo/x}'* + 1Ki Fo. 


Hence, at the beginning of the heating process, the temperature of the cyline 
der surface increases according to a parabolic lay and then to a Iincar law 
(@ quasi-stationary condition), thus, there 1s some analogy with a change 
in the average temperature i(r) when an snfinite plate is heated (see Sec- 
tion $.3), In the last ease, the average temperaturé first increases according 
to a parabolic law and then to an exponential law. 

‘The specific heat rate AQ, may bs determined by the formula 


AQ. = (2/R)a- (548) 
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a. The Solution far the Case q(x), tp — fir). Next, let us consider a more 
general problem with the conditions 


ir, 0) = flr), (5.4.9) 
12OR 2) + a(x) = (5.4.10) 
302 =0. (4.11) 


To solve this problem, we make use of the finite integral Hankel trans- 
form 


Taken t) = f° ter, een) dr, (64.12) 


where Jo(z) is the Bessel function of the first kind snd the zeroth order 
and p is the root of the characteristic equation 


Je'(p, R) = 0. 


The transition from the transform 7),(p, t) to 1(r, t) is carried out by 
the formula 


1.) = FTO.) +e ze, Tal Pu» 7) FE (5.4.13) 


Applying the transform formula (5.4.12) to the differential heat condition 
equation and taking into account conditions (5.4.10) and (5.4.11) we obtain 


fe ee x gl 1 aur, AED) rep) dr 


oF 
= RI Ro) ZED — perp, 1 
= RILRp) ©. — p°Ta(?, 7). (5.4.14) 


Multiplication of all the terms of the differential heat conduction equation 
by rJo(pr) and integration with respect to r between O and X with regard 
for (5.4.14) yield 





TD + ap2ty(p, 2) = ak 22 sph. (64.15) 
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The solution of this ordinary differentia! equation will be 
Tyfp, t) = expi— ons} [Ct) 


+ RZILR) f° 460) expter'a} 0] . (54.16) 


To determine C(p}, we use condition (5.4.9), From Eq. (5.4.16) at r—0 
we obtain 
Tulp, 0) = C(p). 


On the other hand, according to formula (5.4.12) the initial condition 
(5.4.9) may be written as 


707.0) = [" de Ovtton de = f" Rowden de — 64.17) 


Hence 
copy = f° Reredelpr) de. (5418) 


Substitution of (5.4.18) into (5.4.16) gives 
Tule. *) = expt ante) | f* ftedrJecor de 
+ RF APR) fe (0) explap*2] a] . (5.4 19) 


Snversion of the transform Ty(p, 1) 18 carried out by formuta ($4.13) 
Initially we find 7;,(0, r) as 


Tu. 0) = J" Medede + ER f! cord. (5.420) 
Substitution of 7),(0, r) and Ty(p, t) into (5.4.13) gives 
2 Re 2a fr 
tra) = ef" Siede de + 5% f° ato ao 


E/ 2 fF 
+ BFA exp opal Fe ff Medea) ar 





iA Pat) Perr eon ty 29} 00 
APA E A exp{— ap te} f° gOyexptar.} 
Ry waa hi 342) 
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Using the symbols yu, = p,R, Fo = at/R® we obtain the solution of 
the problem in the form 


Mr) = fe ft fears 2 f° (0) 40 





S Jolun(fR 2 
+ BAT et at Fol pe eso ae) 
Jel tee) 
aS R 2. fr a 
+ ZZ Tay PI as Fol if: 000) x0 in 9) a. 


(5.4.22) 
where y,, are the roots of the characteristic equation 
Jo'(u) = J(u) = 0. 6.4.23) 
From the general solution (5.4.22) we obtain solution (5.4.5) as a specific 
case, For this purpose it is sufficient to assume 


t(r, 0) = f(r) =t¢=const,  9(t) = g, = const, 


We 2) = = 48 [pF -i (1-2-4) 


- amines az) orl ntFo]]. 64.24) 


If we substitute Ki = g.R/A{fe — fq), solution (5.4.24) will be identical 
with solution (5.4.5). 


5.5 Hollow Infinite Cylinder 


a, Statement of the Problem. Consider a holiow infinite cylinder. The initial 
temperature distribution f(r) is prescribed. At the external and internal sur- 
Saces the heat flows are given as functions of time. The temperature distribu- 
tion at any time is to be found. 

The differential heat condition equation is given in Chapter 4, Section 5. 
‘The initial and boundary conditions are 


Hr, 0) = f(r, 6.5.) 


12D + ae) = 0, (5.52) 


120) 4 g(r) =0. (55.3) 
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8. Solution of the Problem. To solxe this problem, we use the finite i 
tegrat Hankel transform 


HU OL = Take.) = FR tle, OM rede. (5.54) 


where the kernel of the transform Af({p,7) bas the form 


YPR) 
AGRI 


‘(=) and ¥4(=) are the Bessel functions of the second kind and of the 
first and the zeroth order. 
The parameter p is determined from the characteristic equation 


APR (PRs) = Yi(PRWi(PR,). (556) 





Min. ry = 5 [der ~ Yeon]. 655) 


The mversion formula for this transformation is the expansion of the 
function f(r, t) into series with respect to the orthogonal function of the 
kernet of the transform 

ar, ty = E 4,Ae, 0) ($57) 


where 
fy 
A, = Thr, olfne Mp, rr dr 


Applying transform formula (S54) to the right-hand ste of the differen 
tral heat conduction equation with regard for conditions (5 $ 2) and (5 5 3) 


we obtain 
CRAMP, Bad ~ CRAG MP. Rd 
+ PSR etl, OM ps bdr = Flr 8) + pT ule) S58) 
where F(p, 7) designates the first iso terms Using Eq (558) we transform 


the differential heat conduction equation into the Unear equation of the 
first power as 


LTO) ~ atrip. 1d +P T(r. 0) (559 


‘The initial condition for this equation wall acquire the form 


Trp. 0) = HLS = fet RM nde (5.5 10) 
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Equation (S.5.9) has the solution 
Tul. *) -exptepts] {ef Fp, Mexpl— apta] dd + miro. (5.5.11) 


Imersion of the transform T;,(p. 1) is carried out using formuls (5.5.7): 


kaye pe Ape. 0) 


explap,7t] {atpon 





"(paride 


te, 


=a [Fir Merpl= ant} d0} (5.5.12) 


The first term of the series sum carcesponding to the zera root p= 0 
has the form 





a exptapte} {argon a ef. Fp, 0) expl— ano} do} 
rABUp. ob de 





" firvde = 





[ (acy - aston a} 


[trae 


For all the remainder (p = 0) 


(5.5.13) 





1, _ FPR) = IEORY 
fa, AM de SST” Ge 


tf-tn) aft) (5.5.15) 


Fre) or TR TR 





Thus, the solution will have the form: 
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Wr ty 





[Dit ctevar = Z f° treaty ~ Raaoryanh 


J ( PRE Pes) 
Pat TPR) — IEG) 


ES ne [sen FE — vetran] ar 
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[etree ) pi = ter] 
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— 1 ft fate) _ asf) =) } ae 
aan W, [aitpres ~ abi esmtene7e0} ot ao 
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We now find the specific solution for the boundary counditions 
dr, 0) = fir) = ft, = const, (8.8.17) 
alt)=0; — 9,() = g, = const. (5.5.18) 


The condition g(t) = © means that the surface is thermally insulated 
[2:(R,, t)/r = 0). For simplification we use the relation 


$ SPARS P»Red 


* E PHP APR) — DPR 
Yy(PaP 
« [tear PED — rena] 
Pa Ge ee hee Be 
= ate Geran sar(in gi + pA anh +l} 
Finally we have 
Rk? r a 
tr - ut ala an [2ro- 4 (0 - a 
Re r Re Ry 3 
~ ae (te tal 
R 
s Ja( tha 2) Aiea) 
x ( i) | Jin z ) Y 





me 33(eg BE) — HG 
ae, Ru — a2 5.5.20) 
Yor z) A (i ZI ewl- #7 rol} t 
where Fo = at/Rz', ite = paRy Ore the rools of the characteristic equation 
(5.5.6), which may be written as 
ACRIRD}NG) = Vile(R/ Rd ilo (3.521) 


Solution (5.5 20) is symmetrical relate to the boundary conditions. From 
solution (5 5.20), at R, +0, the solution 1s obtained for an infinite solid 
cylinder. 


CHAPTER 
6 





BOUNDARY CONDITION OF THE THIRD KIND 


This chapter is a generalization and further development of Chapter 4. 
The problems considered here are more general and the problems of Chap- 
ter 4 result from these as special cases, assuming Bi = oo. 

Some problems of Chapter 4 made it possible to establish that the trans- 
form method is superior to the classical method of separation of variables 
provided we have a uniform initial temperature distribution. If at the initial 
time instant, the temperature of a body depends upon its coordinates (non- 
uniform initial distribution), the results are attained moré rapidly by the 
classical method or by the integral Fourier and Hankel transforms than 
by the operational one. The classical method will, therefore, be used to 
solve such problems. 

The operational method is advantageous in that it allows the obtaining 
of an effective solution for small values of Fo in which special functions 
are often absent. 

Main attention is paid to the so-called classical bodies (semi-infinite rod, 
plate, cylinder, and sphere) because, in a special section, it will be shown 
that the average volume temperature of a body of complex configuration 
and the average time temperature history of its surface may be given in 
terms of the corresponding temperatures of classical bodies if the dimension- 
less times are chosen properly. This principle is of great importance for 
practical calculations. 

To systematize the calculations, we introduce a single system of notation 
for all the problems, and give eigenvalues as well as tabulate initial heat 
amplitudes A, and coefficients B, entering the relation for a mean temper- 
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ature, Using such tables, diagrams, and nomograms we may accomplish 
actual calculations rapidly and with sufficient accuracy, 

This chapter deals with problems on heating In the nevi chapter these 
problems will be further developed (F¢., the temperature of the medium 
changes with time). It will be shown that a heating problem may always 
be changed to a cooling one. 

We now consider a bedy with the prescribed initial temperature distri- 
bution as some function fx, », =, 0). At the initial time the body is placed 
in a medium with & constant temperature f, > tr, 3, =, 0). Heat transfer 
between the body surface and surrounding medium occurs according to 
the Newton law, Newton's law not only describes the boundary condition 
in the presence of convection, but also simultaneous radiant and convective 
heat transfer to the first approximation when the temperature difference 
lt (1t = 4, — 4) 38 sufficiently small. Thus, this is a problem of body 
heating under boundary conditions of the third Lind 


Orfor = aD, (61) 
1x, yy =e 0) = fle Jn 2), (6.2) 
0), + Ma —h)=0 (>). (6.3) 


where subscript s denotes the body surface 
Replacing the vanable 
t=, 


we have 
d0jr =a V0, 


D(X, I 2,0) = fe — 1, 92.0) = — MO 2) TO 
70), + 119, =0, 





re. the problem of cooling a body in a medium with zero temperature 
(0, = 0) 1s obtained when the umtial temperature of the body is given 3s 
some function ¢(x, )% =). If the initial temperature of the body 13 the same 
at allaes points, 1¢., /Ur, ) = fy = const, then afl the salutons obtained 
for heating the body in the form of the relative temperature 0, depending 
upon the Biot enterion and Fourier number and relative co-ordinates, will 
also be valid for cooling the body. However, the quantily 9 15 Uclined 5* 


_t=b pees 4) 
O= fo = OT 0, BL Ro mm) 
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= 4(Fo, Bi, 3, 2, 2) (65) 





(6.6) 


6.1 Semi-Infinite Body 


a. Statement of the Problem. Consider a semi-infinite rod, the lateral 
surface of which is thermally insulated. The temperature throughout the rod 
is the same and equals ty {initial temperature). At the initial time instant, 
its end is placed in medium with a constant temperature t, > ty. Heat transfer 
between the surrounding medium and the noninsulated end of the rod proceeds 
according 10 Newton's law (boundary condition of the third kind). The tem- 
perature distribution along the rad length at any time and the specific heat 
flow through its end are to be found (Fig. 6.1}. 


Fig. 6.1. Temperature-distribution curves in a semi-infinite rod with a thermally in- 
sulatcd side surface. 


As there are no heat losses from the lateral surfaces of the rod then it 
may be considered a semi-infinite body where heat propagation takes place 
in only one direction. Thus, the determination of a temperature fields in- 
yolves a solution of the differential equation 


d(x, 2) _ Fes 2) 
a 


3 {(©>0; O0<x<o), (61.1) 
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with the initial condition 
H{x, 0) = f = const, 
and boundary conditions 


220.2) + att, — 10, = 0, 
and 
1(00, t) = bey Me. D0, 


The heat transfer coefficient « is assumed to be constant, 


(6.1.2) 


(6.1.3) 


(6.1.4) 


b. Solution of the Problem. The problem will be solved by the operational 
method because with a uniform initial temperature distribution the oper: 


ational method yitlds results more quickly. 


If the Laplace transformation :s applied to differential equation (6.1.1), 
as has been done before, then the equation for the transform accounting 


for the initial condition wall be of the form 
T(x, 5) — (S/a) TIx, 3) + {fola) = 0 
Boundary conditions for the transform will be 
T'O, 3) + Hitais) — TO, 2) = 9. 
Teo, 3) = 9, 


since 
Le, ¥)] *= TO, 5), Lite) m= alt 


In Eq (616) A = a@/2 is a relative heat ‘ransfer + ficient. 
The solution of Eq. (6.1.5) in a genesat form may be watten 


T(x, 3) — (lols) = Ay expl(s/a)2x] + B, expI— (4/a)4x) 
From condition (6 1.7) it follows that A, - 0: ie. 


O = (s/a)¥A, exp(oo) — (s/a)"*B, exP[(— oo) 


(61.5) 


(6.16) 
(6.07) 


618) 


from which it as clear that 4, = 0. From the physical viewpoint st means 
that the temperature at an infinitely great distance from the rod end does 
not change during the entire heat-transfer process, 1€., at x—- 095 1 -* fer 
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‘The constant B, is determined from the boundary condition (6.1.6) 


~ (sJay*B, + HI(t,/s) — (tals) — By) = 0, 
whence 
(fa — to) 


A> OF Gay 


(6.1.9) 
Then the solution for the transform assumes the form 


nes (a= by) _(sy" 
7.9) P= euiaaers | (3) 3] 61419 





The table of transforms is used to determine the inverse transform 


{+ exp[— ks | 
(1 + OVS) 


k k 
= erfe| )- (ok + ober +ev7]. 
fe Ni ae ‘ 








Consequently, the solution of our problem may be written 


g tnt 





at 
= erfe Pra — exp[Hx +- Har] - arte ae 7 Hea}. G11) 


ce. Analysis of the Solution. If the heat transfer coefficient a is very large, 
then H — co. From boundary condition {6.1.3) it follows that t,t} = t, = 
= const, i.e., the temperature of the rod end becomes immediately equal to 
that of the surrounding medium. In this case our problem is similar to that 
in Chapter 4, Section 2. The function erfc z decreases rapidly with an ine 
crease in z and at z > 2.8 is practically equal to zero. Therefore, at H— oo, 
the second term of solution (6.1.11) tends to zero (it may be shown by exe 
panding the indeterminate term according to L’Hopital’s mui), and the 
solution assumes the form 


6 = erfe [x/2(ar)'"]. (6.1.12) 
Solution (6.1.12) is identical with that on cooling a semi-infinite rod 


given in Chapter 4, Section 2; however, in the case of cooling, 6 = (fo — 1)/ 
(t — te}, Where fo > te. 
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Returning to the solutions (6 1.18), we find that the dimensionless tem- 
perature of the rod end 4(0, r) is defined as 


= 10.7) — 


fan-te 





6, 1 — exp[i*at) erfe Mar)" *, (6 1.13) 
At large values of time, it is very difficult to use solution (6.1.13) owing 
to a sharp increase in the exponential function, Therefore, it as necessary 
to find an eflective solution for large values of ume. 
In the Appendix it is shown that 


1 I 1 3 
expel erfe w=» —— (2 — tar). 
Wa uw me au’ 
Consequently, an approximate solution, convenient for large values of time, 
may be written as 

1 


nm - - = + Sate tee 
Ol — Feary (: War” arate ) 


(6.1.13a) 


To write the solution in a enteral form, we designate the Founcr number 
for ims point with the coordinate v as Fa, = @rjx? and the Biot cnterion 
as Bi, (Bi, = Wr). 

Thus, the solution (61 11) of our problem may be written as 

1 
2(Fo,)"* 


‘ exte| 


0 ~erfe — explBi, + (Bi)ZF0,) 


Fro + Bi,(Fo,)* a} (61 14) 
The product Bi(Fo,}'? gives a new generahzed argument and a new dimen: 
sionless number for the temperature freld on semminfinite bodies 


oft 
Gor? “2 VT" 


where € 1s a coefficient of thermal activity of the body The number V,, 1% 
numerically equa! to the ratro of the heat transferred to a unit surface of 
a body pee unit time in the preseace of a umt temperature difference hk 
tween a surface and surrounding medium, to the coefficient of thermal 
activity of a body. 

For engineering calculations, Fig. 6 2 gives the plot of the dimensionless 
temperature versus the number B:,(Fo,)! * for sarous valucs of the number 
1/2(Fo,)"7. 





Ne = Bi,(To,)'* — 
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Fig. 6.2. The dimensionless excess temperature versus the number Bi.(Fo,)”* for 
various Fourier numbers (semi-infinite rod) [102], 


d. Calculation of the Heat Flow. The heat fiux through the rod end is 





q= 1209), (641.15) 





Tf Eq. (6.1.11) is differentiated with respect to x and it is assumed that 
= 0, then we have. 


60, t) = 


- — Hig ~ bo) exp[Htar] erie M(ary'. 6.1.16) 


This relation could be obtained in an alternate way. Differentiating 
solution (6.1.10) for the transform with respect to x and assuming x = 0, 
we haye 


T'(0, 5) = — — a: 1.7) 
r a i 
{ar)' {! + 7] (3) } 
With the help of the lables of transforms, the same relation (6.1.16) is 
obtained from Eq. (6.1.17). Consequently, the heat flux is 


q = a(t, — fo) exp[/f#ar] erfe H(ar)”*. 6.1.18) 
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From relation (6.1.18), it follows that at the initial time the magnitude 
of the heat flow is at a maximum and then it progressively decreases, lend- 
ing to zero at r+ oo, At the initial instant the heat flux is at a maximum 
and equal to 

eax = Ole — fo), 


which directly follows from the boundary condition. 

The amount of heat transferred in heating the rod for a given time period 
¥, may be determined by integration of expression (6.1.18) with respect 
to r between 0 and x, and multiplying this result by the surface area of the 
rod end, 


6.2 Semi-Infinite Rod without Thermal Insulation of Its Surface 


a. Statement of the Problem. Consider the same problem but with the 
lateral surface not thermally insulated, 4 ¢., heat transfer between the fateral 
surface of the rad and the surrounding medium occurs according 10 the Newton 
law. The temperature of the medium surtownding the lateral surface of the 
rod ls assumed to be constant and equal to its initial temperature. 

If the height and width of the rod are small compared to its length and 
the heat conductavity us large, then the temperature drop over the height 
and width of the rod may be considered to be zero, 1 ¢., 01/9» = Or/82 = 0 
Thus, the problem stated 1s reduced to a one-dimensional problem, with a 
temperature drop occurnng only in the x direction (Fig 63) Heat transfer 
from the latera! surface of the rod into the surrounding medium should 
be taken into account an the differential equation itself as a negative heat 
source. 





Fig. 6.3, Temperature disinbuuon in a semuinfinite rod without thermal insutation 
of the side surface. 
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Thus, the differential heat conduction equation may be written as 


On(x, tT) =2 (x,t) 


YF a wo (r>0; O<x<oo), (6.2.1) 


where w is the amount of heat given off into the surrounding medium per 
unit volume of the rod per unit time. 

If the cross-sectional area of the rod is designated by S, the periphery 
of the cross section by P, and the length of a rather small portion of the 
rod by /, then 


w = (e/SI)[t(x, t) — to) Pl = a[{x, 1) — f](iJh), 


where @ is the heat transfer coefficient (kcal /m* hr deg). h = S/P is the ratio 
between the cross-sectional area of a rod and the cross-sectional perimeter 
(for a rod with a cylinder cross section # = 22, for a rod with a square 
cross-section /: = ta where a is the side of a square, ctc.), normally measur- 
ed in meters. 

Thus, we have the differential equation of the form 


Ot(x, t) _ Flx, t) 
on. ae 


To simplify the problem, we assume H =«/2 = co for the rod end. 
This means that the rod-end temperature immediately becomes constant 
and equal to s,. Then the initial and boundary conditions may be written 


tx, 0) = &, (6.2.3) 
40, 1) = (6.2.4) 
1(00, 2) =f,  i(eo, z)/ax = 0. (6.2.5) 


SEHD) (6.2.2) 





The solution of a problem for a finite value of H for a finite rod will 
be given in Section 6.4. 

5. Solution of the Problem. The differential equation for the transform 
T(x, s) has the form 


7,3) - £1, +--+ = . 





(6.2.6) 


Boundary conditions for the transform will be written as 
TO, 8) = Gls, (62.1) 
T'(eo, 5) = 0. (6.2.8) 
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Equation (6.2.6) may be rewritten as 
y =A ee! fll 
Tao (24+ 5)[ns9--f]-0. «29 
The solution of £q. (6.2.9) imposing condition (6.2.8) will be of the form 
i" 
Tex, 2) — os = ew[-(S+ > ) x}. (6.2.10) 
‘The constant A, is determined from boundary condition (6.2.7) 
By = Ue = 4/5. 
Hence, the solution for the transform has the form 
ve 
eo[-(2+5)"s] 2 


The table of transforms 1s used for the inversion of the transform T(x, 4) 
to a(x, t). Its known that 


t 
TH) 





tf Lewt- s+ oy] = + [=~ hy By erfe{ —*— 











Ir 
— (bry ‘ tesplky/s) et. m= + on] 
Nd 
Consequently, the solution of our problem will be 
0 mz MTD Mo 

le to ‘ 

= Leol Ga) faatre - (GE) 
+ cof Se] ertel es 4 (4y }): (62.12) 


c. Analysis of the Solution. Mf there #3 no heat transfer from the side sur- 
face of the rod, 1¢,¢r/h = 0, then solution (6.1 12) 15 obtained from the 


solution (6.2.12), s1z 
0 = erfc[x/2(ar)' *} (6.2.13) 


This is the solution for a semi-infinite body when the temperature of the 
bounding surface 15 constant and equal to # 
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Introducing the Fouricr number and Biot criterion 
Fo=arfh?, Bi =ah/i, 
our solution may be written 


x,t) — fo 
4b 


0=- 





= foo 0 §] e029 


+ exp caine +] ertel at aa ForyH}. (62.14) 
Here Fo* = Bi Fo is a new dimensionless group which characterizes heat 
transfer between a body and the surrounding medium for a negligible 
transverse temperature drop inside a body {the so-called external problem. 
(sce Section 6.3)]. 

In our case, the temperature drop over the height and width of the rod 
is absent, despite heat transfer between it and the surrounding medium, 
therefore 

Fo* = Bi Fo = az/eyh. (6.2.15) 


Thus, the first term in the argument of the erfe in (6.2.14) characterizes 
heat transfer due to net heat conduction in the x direction and the second 
term the heat transfer from the lateral surface of the rod to the surrounding 
medium when a temperature gradient is absent in the transverse directions. 
In the stationary state (r = oo), there will be a particular temperature 
distribution aver the rod length. At r-+ 09, the first function erfe 2, = 
=1~—erfz,, will tend to 2, since erfz,—+ —1 and the second function 
erfc z,-+0. Hence, in a stationary state the temperature distribution will 
be described by a simple exponential function 


“= cxp| -Gi)"] = exp cane 4]. (62.16) 


At small values of time, or rather Fo — 0, the quantity Fo* may be neg- 
lected, as compared to the first term of the argument of the erfe. In addi- 
tion, at small yalues of time, the influence of the heating will have spread 
over a small distance, hence x/h is also small. In this case, both exponential 
functions are close to unity. Then, solution (6.2.14) will be close to solution 
6.2.13}, Le, at the first time instants the heating of the rod occurs as though 
heat transfer from the lateral sucface is absent. 
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d. Heat Flex, A heat flux (kcal/m" hr) is determined by the value of the 
femperature gradient at the end of the rod. It will be calculated by the 
operational method. 

From solution (6.2.11) se obtain the transform 


TO, sm ~ SoH (£45)" (62.17) 


Inversion of the transform to T’(0, 1) is made according to the tables of 
transforms, viz 


a pe = =e + VB esfibry's 


Then, we shall have 


— (0, tr) = (1, — Fy) cate esl =] + (&)"« ) ‘} 





Hence, the heat fur is 


— 7 90, 4) HU 
a cetar Ta 





lee erl- Fo*) + (Bi)! terf(Fo*)! ‘| 
(6.2.18) 


A 


In a state close to the stationary condition (Fo —» oo), the first term in 
square brackets of relation (6 2.18) tends to zero, and the second to (B:)! *, 
so the heat flux is 


go eK pipes (62.19) 


Thus, we find that the specific heat flow is directly proportional to the 
heat flow through a rod with length 4 when the temperature of 11s boundary 
surfaces is equal to 7, and f, respectively The greater the Biot criterion, 
the greaicr the properbonaliy factor and, conseguenily, she best rate. 
To illustrate this, some computations will be carned out. 


‘One end of the lang sterl rod, 140 mm in dusmeter, 1s heated im a furnace #1 FOC. 
‘The temperature of the rod bxfore beating as equal fo thst of the surrounding medium 
(1, = DOC). We are to determine the temperature at a distance of 17.28 em from the 
end of the rod after expoture to heating for 18 mua. The heal tranver coeffinent 
assumed to be equal to a = 140 kcal m*hr deg. The other eneffinents are equal to 
Am 40 kool be deg, a = 45.10 * mir. 
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First of all, we calculate the criteria required for the computations. The characteristic 
dimension is 
k= 4R=35 cm=—0.035 m; 


the Fourier number 





a 45-101 
Fo = 4 -92; 
Oe 7 nas -agieg 975 
the Biot criterion 
ah — 140-0.035 
B= sas 
= 02s: 


the modified Fourier number 
Fo* = Bi Fo = 0.125 - 9.2 = 1.15; 


and the relative coordinate 
2 398 


=~ =5. 


35 


We determine the relative excess temperature by solution (6.2.14) as 





om sfesot—c.12sy = 5) exfe = assy] 


s 
20.2% 
+ exp[(0.125)* - 5] 


sinter 
= 40.170 « 1.2744 + 0.043) = 0.130. 


x ete eas 


Then we obtain 
1 = fg ~ Blt, — fe) = 0.130 - 780 = 101°C, 
f= 101 + 20 = 121°C. 


‘Thus, the rod temperature is about 121°. 
Jf heat transfer fram the lateral surface is neglected, the temperature of the rod for 
the coordinate x/h = 5 determined by the formula is 


$ 
= = erfe ——__- = 1 — 0.755 = 0.244. 
@ = erie ——— = erfe 3a 1 


Hence the rod temperature is 
f= 20° +.0.244 + 780 = 210°C. 


Thus, the temperature is overestimated approximately by 90° if we neglect the convective 
heat transfer from the lateral surfaces. 
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6.3 Infinite Plate 


a, Statement of the Problem, Consider an infinite plate 2R in thickness, 
The Initial temperature distribution is gen as some function 1{x, 0) = fix) 
At the initial time instant, the plate is placed into a medium with a constant 
temperature ty > t{x, 0). Heat transfer occurs between bounding surfaces of 
the plate and the surrounding medium according 10 the Newton law. 


The temperature distribution across the plate thickness as well as the 
specific heat flow 15 to be found. We hare 


den _ 212.2) 


or — (r>0; ~R<x< + R), (6.3.1) 
1,0) =f), (632) 

= 1G? 4 att, = HR. 9 = 0. (633) 

+ 2M 2? 4 at R= 0 (6.3.4) 


The ongin of coordinates 1s chosen on the middle of the plate (Fig 64) 
We shal! attack the problem by Iwo methods With a nonuniform tempet> 
ature distribution, it us betice to use the classical Founer method. 





Fig. 64 Temperature d.stnbunon in an infinite plate (symmetneal problem). 
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To simplify calculations, the function f(x) is assumed to be even with 
respect to x, then our problem becomes symmetrical as heat transfer be- 
tween both surfaces and the surrounding medium occurs equally. In this 
case, instead of condition (6.3.4) we may write 


8:(0, z)/Ox = 0. (6.3.4) 


b. Solution by Separation of Variables, We reduce the problem of heating 
to that of cooling by replacing the variable 4, — (x, t) = 8(x, 1). Then, 
the differential equation for (x, r) will be identical with differential equa- 
tion (6.3.1). The particular solution of equation (6.3.1) with condition 
{6.3.4') has the form (see Chapter 3, Section 2) 


(x, t) = D cos kx exp[—Har]. (6.3.5) 
Solution (6.3.5) must also satisfy boundary condition (6.3.3), which for 
the new variable # takes the form 


BRD . nace, x) =0. 6.3.6) 


We obtain 
—ED sin kRexp[—Kar] + HD cos kK exp[—Ktar] =0. (6.3.7) 


It is possible to divide through by D exp[—K*at] because 0 <1 <0, 
and a trigonometric equation for determining the constant & is obtained 


LER FR ER 


AK (6.3.8) 





The quantity YR = (@/A)R = Bi is the Biot criterion. 

We designate KR by # (Le., 4 = KR). From an analysis of Eq, (6.3.8) 
it can be seen that # has an infinite number of values, Roots of Eq. (6.3.8) 
may be most easily determined graphically. If the left-hand side of the 
equation cot w is designated by y, (y; = cot 4) and the right-hand side by 
Ya (va= (1/Bi) j2), and the values of the roots x of the characteristic equa- 
tions, are given by intersection of the cotangent curve y, with the straight 
line y, (see Fig. « 5). From Fig. 6.5 it can be seen that there is an infinite 
number of 4, each subsequent solution being greater than the previous one 


Hy SMe Sha Ste <Uee 


The greater n, the closcr 4, approaches the number (a — 1) z. 


216 6, Bouxpany Cospmon or tir Typ Kisp 





Fig. 65. Graphical method for determining the roots of the charactenstic equation, 


The slope of the straight line yy is equal to 1/Hi. At Bi co the tangent 
of an inclination angle will, therefore, be zero and the straight line 33 
coincides with the absctssa axis Then srg = (22 — 1) ba, 1¢., eigenvalues 
for a cooling problem at a constant temperature on the bounding surfaces. 
(see Chapter 4, Section 3) are obtained. 

If the Biot criterion tends te zero, the tangent of an inchnation angle 
of the straight line y, tends to infinity, which implies that the strarght hne 
¥2 coincides with the ordinate axis Then, the roots of the equation a, = 
= (mn ~ 1)n are equal where n = 1,2, +++, be, gy = 0, py + 7, tC 

Thus, characteristic equation (6.3 8) may be written as 


cot p= (1/Dia. (63.9) 


The first six roots seg are given in Table 6.1 for various values of the Biot 
criterion (from 0 to co). The tabulated values of ys, are accurate to four 
decimal places. In the majority of cases, one and occasionally two roots 
He have to be used for targe and intermediate values of Fo. For small values 
of Fo the solution is given in another form. 

Thus, a general solution will be equal ta the sum of all particular solutions 

Mx, 1) = E D005 py = esr] - a" =] (6.3.10) 
= R fs 
The constants D, are defined from imtial condition (6.3.2) which for the 
variable @ may be written as 


O(x, 0) = 1, — 1x, 0) & te — fx) = A@)- (6.3.11) 
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TABLE 6.1, Root oF Cuaracterisnc Equaion cot ye = (1/Bi) 2 
Bi A Ps & we Hs M 
0 0.0000 3.1416 6.2832 9.4248 12.5664 15.7080 
0.001 0.0316 3.1419 6.2833 9.4249 12.5665 15.7080 
0.002 0.0447 3.1422 6.2835 9.4250 12.5665 15.7081 
0.004 0.0632 3.1429 6.2838 9.4252 12.5667 15.7082 
0.006 0.0774 3.1435 6.2841 9.6234 12.5668 15.7083 
0.008 0.0893 3.1441 6.2845 9.4256 12.5670 15.7085 
9.01 0.0998 3.1448 6.2848 9.4258 12.9672 15.7086 
0.02 0.1410 3.1979 6.2864 9.4269 12.5680 15,7092 
0.04 0.1987 3.1543 6.2895 9.4290 12.5696 15.7105 
0.06 0.2425 3.1606 6.2927 9.4311 12.5711 15.7118 
0.08 0.2791 3.5668 6.2959 9.4333 12.5727 35.7131 
0.1 O.3111 3.1781 6.2991 9.4354 12.5743 15.7143 
0.2 0.4328 3.2039 6.3148 9.4459 12,5823 15.7207 
0.3 0.5218 3.2341 6.3305 9.4565 12.5902, 15,7220 
0.4 0.5932 3.2636 6.4461 9.4670 12,5981 15.7334 
0.5 0.6533 3.2923 6.3616 9.AT7S 12.6060 15.7397 
0.6 0.7051 3.3204 «6.3770 9.4879 12,6139 «15.7460 
07 0.7506 3.47 6.3923 9.4983 12.6218 15.7524 
0.8 0.7910 3.3744 6.4074 9.5087 12.6296 15.7587 
0.9 0.8274 3.4003 6.4224 9.5190 12.6375 15.7650 
1.0 0.8603 3.4256 «6.4373 9.5293 12,6853 «45.7753 
1s 0.9882 3.5422 6.5097 9.5801 12.6841 15.8026 
2.0 0769 3.6436 6.5783 9.6296 12,7223 15.8336 
3.0 1.1925 3.8088 6.7040 9.7240 12.7966 15.8945 
Ao 1.2646 3.9352 6.8140 9.8119 12.8678 15.9536 
5.0 1.3138 4.0336 6.2096 9.8928 12,9352 16.0107 
6.0 1.3496 4.1116 6.9924 9.9667 12,9988 16.0654 
7.0 3.3766 4.4745 7.0640 10,0339 13.0584 16.1177 
8.0 1.3978 4.2264 7.1263 10.0949 13.1141 16.1675 
9.0 1.4149 4.2694 7.1806 40.1502 13,1660 16.2147 
10.0 1.4289 4.3058 7.2281 40.2003 43.2142 16.2594 
15.0 1.4729 44255 7.3959 10.3898 13.4078 16,4474 
20.0 1.4961 4.4915 7.4954 10.5117 13,5420 16, 5864 
30.0 1.5202 4.5615 7.057 10.6543 13,7085 16.7694 
40.0 1.9325 4.5979 7.6647 10.7334 13.8048 16.8794 
50.0 1.5400 4.6202 7.7012 10.7832 13 8666 16.9519 
0.0 1.5451 4.6353 7.7299 10.8172 13.9094 17,0026 
20.0 $9514 4.6543 7.7573 10.8606 13.9644 17.0686 
100.0 1.5552 4.6658 7.7764 «10.8871 13.9981 17,1093 
oo 5708 4.7124 7.8540 10.9956 14.1372 17,2788 


— 
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We have 


SL) = J Dy cos pty =. 
aot & 
If the function f,(x) satisfies the Dirichlet conditions, it may be expanded 
into a Fourier series. We multiply both parts of the equation by 
COS #_(x/R) dx and integrate between ~R and +R: 


R x >= ol x x 
JL, LU8) 608 ten Fe ae = = Da fg SOS Ha Fr COS Him de (6.3.12) 


In Chapter 4, Section 3, 2t was shown that integrals on the right-hand 
side of relation (6 3.12) are equal to 
if cos 4s, = cos a = dx 
“a "R "OR 
2g Sin fm C08 He = HaS08 fm 810 ran (63.13) 
Ant — Be 
(See formula (4 3.10), assuming AR — p.) 


Since yx, and pt, are the roots of the characteristic equation (6.3.9), 
may be written 


Bi — MsS iy, Bn SI He 
COS fy COS fin 
We then find 
Ha SiN fle COS fig = Bi COS 72, COS ft 


Ha SIO fig COS Ug = Bi COS pty COS fin 


Hence, the expression in square brackets in equality (6.3.13) 15 equal to 
zero at m+n. Integra! (63.13) 1s, therefore, zero if m7 a. 
For m = n, integral (6 3.13) is given by 


BR e cha ( an 2) - ( 53n Ys, COS 4," 
Jon co Ma dem RU + SE) wm a(n RES ) 


= egy + sin peg 608 peed, 16918) 
Pe 


(See Chapter 4, formuta (4.3 11).) 

Hence, afl the integrals in the nght-hand side of equality (6 3 12) are 
equat to zero, except when mm — a The last integral 16 determined by for- 
mula (6.3.14). Thus, the constant coefficients D, sre 
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JE, AG 008 pnlx/R) de 
JF 008% sald) dx 


= Ba Jj fp x 
in + SiN fl, COS fly R [fw OO aed 





A generai solution of our problem may be written 


Bx, 1) = te — (x, 2) 


Se 
mah te “F 8a fy 608 fly PR 
2 7 x at 
x% =z I SAX) COS py —zax}exe|— Bat - (6.3.15) 
Solution (6.3.15) is at the same time a solution fo the problem on heat- 
ing of av infinite plate / = R in thickness, when its one surface (x = 0) is 
thermally insulated and the opposite one (x = 1) is heated due to heat 
transfer with the surrounding medium. 


If the function f(x) is an odd function with respect to x, then instead of 
particular solution (6.3.5) the following particular solution should be taken: 


A(x, 1) = Csin kx exp[—Kar]. 


Then, similar computations would lead to 


fa — Hx, tT) = 3 


fant 


= JP £00 sin tm J ax} exp[— uy? Fo], 6.3.15") 





where yz,, are the roots of the characteristic equation 
tan ye = —(1/Bi)e. 


Solution (6.3.15) is at the same time a solution of the problem of heating 
an infinite plate with the thickness /= R when its one surface (x = 0) is 
maintained at a constant temperature 4, = const and the opposite surface 
(x = 2) is heated according to the Newton law (the function fi(x) is any 
function satisfying the Dirichlet condition). 

In the general case when both surfaces are heated and the initial tem- 
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perature is any function /,(x), the solution of the problem may be written a5 


me Fe Ha 808: HA0KIN + Bi sin pa(x/ 
em FSB ae Be 


x {F fc Leola COS fy + +Bi sin] as} 
x exo{~ we =] (6.3.16) 


where f = 22 is the thickness of the plate; , are the roots of the charnc- 

teristic equation 

Be 
Ze Bi 





cote = (6.3.17) 


The origin of coordinates 1s on one of the surfaces of the plate (0 <x </). 
Returning to solution (6.3.15) and considenng 2 uniform initeal temper- 
Ature distnbution we have 


(x, 0) = flx) = f, = const, 
A@) = 4 -LO=% 
Then, the integral in solution (6.3.15) will be 





f= const 


2 fF x 2 
a> Fe if: C05 fag fe dE = Ula = fe) 80 ae 


and the solution takes the form 


Bato Se 4 oe a [- +=] 63.18 
tote wee toe} cv bee erty: 


Writing this solution in dumensionless quantities we have 


pat 
or 





m1 = E fAscors, Sp expl- neo} 631% 
Pas R 





where 


ae 6.3.20) 
fig + SEM fly COS pty 


¢. Solution by Operational Method. A solution of differents! equation 
(6.3.1) for the transform T(x, s) under the condition that the anutial tem- 
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perature is constant and equal /, may be written as (see Chapter 3, Sec- 
tion 3) 


Tex, 8) — #2 = A cosh (2) + Bsink (=)""= (63.21) 


Boundary conditions for the transform will be of the form 
—T'(R, 8) + HU(/s} — TR, s)] = 0 (6.3.22) 
TO, s)=0. (6.3.23) 


From the symmetry condition (6.3.23) it follows that B ~ 0 (the tem- 
perature distribution is symmetrical with respect to the ordinate axis), 
We subsitute solution (6.3.21) into boundary condition (6.3.22) to obtain 


us s 
~ a(£)" sint( 2) RH He 4 cosn( 2) RHO 
a a s s a 





thence, the constant A is defined as 
fa — te 
A= 2 "0 $ (6.3.24) 
Tye Tfsy*.fs\" 
s[cosn() R+ a(Z) sinn( =) | 


Thus, the solution for the transform will be 








; > = ry we : 
s s[cost(-=) Ria =) siah(Z) y 2 


Solution (6.3.25) is a ratio of two generalized polynomials. The quantity 
cosh (s/a)"*R represents a polynomial with respect to s, and the quantity 
(s/a)*” sinh (s/a)"*°R is also a polynomial, viz. 


(Z)"vnn( ye (2) TG) "n+ sel} 





Thus, solution (6.3.25) satisfies conditions of the expansion theorem 
because the polynomial p(s) does not contain a constant. 
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We are to determine the root of the function y{z), for which we equate 
it with zero as 


wr eo) (2a 
= sfeos( 2 =)" R+ Se ea ZY" a] = 0: 63.26) 


here the relation cosh s = cos iz, sinh = (1/i) sin Fz is used, 
So we obtain (1) s = 0 (zero root) and (2) an infinite number of roots 
Sn determined by the equation 


cost 





HR sng 0, 


where s(/a)"?7R = py; since # — —1, we can obtain 
cot se = (I/Biya (6.3.27) 


This charactenstic equation is identical with equation (639), it has been 
analyzed above, 

We now determine y'{s) and substitute the corresponding value of the 
Toot s, = —ap,*/R? into wt: 


¥&) = [eosn(4)"" R~ HE) 2) "| 
1 H(Eynma2)a 6 ae (BY a" 
+yarem(z)"* 


Als = 4,, the expression in square brackets 1s zero according 10 equalily 
(6.3.26), Hence, 


7 L - 

dm ¥u) = — ST ily 77 a Vee de COS fy 
Eig 5101 py + S10 Hy COT fay + fy COB Fy COL HAD 

5, = i + He COS" pad 
Tan 7, Ha si0 Ha © SIM fly COS fy + He # 


SI fla COS Hn + He 
2sinp 
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In addition, we have 
YO)=1, — POY= (a= be), PES) = (fy — M0) COS fen(x/R). 
Finally, we obtain 


1x, t) — & = f 2sin pp “ at 
lias Ee j_ “Si Pa __ paid aps 
fa— fo wot Ua + sin ps, cos H, °° M* zh | os Fel: 
me y be fi (6.3.28) 
Solution (6.3.28) is identica! with (6.3.18). 
d. Analysis of the Solution, We can rewrite solution (6.3.28) in dimen~ 
sionless quantities as 











pntedr0,_ § { An COS pty +} exp[— 4,2 Fo], (6.3.29) 
le — to ray R 
where 
5 a i 
Mi 2sin py =(-18 2Bi(Bi* +- ,*) (6.3.30) 


© Hn + SiR fig COS fey BBE + Bi + 7)" 


since sin jz, and cos 4, may be replaced by ¢, and Bi from the characteristic 
equation. 

From solution (6.3.29), it ean be seen that the relative excess temperature 
6 is a function of the Fourier number, the relative coordinate x/R and the 
Biot criterion, since the initial thermal amplitudes 4, arc single-valued 
functions of the Biot criterion (see formula (6.3.30) 


0 = Y/R, Bi, Fo}. 


Numerical values of the first six thermal amplitudes 4, are given in Table 6.2. 
For practical engincering calculations, Figs. 6.6a-6.7b present nomograms 
taken from [102] for determining the temperature of a plate surface 0, and 
at the plate center 0, for prescribed values of Fo and Bi. 
If the Biot criterion tends to infinity, the temperature of the plate surface 
immediately becomes equal to that of the surrounding medium, because 
from boundary condition (6.3.3), it follows that 


fe — 1R, 2) = fin {tr ne} =0. (6.3.31) 


And the eigenvalues jz, will be equal to 
By = Qn — Vb, 
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‘TABLE 62 Varurs or mr Cowmtants 
2 BRP + pt)? 


4°34. 
eis BABY + Bt A) 





$8 


00192 0 COND 
—O01st ool 
—00555 oO ol148 
~80719 = 0.0196 
—0 0873 = 0.073 
—0 1028 0 0789 
Os 00335 
—0 1282 00379 
91903 OO 


B A aA A a aA A 
o 1.0000 0.0000 o KO 0000 = 0.0000 
0.001 = 1.00 0 ONO? (0. €000 oom 0.000 
0.002 1.0001 —0.0001 0 OU 0.000 —0 C000 
OC! 1.0008 —O 00s 9 om? 9.0001 = —0 coo. 
0006 = 1.0012 0 COI? 0003 0.0001 = —0 0000 
0.00$ 1.0018 -0 OIG =O 00D col = —0 CoOL 
oo1 1.0020 —0 0000 0.0005 0 ooo! ~© COOL 
02 1 0030 —0 0010 0 C010 0.000} —0 (ood 
OF 1 0065 0 CosD 0000 © GO0s 0 Coos 
06 1.009 -O0119 00030 0.0007, ~0 CUS 
os 1 —0 0153 0 0010 omi0 =O COS 
1 
1 





O32 0.1989 0 174 OTE 0 0535 
0389 0209-015 =O OSS —0 OFFI 
0 pH 02108 -0 ne ocss —0 0576 
—0 ast 020 —0 1514 © 1072 —0 0795 
04187 O14 Ofer OES? OOK 
—0 4198 ONT —0 1718 or 0 1015 
-O4NT ODF -O1TS9 OIKO =O 1069 
O47 O27 =-O1779 01KS = —O 1098 
O42 O26 -O17t 01379 —O.1ITS 
0437 O73S -01803 01354 —O NSE 
—04239 02339 01808 40S 0 TAD 
—Q44t O28 01819 OO AIS ONS 
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Fig. 6.fa, Graphs for determination of the dimensionless cxecaa temperature for a 
plate 0, for high values of Bi (0.1 < Bi < 1000) [102}. 





Fig. 6.6b. Graphs for determination of the dimensionless excess temperature for a 
plate with small values of Bi (0.001 < Bi < 0.1) [102]. 
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Fiz. 66, Graphs for determination of dumensionless excess temperature 
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Fig. 6.7a, Graphs for determination of dimensioniess excess temperature in the piate 
center 9, for high values of Bi (0.1 < Bi < 1000) [102]. 
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Fig. 6.7b. Graphs for determination of dimensionless excess temperature in the plate 
center @, for small values of Bi (0.001 < Bi < 0.1) [102]. 
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i.e., 4, will not depend on the thickness of a plate. From formula (6.3.30) 
it follows that at Bi-+ co 








(6.3.32) 


(Qn 


* 2 = (—1)"" 
al Gat Lae cir Te" 


A 





since cos (27 — 1)12 = 0. Then solution (6.3 29) assumes the form 


= 4 Qn— Dae Qa 1)! 
—- VW (-1y"t - eminem 
d=1- 3S (- gs eo So oa + ro]. 


(6.3.33) 


This solution is identical with (4.3.16); it is only necessary to assume 
Decct = 1 — Opear- 

Th ensity in heating d?/dr may be found by differentiating equation 
(6.3.33); it will be inversely proportional to the second power of the char- 
acteristic plate dimension and directly proportional to the thermal diffus- 
ivity, as 








2S a8 Ay 603 tae exp Hn? Fo] 
Ge RS Rg 


Hence, the heating rate of a plate at a given point will be determined by the 
thermal inertia body properties and depend only on the velocity of heat 
displacement inside the plate (interna! problem) 

If the Blot eriterion ts small (Bi < 0.1), then afl the terms of the senes 
are negligibly small sn comparison to the first, because ot 4, —* (a — 1), 
A, 0 with the exception of A, which is equal to 





2seh 
= = =; 
as matt ro 


a+ SA 


For small values of yy, tan a, may be replaced by py. then from the 
charactenstic equation we obtain 
wy? = Bi. 
Hence, solution (6.3.29) acquires the values 
O = 1 —cos(Bi)'? x/Rexp]— Br Pop. (6.3.34) 


In this case, the heating rate 
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a SR eB exp[— Fo*] (6.3.35) 
is directly proportional to the heat transter coefficient and inversely pro- 
portional to the first power of the characteristic dimension of the plate, 
Thus, the rate of heating is determined by that of heat transfer from the 
surrounding medium to a plate surface (external problem). 

If the criterion Bi is larger than 0.) or less than 100 (0.1 < Bi < 100), 
then jt, is a function of Bi i.e., it depends on the plate thickness. In this 
case, heating rate is inversely proportional to the nth power of the plate 
thickness (1 << <2) and determined by both the heat transfer rate 
inside the material and that through a boundary layer (boundary-value 
problem). 

In Fig. 6.8 all three cases are plotted as temperature-distribution curves 
at various time instants and one can see that in the first case the plate 
surface temperature is equal to that of the medium, starting from the very 
commencement of heating. The temperature difference between the central 
plane and the plate surface for Fig. 6.8a is greater than for the other two 








Fig. 6.8. Temperature distribution in an infinite plate for various values of Bi: (a) 
imernal problem (Bi -+ oo); (b) external problem (Bi —> 0); (c) boundary-value problem 
O < Bi <a), 


cases. In Fig. 6.8b (Bi— 0) the temperature of the surface is close to that 
of the central laycr, and the temperature drop between them is the smallest. 
Figure 6.8c is the intermediate case falling between the first two. 

If the temperature-distribution curves arc cxtended beyond the plate 
surface in the direction of tangents, then they all intersect at one point 
located on a line 4, = const (see Chapter 1, Section 6). 
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Thus, if the plate thickness is increased by 2/H (by 1/ from both sides) 
and it is assumed that in this fictitious layer a temperature distribution 
occurs according to a straight-line fay, then all the distribution curves will 
intersect at one point and a boundary-value problem reduces to a gencral- 
ized internal problem. 

Returning to solution (6.3.29) of our problem, we note that 





Hs <page Spy 


and consequently (6.3 29) quickly converges ond, starting from a certain 
value of Fo,, all the terms of these series becomes infinitesimal as compared. 
to the first term, so they may be neglected (11 will be shown that to within 
0.25% at x/R = O and Br = I, all the terms of the serics may be neglected, 
if Fo > 0.55). 
Hence, at Fo > Fo,, solution (6.3.29) is considerably simplified and has 
the form 
0 = 1 — Ay cos py(x/R) exp[— 4" Fo]. (6.3.36) 


For convenience in calculations Pigs. 6.9 and 6 10 present diagrams of 
#, =fUBi) and A, = ¢ (Bs) for values of Bi from 0 to 20 (at Bi - 01. 
may be calculated according to formula (6109) developed later in this 
chapter) For small values of Bi, a number of terms of the series must be 
taken, Which leads ta certam difficulues in computations. 








. ” mB 


Fig. 69. The first root jx, of the charactertstic equanon versus Bs for a plate, 
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Fig. 6.10, Coefficient 4, versus Bi for an infinite plate. 


Let us now determine an approximate solution of our problem applicable 
to small values of Fo. Solution (6.3.25) for the transform may be written 


hp—b 





Tey) = = 


3 


3 | expli(s/ayx] 1 exp[— (s/a}' 4x) 





jexpl(s/a)*R} SEP OH aa ROR 


fa fe 
Pree fexpl— G/a)"(R — 2)) + exp[— G/a""R + 2))} 


x [+ {El = (/HYG/ay*Y [1 + O/AYs/a)*)} expl— 2Gfay*RI}* (6.3.37) 





If the expression in the square brackets is expanded into a geometric 
serics and only the first term of the series is taken, then we obtain 


pie 
HO + UAVS 


x fexpl—(e/a)*"(R — x)] + expl—(s/a)!"*(R + x)]}. (6.3.38) 


The inversion of the transform is accomplished according to the relation 
used in Section 6.1 
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—_ten=t 
On Ean 
R— — 
merle SSE — explMR — a) + ale] erfe(. iow + Mary) 
R+ 
+berfe are — explA(R -+ x) + att*a}erte{ fas + {ary ‘} s 
(6.3 39) 


If the origin of coordinates is displaced from the middle of the plate to 

the left surface, fic, a variable x + R= X 45 substituted) and provided 

that 2R — oo, then solution (6.3.39) converts into solution (6.1.11). 
Rewriting solution (6.3.39) in critenal form we have 


1 = (eR) 
Om enfe Te 


1 = (x/8) ; 
x erfef + Bi Foy} 


+ tel TID - evr[a.(1 + =) + Bit ro] 


1+ (eR) 
x erfe( FCP 4 mqFoy*). (6.3.40) 


ee cxnfni(t 7 +) + Bit ro} 


Solution (63 40) is approwmate and applicable to small values of Fo, 
it in effect replaces the sum of a large number of terms of a series of the 
ordinary solution (6.3.29), 


We now give a numeral example to illustrate the effectiveness of solution (63 40) at 
amalt values of Fo. At small vatucs of the Fourier number, the temperature of the body 
center dors not change in practice, ana! a change in the temperature of the plate surface 
(x = RVs, Wherefore, of the greatest interest. In 1932, Poscht [95] calculated the tere 
perature of such a plate surface with cooling for small values of To (from 0.0003 to 001) 
for vanous values of Bs (from @ 1 to 2000) These eskculstion results are given in Table 6 9 

Computations were made according to solution (6325) Pisch! noted that he had 
to tale 36 terms of a senes at Fo = 00003 Indced, such bulky computations cause 
astonishment. 

We neat esteubite (1 — 0) according to our approumate formula (6949) Tor the 
Plate surface only rhe fit 1wo terms of solution (6 3 40) need be taken. 16. 


1 = 0, = exp I[Br {Foy "Terie (Foy, 3a 
This approemaie sotunon (6.3 41) e convenient for calaulations at small yalucs of the 
number Dy Foy' *; at large values of RA(Fo)' the following relitwn sy ued 


Peden a tees 
“Sv \e” ae ae id 
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TABLE 6.3. RELATIVE SuRFAce TeMPeRATURE OF A PLaTe (1 —6,) ~ y(Fo, Bi) 





Fourier number, Fo 








as 0.0003 0.0010 0.0025 0.0050 0.0100 
0.1 0.999 0.997 0.995 0.993 0.989 
0.5 0.996 0.983 0.975 0.963 0.948 
1 0.980 0.965 0.947 0.926 0.897 
ca 0.927 0.872 0.809 0.747 0.670 
” 0.883 0.726 0.615 0.522 0.428 
20 0.705 0.555 0.441 0,336 0.256 
50 0.468 0,309 0.241 0.154 oO. 

100 0.287 0.171 O11 0.079 0.056 
200 0.157 0.088 0.087 0.040 0.028 
S00 0.066 0.036 0.023 0.016 0.01 
1000 0.033 0.018 0.011 0.008 0.006 
2000 0.017 0.009 0.006 0,004 0.003 





(6.3.42) 





i 1 
(seeane — sre 





To calculate (1 ~ 9,) for Fo = 0.0003 and Bi — 1000 we first determine that the 
number Bi(Fo}"? is equal to 


Bi(Fo)¥* = (0,0003)"*-1000 = 17.32. 
We use formula (6.3.42) to calculate 


1 i 1 
= = | -—=-- - se 0.033. 
Les { Ta 3 =i) * 
‘Thus, a value is obtained, which corresponds to the tabular one which was calculated 
by using a great number of series terms. 
For Fo = 0.0100 and Bi = 1000 the number Bi(Fo)** is equal to 100; then 


1=0,- 1 = 0.06. 
100 Vz 


From Table 6.3 one can find that at Fo = 0.0100 und Bi = 1000, (1 — 6,) = 0.006, 
i¢., is correct to within 1%. 
Taking next a small value of the Biot criterion (Bi = 0.5), at Fo = 0.0010 we shall 
have 
Bi(Fo)** = 0.5 (0.0010) = 0.0158. 
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According to formula (6 3 41) we find 
1 =, = exp0 00025) erfcx0 0153) = 0953. 


which also agrees wath the tabular dota. 

From the above computations one can sce that approumate solution (6 3 41) gives 
quite satisfactory resulls and tremendously decreases the Libor of computations required 
by the elastical solution (6 3 29) This 11 the greatest advantage of the operational method 
over the ordinary one: rt permis one to obtayn approwmate solutions for vanous values 
of the critera Fo and Br 





¢. Specific Heat Rate. To determine the heating rate, we define the mean 
plate temperature by the formula 


I= Fp fl andr. (6343) 


TABLE 64, Tue Valurs or Covsravrs: 


2m 
Bet + Ba + #8) 











by a, a a 
so ORK = OL O03 = AMIS RCO 
90 0.8280 0.0899 00323 OT 0 oms 
30.0 «83S = 0893S OCS Oors2 =. 0086 
13.0 0855 O08 00279 Colm = 0 oa 
10.0 G83 GCOs9 OCS GOR oo 
90 08796 0.0821 © 0222 0 0031 © ons 
8.0 08859 «0.0797 «SO D205 oo2 coo” 
7.0 0892 00765 O0185 OK: =. ons 


6.0 0 Ot 0723 @ 0162 0 cost 0 0020 
0 9130 0 0664 0 0133 0 0010 0 coors 
0 9264 0 oss 0 0104 007 0 o10 
0 9430 0 0368 0 0070 0 cor9 0 oNs 





0 9095 © C007 
4 0000 0.0002 


5.0 

4.0 

30 

20 0.9635 ou 0 00}? 0 co 0 O03 
1s © 9749 9 om0 92 0 ons 0 0002 
40 0 9862 0 0124 0 coir 0 0002 0 0001 
0.9 © 9882 0 a105 0 com 0 0002 0 ono) 
os 0.9903 © 0088 © 0007 0 0001 

o7 0 9730 0 coro 0 0006 0 oor 

06 © 9939 © Coss 0 cont 0 a0] 

os © 9955 o cow oo) 0 0001 

o.4 0773 oar 0 oot 0 cool 

03 0.782 0 COIs 0 coor 

0.2 

on 
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If the corresponding expression from solution (6.3.29) is substituted for 
4(x, v), we have on integrating 


He) = 4 5S Bexpl— ato] (63.44) 
tg — to co 
where 


Ay SIT By 2 Bit 
By Bi? + Bi + p,*)" 





(6.3.45) 





All the coefficients B,, are positive, und quickly decrease with un increase 
in y,. In Table 6.4 the first six values of B, are given as a function of the 
Biot criterion. These values of B, are accurate to four decima) places. 

At Bi oo, the coefficient B&, will be equal to 


2 8 


Pee BO 


For convenience of computations, Fig. 6.11 gives diagrams of B, = f(Bi) 
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Fig. 6.11. Cocflicient A, versus Bi for an infinite plate, 


for values of the Biot criterion from 0 to 20. The specific heat rate (keal/m*) 
for the given time r is determined by the formula 


4Q, = elie) ~- to). (6.3.46) 
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S. Parabolic Initial Temperature Distribution. Next consider the problem 
of cooling a plate in a medium with temperature J, <= 0 when the initial 
temperature distribution is given according to 2 paraboktc [au 


Mx, 0) = B, — (0, — BCR) 


where 0, and 0, are temperatures ot the center and surface of the plate, 
respectively. The solution of such a problem is widely used in the diffusion 
theory as weil as an drying technique. 

The solution of thts problem from (6 3.15) will be of the form 


Ann= = expl— 22 Fo} 





1 He + 0p, COS fy 
2 5" x 
x HI, AC0 005 me. | de, (6347) 


where fi(x) = O(v, 0) is the temperature distrebution ot the initial sme 
instant. 

The integral in solution (6 3.47) may be determined explicitly, Using 
the formula 


J wtcos udu = 2ucosm + (ut — 2)sinu, 


we have 
2 §* 0,cos py, He de = 28H, 
re cd ay fa 
and 
+ 
$Me. erGrcorm fae 
— 240 = 9.) sin te 


2 3. 
pls (Seta st ep 


(t/4,) cot y2, may be replaced by Bi according to the characteristic equation: 
then upon the necessary transformations, the solution takes the form 


x COS jy owl- BE Fo), 6.348) 


where 4, ate the constant coefficients defined by relation (6.3.30). 
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To conclude this section, a particular calculation is given. The temperature in the 
middle and at the surface of a rubber plate 6 mm in thickness is to be determined after 
two minutes of heating in an air stream at ¢ = 1S0°C. The initial plate termperature is 
20°C. 

The thermal cocfficients of rubber are assumed to be 2 = 0.21 keal/m hr deg, 
¢ = 0,36 keal/kg deg,” = 1100 ke/em’, j-3 X 10 m*/hr, and @ = 28 keal/m* hr deg. 
First we determine the dimensionless independent quantities. 

The Fourier number is 





ar $.3+10*-2 


Fo= i 00-9-10* 


= 1.96, 


as R — 3mm = 0.003 m. For the Biot criterion, 


oR 28 
j = “* — 9,003 - 0.4. 
Bi 7 oar 2 04 


Since the criterion Fo — £.96 is greater than unity, we may restrict ourselves to the 
first term of the series in solution (6.3.29), i-c., 


1,1) — 


Gate 





x 
=1 — A, costs expl— H:* Fo}. 


Thes from Tables 6.1 and 6.2 it follows su, = 0.5932 ~ 0.593, A, = 1.0581. 
‘Thus, we have 


0, = 207) = 20 


=1- |— 0.3516- 1.96] 
, 150 1 — 1.058 cos 0.593 exp[— 0.3516-1.95} 





= 1 — 0.440 = 0.560. 


‘The valuc obtained is verified by that shown in Fig. 6.6a. For Fo =» 1.96 and Bi = 0.6 
this nomogram gives 0, 0.56. 
The relative excess temperature in the middle of the plate is 


40, 7) ~ 20 
s eae 1,96] = 1 — 0.529 ~ 0.471. 
9. = T5539 7 | — 1.058 expl— 0:3516-1.96) 


According to the nomogram in Fig. 6.7a we find for Fo = 1.96, Bi = 0.4 that 0, = 0.47. 
Thus we have 
1, = 20° + 1308, ~ 20° + 130-0.56 = 92.8°C 
te — 20° + 1309, = 20° + 61.2 = 81.2°C. 
Ta determine the specific heat rate we calculate the mean temperature of the plate 
7@). We have 
ox ie) 








= t — Byexpi— is? Fo] 


= 1 — 0,997 exp[— 0.689] = 1 — 0.498 = 0.502 ~ 0.5. 
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‘The constant B, is determined from Table 64 Hence, 
7= 20+ 130 05 — 857, 
The specific heat rate wall be 


AQ, = cit) — F) = 035-1 1005S — 20) = 25740 Kealim* 
= 23.74 cal'cm’, 


This amount of heat was transferred to I cen? of the plate during the two minute period 


&. Nonsymmetrical Heating. To conclude this section we consider non- 
symmetrical heating of an infinite plate with boundary conditions 





1(e, 0) #2 th = const, 6.3 49) 
+ au ike — 0.91 =0, (6.3.50) 
oan, 2 Iles — 18. 1} = 0 (6 3.51) 


where I, = 04/2, Hy = cy/4 
Using the Laplace transform with respect to r, the solution of differential 
equation (6.3 1) for the transform may be written as follows 


Tx.) — 42 = cosh (4)! + asin (4) + (6352) 


Boundary conditions (G3 $0) and (6 351) for the transform will have the 
form 
~ T(0,s} + Hi[TWO, #) — (te/s)] ~ 0, (63 53) 


T(R, 5) + HATR, 5) — (4/89) = 0 (63 $4) 


‘The constants 4 and B in solution (6 3.52) will be determined from boundary 
conditions (6 3.53) and (6.3.54) The resulting values of 4 and J will be 
substituted into (6.3.52) to give 


fo 


~ c xe ~ te) [cosn()’ ‘e-™m (2) ‘inh (5) ‘| a 
ey ea 


ne 2. (6355) 
vis) 
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Equation (6.3.55) is the ratio of two generalized polynomials where p(s) 
does not contain the constant, i.c., the conditions of the expansion theorem 
are fulfilled, 

Equate the function y(s) to zero to find its roots, 


+ Ben)">+ GPa) 4048 )"9 


Thence we have (1) s = 0, and (2) an infinite number of roots 5, evaluated 
from the characteristic equation 


cot ye (f- - 44) {1 
BR 








Bi 






(6.3.57) 





where i(s/a)"*R = yx, Bi, = HR, Big = HsR. The points of intersection 
of the cotangent curve », = cot # with the hyperbola of the form 





give the roots #, of Eq. (6.3.57), their number is infinitely large. In pairs 
they have the same absolute values and opposite signs. Since 5, = — ay,*/R® 
only positive values of the roots #, need be considered to determine s,,. 
Applying the expansion theorem to the case of simple roots we find 


(x, 7) ~ 1 + Bi,x/R 
lef (+ Bi, + Bi/Bi) 





o= 


— z Aa(cos tp = + i sin re i) expt #2 Fo], (6.3.58) 


where A, is the initial thermal amplitude equai to 


Bi \ sin pty COS Hn + Hn ie % 
An ={(r ~ =) am te finmay + (63.59) 


The specific heat rate is easily determined by the ordinary method. 

If Bi, = Bi, is assumed, the characteristic equation (6.3.57) becomes 
identical to (6.3.17). Then from (6.3.15), solution (6.3.58) is obtained, if 
we assume f,(x) equal to f = const. In Fig. 6.12, 6 = (Fo) is plotted for 
the case when the temperature at one surface of the plate (x = R) is main- 
tained constant and equal to the initial temperature 


((R, rt) = ty = const. (6.3.60) 
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Fig. 612 Diumensionicts excess temperature 6 versus To for an infinite piste with 
fone surface maintsmed at 8 constant temperature squal to the mital one [102] 


On the opposite surface of the plate, the heat transfer follows the Newton 
law 


940, 1) 
~ Se tle — , D1 = 0 


6.4 Finite Rod without Thermal Insulation of Its Lateral 
Surface 


a, Statement of the Problem. Consider a finite rod 2R in length ia thermal 
equihkrium with the surrounding medium with the temperature te le. the 
rod temperature is the same everywhere and equal to that of the surrounding 
medium. At the tnittal time instant the rod ends ere brought in contact with 
@ new medium, the temperature of which if 1, >t, (for example, they are 
Lumersed in heated oll). The lateral surface of the rod glves off heat to the 
surrounding medium with temperature te (absence of thermal insulation of a 
lateral surface) The temperature distribution along the sod length at any time 
fnstant as well as the heat vate are to be determined under the assumption 
that remperamre drop takes plece only in the ehrection of she rod length. 
Heat transfer follows the Nenton law. Our problem is similar to that in 
Section 6.2, but here the rod ss of finste length, 
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We place the origin of coordinates at the center of the rod (Fig. 6.13). 
Then, on the basis of computations similar to those in Section 6.2, the dif- 
ferential heat conduction equation is writen as 


Ox, t) Fr(x, x) @ 
Sr Rion loser > raat Sit )— to) 
@>0; —R<x<+R) (6.4.1) 


where A is the ratio of the area of the rod cross-section to its cross-section 
periphery. To generalize this problem, the heat transfer coefficient (24) for 
the lateral surface is assumed not to be equal to that (a,) for the rod ends 
(4), since this condition is more realistic in describing the present 
heating process. 





= o “= 


Fig. 6.13, Temperature distribution in a finite rod without thermal insulation of its 
‘side surface, 


The boundary conditions may be written thus 


1(x, 0) — tf) = const, (6.4.2) 
= 2 Pah ) +t alta — AR, = 0 (64.3) 
80,2) _ 9, (6.44) 


Ox 
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5. Solution of the Problem. Let us solve this problem by the operational 


method, If the Laplace transformation is applied to (64.1), we shall have 
{see Section 6.1) 


Tx) — (é +H) [re 9- 4+]=0. (645) 
The general solution of Eq. (6.4.5) is 


Thx, 2) = = Acosh( +H) + Bsinh( 2 + 





Boundary conditions for the transform are 
—T(R, 2) + L(G /s) — TLR, 3)] = 0. GAT) 
T'(O,2) =0, (6.48) 


where If, = a,/2. 
From the symmetry condition (6 4.8) it follows that B = 0 The constant 
4 is found feom condition (6.4.7) 


— (5+ Se) "asinn(Z ae $ 4)" p+ Hs — Antpcosh(2 + )'"x 


: Sa uF 
s 


from which 
anttl 
oe ee 
i cosh(= + BY "Re ae +H)" soh{ = + +H) "a ee 


Neace, the solution for the transform will be of the form 


m 
(= 1) cost{S + + x 


eon S$ Rt ase 5h) | sant a5) ‘a| 
(6410) 


TUx, 3) — 2 


Before turning to the inverse transform, consider a more simple problem, 
Assume If, = 09; then from boundary condition (6 4 3) 1t follows that 


(ER hee (44D 
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ie. from the very beginning of the heating process the ends of the rod take 
the medium temperature f.. 
The solution for the transform with H, = cc is 


(t — fo) eosi( S + a) %) 


35 Sy vs)” 
scosh( £4 St) R 


& 
T(x, 8) — rap 





(6.4.12) 


Here @(s) and y(s) are generalized polynomials with respect to s, which 
has already been proved many times; using the expansion theorem, we 
find 
Sj ay 
ys)=s cosn( = + 4) R=0 
(1) s = 0 (zero root), 


af Ss a, \* ci Opty? aa 
Q) (+3) R= y= On — NS, s= — (H+ Se). 


The value of y'(s) at s = s, is 


. s @, \? sR{s a s a, \¥E 
v= cosh = +5y'R + FS BY" sinn( = + $)'% 


ee tp HR 
VG) = zmsin tale + SE) 
Consequently, the solution of the simplified problem has the form 


cosh( Bi)? 
(x, t) ~ bo BR aie Hn = 
Om SEA tem ——__F— 3 (1) “amen 


R 

je 24. Bi(— 

cosh{Bi)'”* i Be Bi ( i 
x exp[—(i + Bi 4) ro]. (6.4.13) 
where Bi = «;ft/2 is the Biot criterion, Fo = at/R? is the Fourier number. 
Hf the rod is thermally insulated (i.e., heat transfer from the latcral surface 


is absent), then Bi = 0; thus 


621-5 (-1 05 iq expt wt Fo]. (6.4.14) 
= Bn 
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tanh(Bi,)"* se 


. g Br, & my R 
(Bi)! 1 + EL Fe tanh (iy 


_ igs 
b= a 


3 ee ery Be or[- (mets tS) ro], 619 
2a eB RR (1 Meas +) 3] ae 
where B, are the constant coeficients determined by the relation (6.3 45). 
As an example we make the following computation. The relative excess 
temperature in the rod center is to be determined when its ends are main- 
tamed at a constant temperature (0, = 1) for various values of Bi, and Fo. 
Heat transfer occurs from the lateral surface to the surrounding medium, 
the temperature of which ts equal to the initial rod temperature. Ri = 10 
For computations, we use solution (6.4.13). We have 





0, = CRT te 1 4 2 
s la — ta Toshi) *10) jx*+ 100m, 


x oo[-(= +1001) Fo| 


+ yo = (= + 100 m) Fo] aise (6.4.20) 
pat + 1008, 


From formuta (6 4.20) we can see that at large values of Bi (at R/h = 10) 





Fig. 614. Dimensionless excen temperature in the rod ecnter versus Bi for variour 
valucs of Fo with £'k = 10. 
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0, = 0. This means that the convective heat transfer predominates over 
transfer by conduction through the rod ends because the rod is thin and 
long. The criterion Bi is thercfore taken from 0.05 to 1.0. We calculate 8, 
for the criterion Fo = 0.1, 0.2, 0.3, and 0.4, and the results are given in 
Fig. 6.14 where 8, represents the ordinate axis and the criterion Bi,, the 
abscissa axis. From Fig. 6.14 it can be seen that starting from Bi, ~ 0.4 
all the curves become one line. For smail values of the Biot criterion 
Gi, <0.1) the curves rise sharply with increase in Fo. 

If Bi, = 0 then the previously tabulated solution (6.4.14) results directly 
from solution (6.4.13) (see Chapter 4, Table 2). 





6.5 Sphere (Symmetrical Problem) 


a. Statement of the Problem. Consider a spherical body of radius R with 
the given initial temperature distribution as the function f(r). At the initial 
instant the sphere is placed into a medium with a constant temperature 
tz > t(r, 0). The temperature distribution inside the sphere at any time and 
the specific heat rate are to be determined provided that the temperature at 
any point of the sphere is a function only of time and radius r. This latter 
condition corresponds to the uniform heating of the sphere surface and iso- 
thermal surfaces represent concentric spheres (symmetrical problem). 

In this case the differential heat conduction equation may be written 
thus 


SAM g FUE M 0 0<r<R). (654) 


Initial and boundary conditions are the following: 


1(r, 0) =f), (6.5.2) 
_ GR, x) pes 2 
= + Bits — {R, 7] =0, (6.5.3) 
202) 9, 10,2400. (6.5.4) 
a 


In the presence of a nonuniform initial temperature distribution, the 
solution by the Fourier method yields results more rapidly. 


4b. Solution by the Method of Separation of Variables. We introduce the 
variable f, — t(r, t) = 8(r, r) in order to reduce the problem of heating 
to that of cooling and thus we can use the particular solution obtained in 
Chapter 4, Section 4, 
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The particular solution of Eq. (6.5.1) under the symmetry condition 
(6.5.4) has the form (see solution (4 4.8)) 


O(e, €) 22g — le, = 8 expt- karl. (65.5) 


The quantity & is determined from boundary condition (6.5.3) which for 
the vanable O(r, r) assumes the form 


29(R, x) 
=SS—- 


--? HR, 1) = 0. (6.5.6) 


We now introduce boundary condition (6.5.6) into solution (6.5.5) to 
obtain 


SOAR copl— abte} + CAESAR expt ahtr] 





—-c 
+ Cin kr espl— attr] = 0 (657) 
Cancelling through by (C/R) exp [— ek*r) we obtain 


(4B) sna ~ keosak = 0, 


and from this 
tankR ~ — KR/CUIR — 1) (658) 


Equation (6.5.8) 15 4 trigonometric equation which has an infinite number 
of roots (KR) We designate these characteristic roots by we AR and the 
Kot criterion by 47K Then, the left-hand side of the charactenstee equauon 
Ji = tan ge fepresents a tangent curse and the oeht-hand sie and y, 2 
straight line, with a slope equal to (Di — 1) ys, ot salues of Bi «1 the 
straight line 1s located in the fourth octant and at values of Bi < |, an the 
first one Points of intersection of the tangent curve y with the strarpht 
line yy give values of roots jy: (Fis. 6.15). 

Prom Fig. 6 15 it can be seen that there is an enfinite number of roots f. 
each subsequent root being greater than the previous one 


Me <By Shy Sees <pta 6.5.9) 


At Bi = co, the slope of the straight line y, is ero and the strarght line 
coincides with the abscissa aus; then the enensalues pz wall be proportional 
lorie, 

Ba = Ax at Bi == co 





Fig. 6.1. Graphical method for determining the roots of characteristic equation for 
a. sphere. 


If the Biot criterion is unity (Bi = 1) then the straight line y, coincides 
with the ordinate axis. In this case “4; = 4a and ps = $x, fly = $n, etc, 
ie, fn = (2n — 1)3a. 

If Bi + 0, then the slope of the straight linc is equal to unity, 7, > (3 Bi)” 
because from the characteristic equation it follows 





Restricting ourselves to the first two terms of this series for cot #4, we 
obtain 


By = 3 Bi. (6.5.10) 
The remaining roots (2, 43, ---) arc determined from the equation 
tanp=y at Bi+0. (6.5.11) 


Thus, the characteristic equation may be written as follows 


(6.5.12) 





1 
tan p= — ye 


The first six roots 4, are given in Table 6.5 for various values of the Biot 
criterion. These values of y, are accurate to four decimal places. In the 
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TABLE 65. Tie Roots or tie Otaractrersne Equation 





1 
meee 
EE 
B wa Me “ iM Ms mM 


——— $e 





co 0.0000, 10.9041 14 0662 17.203 
0.005 oins 10.9046 14.0666 17,2210 
oo 0.1730 10 9050 14.0669 17,2213 
0.02 0 2445 10,9060 14.0676 2 
oo) 0.2991 10 9069 14 0683 na 
aos o 34s0 10.9073 14.0690 17 223t 
oOos O 3853 10.9087 14,0697 207 
006 = 60 4217 10.90% = 14 O70S_—17. 2342 
oo 0 4551 10 9105 1412 17 268 
os D436 10 911s 190219 47 2254 
0.09 = 0 $150 309123 34.0725 17 2200 
O10 OB 10 9133 140733 17 2266 
O45 Tom 10 9179 14 0769 AT 2Es 
an 0 7593 10 9235 14 0805 17234 
on O 9208 10 9316 $4 0875 17 2382 
0.49 1 o528 10 9403 14 ON6 17 2480 
0 sa 4 1586 109999 4 1017.17 2898 
ow 1 26H 10.9591 14 [oss 17 2836 
© 70 4 3525 10968214 118917 2614 
a8 1 4320 109774 = 14123017: 2672 
0.90 1 sos 109865 18.1301 17. 2790 
to 1 svos 0 9986 i472 47 2788 
Les 1 6320 11 0087 weD 17 2383 
1.2 1 687 M0137 415d 17 2003 
4.3 1.7518 11,0228 4 158337: 2961 
14 1 7906 310318 18 365H NT SLD 
1.5 1 8366 11.0807 wT 17 076 
1.6 1 e793 Uci9y Is 179 AT BE 
17 4 9203 TL OSss tS 86S AT _~3192 
18 1.9986 14 1993 47 3249 
19 1 9987 14 3005 17 33906 
z0 2 css 14 DOTS 17 33464 
2.5 21796 442420 17 wt? 
30 2 2889 $4 2764 17 3932 
40 2 4357 is 34t 17 4490 
5.0 2 srt 13.0800 «ITH 
60 2.6537 14.4699 «17: S862 
7.0 2 7165 14 ssa 17 aT 
so 2.7684 34 534747 6867 
9.0 2 gots wars 17 702 
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TABLE 6.5. (continued) 








Bi Ms Ue Ha M Ms te 
10.0 2.8363 5.772 8.6587 11.6532 14.6870 17.7481 
10 2.8628 5.7606 3.7083 11,7027 14,7335 17,7908 
16.0 2.9476 5.9080 8.8898 11.8959 14.9251 17.9742, 
21.0 2.9930 5.9921 9.0019. 12.0250 15.0625 18.1136 
31.0 3.0406  6,083i = 9.1294 12.1807 15.2380 18.3018 
41.0 3.0651 6AML 9.1987 12.2688 15.3417 18.4180 
51.0 3.0801 1606 9.2420 12.3247 15.4090 18.4953 
61.0 3.090) 6.1805 9.2715 12.3632 15.4559 18.5497 
81.0 3.1028 6.2038 9.3089 12.4124 15.5164 18.6209 
101.0 3.1105 6.2213 9.3317 12.4426 45.5537 18.6650 
~ 3.1416 6.2832 9.4248 12.5664 15.7080 18.8496 





majority of cases we can get an adequate answer if we restrict ourselves to 
one, seldom two, value, of uy. 

Turning to solution (6.5.5), since there is an infinite number of constants 
ky = Mal R determined by characteristic equation (6.5.12), the gencral solu- 
tion of our problem may be written as the sum of all the particular solutions 


2%, 7) -= 6, AD exp| - Ke]: (6.5.13) 
The constants C, are determined from the initial condition 
Hr, 0) = te — tr, 0) =e — Mr) =AO- (6.5.14) 
We have 
fi = % cB (65.15) 


With certain restrictions on the function f,(7) which have been stated be- 
fore, C, may be determined by the Fourier method. 

Multiplying both parts of the equality by rsin fm(r/R) dr where fém is 
the mth root of characteristic equation (6.5.12) and integrating from 0 to Rg 
we obtain 


JE OO sit pf R) ar = JES sin pe eHRD sim wale] R) de 


=EG, 1 sin pia (r/R) sit ja(r/R) de. (6.5.16) 
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In Chapter 4 it was shown that any integral of the right-hand side of equality 
6.5.16) may be presented as 


tm f® sin Pa Fe sit pra-he dr 






™ = Pa 
Ret, Si0 fa COS Ha ( ie ) 
me Cf Et coty, — 1). (6.8.17) 
Bt = ttn? Ba echoed ( , 


From characteristic equation (6.5.12) it may be shown 


Bo Be on 


ran jt, Cot jn, 
Pe Pr aes 





Hence, integral (6 5.17) is zero at mata. If m= n, integral (6.5.17) 
willl be 


= 510 C05 fi) 
2H. (6 5 18) 





® sio* wee Rt: eS 
JP sin ne ar als = ) 
Thus, all the integrals sn relation (6.5 16) are equal to zero, exeept when 
on =n. Hence, the constant C, 15 


im r 
f f(r) sin ty = dr 
5 Rees Zita eT i owe 
a: oa anp.com, K to GLY S10 te de, 


m 7 
gaa ee 

J; sin? pi,5 de 

The general solution of ovr problem has the form 


x ae sin (F/R) 
Of, 1) i — x TD = = aus 


x £ efke) sin pale1R) de expt ood Fol (6.5.19) 





If at the initial instant the temperature of a sphere docs not depend ons 
t(, 0) = f(r) = ty = const 
the integral in solution (6.5.19) may be calculated etphetly: 
(4-4) 
> 


RK 
+ ft @. — fr sin le ada (519 Ha — Ha ©O8 fla) 


since 
J xsin x dx = sin x — xcos x. 
Finally, the solution of the problem may be written thus: 


$ 2Sin fea pa COS Hep) R sin (r/R) is 
-> See Se “exp[—p,2Fo). 
2 a Sin ap 608 fg 7 an een 





e. Solution by the Operational Method. The solution of differential equa- 
tion (6.5.1) for the transform 7(r, s) under condition (6.5.4) has the form 
(sec solution (4.4.22) 


Tt, s)-t=—a—A4! (6.5.21) 


Boundary condition (6.5.3) for the transform will be of the form 
TR, 8) + AGIs) — TER, 9) = 0. (6.5.22) 
We determine the constant B to be 


-+ a5)" cosh (2)"e + Fesink {Z)"r 


from which we have 
(fe — 4) AR 


z [ure -1) sioh{ 2)" + (2) Reosn(2)"} ; 
Solution (6.5.21) takes the form 
te ~ te) HRE sinh(£)""r 


5 rH — 1) sinh(2)""R + (£)"Reosn{ 5)"| 








4 
Tr, 8) — 2 





— 2 (6.5.24) 
wis) © 


The numerator O,(s) and denominator y,(s) of solution (6.5.24) are 
not generalized polynomials with respect to s but they may be reduced to 


24 6. Bauxoary Coxpmos of nie Tump Kiso 


Such polynomials 0(s) and y{s) by multiplying both by (s/a)*%, In this 
case the relation 
23.) _ PG.) 
YG) WG) 


may be used, where P{s) = s*,(5). y(s) = sty,(s) at st 0, P{s) and 
y(s) are generalized polynomials with respect to 5. 
We determine the roots s, for which 9,(s) is equated to zero as 


(6.5.25) 


" 1" . 
vated = ref 28 — 1) sinh(£)'"R + (2) "Reosh(Z)'"R] 0. 
Thence, we shall have s = 0, {zero root), and 
RRAC: hgh “eh 
(HR -1) sho(2) R+ () cosh 2) 'R 
Ge paren eyte are 

= (UR = + sini(Z) R+ (2) Reosi(2)"R 0. 
Putting i(s/a)Y9R = p, we then have s, = — aze,4/R®, and jig 18 determined 
by the characteristic equation 


(IR — I) sin + pcosp =O 
or 


tangs (6.5.26) 








where Bi = J7R ss the Biot criterion, 

To determine the value of $(0)jp'(0} for the first (zero) root, solution 
(6.5.24) as transformed so that rt represents the ratio of two generalized 
polynomials 
PCs) 

wilt) 





n[@i-n (a-sp Sates) =( 


= MU), 
ys)” 


As a result we obtain 
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For the remaining roots ,"(s) we find 
F 
1 sy Ss s ° s\@ 
+y (4) Reosn( 2)" Ress sinh =) R] 


where [~] denotes the expression in the square brackets in the denominator 
of solution (6.5.24); it is equal to zero at s <= s,. Thus, 


wi) = rN) + [oi -nt (4)"x coils) 


1 . A 
wi) => A (i — 1) €OS eq + COS Ha — Hn SiN fy.) 
= “DE [Bi 008 tg — fen iD tg} 


eet = 
Bi sin gag it Hn COS Ha — Hn)» 


sing 
ae 





(55) = (hq ~ ) BR 





_ (a—t)R 


= . r 
Ty (SIT Un — By COS fq) SID poy, x 


So the solution of our problem has the form 





a r 
‘z Rsin 2p, 
pe DSi F 4—_* exp[— p42 Fo], (6.5.27) 
et Tika 
Ag = 2ESiD Ba = Hn £08 Hn) (6.5.28) 
Pa — SIM fy 605 fy, 





Thus, « solution which is identical with solution (6.5.20) is obtained. 
Initial thermal amplitudes are single-valued functions of the Biot criterion. 
Therefore, it is more convenient in computations to use an expression for 
A, in which trigonometric functions are replaced by yz, and by the Biot 
criterion according to the characteristic equation, Thus, for 4, it may be 
written 
2Bi [u,* + (Bi — 1)°¥? (6.5.29) 


Aga (I ae a 


Six values of 4, calculated according to this formula, accurate to four 
decimal places, are presented in Table 6.6. 
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TAULE 66, Tz Vaucts of me Cosstasts 





1 

1 

1 

1 

1 

3 

1 

‘ 

4 

1 

1 

t 

1 

1 

1 

' 
os0 1 fata 1292 -a0us aorta -o0stO 
060 pny 0136 = =—0 18 O82 = ~0.0096 
O70 1 1978 0179 0120 007% —ooSI2 
of = 2217 02080-0114 86 1IS3 0 0927 
0% 1 2483 0279 -O 160 = 0.1278 —0 12 
10 1 m2 025% 01819 01418 0 NST 
Mt 1 2970 2792 —ao107? Oo 1853  —0 1272 
12 1 320 03035 02175 «0 1694 0 1387 
13 13428 03276 0.23920 1833-0 1901 
a4 1 3640 03518 02528 =O 1972 0 1616 
1s t asus 3782-02703 «020 -017%0 
16 1 4051 039% 0737 OR =~ 1843 
17 147 04218 «03051 «= 0.2385 ~0 1957 
18 1 4396 O47 03228 =H S22 0 2078 
1.9 14618 0.4671 03395 0.2639 0 2183 
20 14793 04399 «03565 9027S ~ 022% 
23 A ss79 Os9s0 04355 DD = 2835 
30 16223 O43 -OS20S 04122 ~0 3403 
4.0 4.7701 Oem --06719 O59 0.4476 
3.0 4 7870 10353 0 FOIS «0 6ST — 0 $501 
60 1 8338 11673 0.9933 0 7702-0 4478 
70 2 3673 1276 -1osy7) OBS OTHE 
8.0 1.2920 13703-11413 O33 —0 8204 
9.0 1 9105 14uz  -1 sab O49 0 9073 
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TABLE 66, (continued) 








For practical calculations, Figures 6.16 and 6.17 depict nomograms for 
the determination of 8, (relative excess temperature of a sphere surface) 
and 6, (relative excess temperature at a sphere center) as a function of the 
Fourier numbers and Biot criteria. 


& = 





























‘oo ‘008 OF ost 
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Fig. 6.16. Plots for determination of dimensionless excess temperature at the sphere 
surface (102). 


d, Analysis of the Solution, If Bi — 0, then according to characteristic 


equation (6.5.26) 
My = 70, (6.5.30) 
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Fig. 6.17. Plots for determmation of dimensionicss excess temperature in the sphere 
center [102} 


and the initial thermal amphtudes are 
Ag = (— Veet? = 2(— 1" (653t) 


Then solution (6.5 27) becomes identical with solution (4.4 32) if an the 
latter 11 as assumed that Ogee — UE — Sneae Where Ogcet ~ (1 — Med/Mle — fed 
(tp > tes the sphere 1s cooled) and Ono — Cl — fe)! {te ~ fod Cla > fo» the 
sphere is heated). If Bi = 1, then 


Ba = Qn Dd AL = (— 2) (6.5 32) 


‘The heating rate will thus depend only on thermal inertia properties of a 
matenat. 

At small valucs of Bi (Bi —~ 0) all the coefficients 4, + 0, except the first 
{Ay = Vand pr,® = 3 Br (set relation (6 5.50)) Then solution (6 $27) for 
small values of Bi may be written 33 


Rsn(3 Bi)’ ae 


Samper 3 Fo}. (65.33) 


be1l— 

From solution (6 $27) st follows that owing to mequality (659) the 

series converges rapidly except for very small salves of Fo, since the es- 
poneatial functions eep(— 41,7 Fo) rapidly decrease with an increase 19 Ha 
Therefore, if small values of Fo are not considered, we may fesinct our 
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selves to one term of the series. Then the solution assumes the form 


Rsin R 

o=1- 4 ABEL copy wtFo], at Fo>Fo.. (65.34) 

For convenience in practical calculations, Figs. 6.8 and 6.19 present 

graphs x, = (Bi) and A, = (Bi) for various values of the Biot criterion 

(from 0 to 20). At Bi >0.1 the root ~, may be calculated by formula 
(6.10.15). 


a 
o 09 w ow 2 
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Fig, 6.18. ‘The first root 1, of characteristic equation versus Bi for a sphere. 


For small values of Fo in solution (6.5.27) we must take a considerable 
number of terms of the scrics, resulting in the known calculation difficulties. 
Therefore, we find an approximate solution of our problem applicable to 
small values of Fo. 

The solution for the transform may be written thus 


h Bi(t, — to) ae eee 
T(r, s) — = = wii) + aki (exp{— g(R — 1)] — exp{— af R + ND 
aR- B-Day ml 
x [I+ RE) 2yR) 
Bi R(t, — fe) 


(expl(—4a(R-1 — exp[— (R40), 


~ TsicBi — 1) + gR) (6.5.35) 
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Fig. 6.19. The coefficient A, versus Th for a sphere 


where q = (s/a)'7. To are at this result we expanded the expression in 
square brackets into sertes and resincted ourselves to the first term, as at 
the small values of Fo the quantity ¢R — (s/a)"*R ss large 

The inversion of the transform 1s made sccording to the table of trans- 
forms (see Appendix) 


ar, =) = fe 1 (r/R) 


RR 
aly ee aaa | EF) {erte Zoey 


= exp [as — 1) Fo + (Bi = ve ¥ =)) 





x erfe (LEG + ci — rer }} e336 


Here the following notauon is introduced 
((4)4(F 2)) — + A(— 3) — AG 2) 


An exact solution may be found for Bi — 1. Relation (6 5.35) may be 
written in such a form 
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— Lat) S or 
Ts([aaR 2 1 


x fexp[—¢[Qn—1)R—r]] — exp[—g[(2n—1)R+r)]}}. 
(6.5.37) 





Tir, s) — 4 


From the table of transforms we have 








wf : cot kV FI] = 27 tee KE  65.38) 
sve we 


Then our sotution takes the form 


=~ © = 2n—1—(r/R) 2n— 1+ (r/R 
o=2— (Foy"* caf enfe SE — ferfe rae} 
(6.5.39) 


If in solution (6.5.36), r = 0 is assumed, an indeterminant form is ob- 
tained. Accordingly, we now determine an approximate solution for the 
sphere center (* = 0) from the solution of the transform T(r, s) which in 
this case may be written as 


—m 
Ttr, 8) = 
= Bi gR(ta — to) 
s[(Bi — 1) sinh gR + qR cosh gR] 


regal eel al, 65.40) 


= 2 Bill, 1) [1 — “wa 
since at large values of gR one may assume sinh gR = cosh gR = 4 et, 
Using the table of transforms we find 


8, = 2 Bi exp[(Bi — 1)? Fo + (Bi — 1)] ertel arpa + (Bi nro} 
(6.5.41) 


Approximate solutions (6.5.36) and (6.5.41) are valid for the small values 
of Fo; at great values of Fo it is necessary to use solution (6.5.27). 

At the small values of Fo, the sphere-center temperature is almost con- 
stant, A change ia the surface tentperature is therefore of the greatest interest. 
This temperature changes over wide ranges at small valucs of Fo and at 


large values of Bi. 
Table 6.7 presents the values of (1 — 8,} for Fo from 0.0003 1o 0.0050 
when Bi changes from 0.1 to 1000. Péschl obtained the values (I — ,) 
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TABLE 6.7, Recative Tiserrrarens at rit Sruxe Suarace 1 — 0, = ytTo. Bi) 











To 
Bi 
0 0003 0 coos 0 C010 0.0028 10,0050 

or 0.999 0 998 0.996 0 oF 0,991 
o.s ont 0.983 0 932 om 0939 
! 0 931 0975 0 964 OS 090 
4 0.925 8 WS 0.868 0.805 Om 
10 9,830 0.787 0.717 0.6) 0, $02 
20 0.701 0 63s 0.545 oa ous 
50 0 463 0 392 0.300 o197 O17 
190 © 284 027 0164 0 103 0.071 
200 o 184 om a 084 00s: 0 O35 
1000 0 031 0 026 oo ooo 0 07 





from solution (6.5.27) by means of lengthy catculation (sce Section 6 3). 
Our approumate solutions yield the same result with very simple caleul- 
ations. We shall Mlustrate the above by examples. 


Let Bi = t and Fo = 0000) Then, using formula €6 5.39) we obit 


0, = UFO) verfeO = KOM 46.5 42) 
s 
verfou me (UMS) a = werfou, 16543) 


and the new terms of formula ($39) sre neghgibly small as compared to the fit 
Turther, 


0, = b — 240.0003)" 17 — 09381, (654) 





which fully coinerdes wath the data in Table 67. 
Let Fo = 0.0025 and Bi = 100 Making use of solution (6 $ 36) which may be written 
thas, 


1 





Ont Pn —erplcan ~ ty FolertetBs — mUroyIAh (63.4) 


‘The remaining terms in solution (6.5.45) are neglected as they are neghevbly small ay 
compared tg the oped Laken. We have 


My = 1XFo)'4 = 45 
lence, we have 
10, = 1 — 100901 — eupiOzorsferfeO es) OTS — (65.45) 


In this ease, according to Table 6 7, (1 — 9,) sequal to 0.023, Le., there is very good 
agreement. 
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Thus, the approximate solutions yield quite satisfactory results and re- 
place the bulky calculations obtained from formula (6.5.27). 


e. Specifie Heat Rate. We detcrminc the mean sphere temperature by 
Kt) = G/R) f Pt(r, 0) de. (6.5.47) 


If the corresponding expression from solution (6.5.27) is substituted for 
t(r, t) and the following formula is used 


J asin udu = sinw — weos.u, 


then upon integration we obtain 


= AD 21 F Benoit Fol, 6548) 








where 2, are the constant coefficients determined by the relation 


4B 


a Be (Hee + 


(6.5.49) 





i? — Bi)” 


‘The first six constant coefficients &, are presented in ‘fable 6.8 for various 
values of the Fourier number. 

Since we usually need to use only the first coefficient graphs of 
B, = f(Bi) for values of Bi (from 0 to 20) are plotted in Fig. 6.20. Two 
curves of different scale along the abscissa axis are plotted for convenience. 
The specific heat rate (keal/m*) is determined by the formula 


AQ, = ofl) — bo). (6.5.50) 


For small time values, the specific heat rate may be determined by the 
relation 


3 OR, 2) 
40.=~ frsgee. (6.5.51) 


where O1(R, t)/Ar is calculated similarly as in the previous paragcaphs. 

Having nomograms and Tables 6.5, 6.6, and 6.8, as well as the corre- 
sponding graphs for 4, 4,, and By, it is possible to make particular cal- 
culations quickly and easily. Consequently, 20 additional calculations will 
be made. 
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TADLE 6.8, Tit Vators of nit Constants: 





3 
2. 
2 
1. 
1 
1 
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0 Cool 
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Fig. 6.20, The coefficient 8, versus Bi for a sphere. 


6.6 Infinite Cylinder 


a, Statement of the Problent. Consider an infinite cylinder with radius R 
and with a prescribed radial temperature distribution in the form of some 
Junction fir). Isotherms are assumed to be represented by coaxial cylindrical 
surfaces, ie., the temperature in the cylinder depends only on its radius and 
time, At the initial moment the cylinder is placed in a medium with a constant 
temperature 1, > (r, 0). The temperature distribution in the cylinder at any 
moment of time, as well as the specific heat flow rate, is to be found, 

The differential heat conduction equation for an infinite cylinder was 
given in Chapter 4, Section 5, The imitial and boundary conditions may be 
written as 


ar, 0) =f), (6.6.1) 
HRD rp, — HR, M1 =0, 6.62) 
ao) =0, 10,1) 400, (6.6.3) 


6. Solution by the Method of Separation of Variables, Let us reduce our 
problem of heating a cylinder to that of cooling by replacing the variable, 
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ic. we assume (7, t) = 1, — e(r, #). Then the initial and boundary con- 
ditions will take the form 


O(r, 0) = 1. — flr) = Fir), (6.6.4) 
a0(R, 2) 
PED + 110(8, 2) = 0, (6.6.5) 
20.9 <0. 00,9400. (666) 


A particular solution of the differential heat conduction equation for 
Bn infinite cylinder when the isotherms are distributed coaxially with respect 
to the cylinder axis has the form 


Or, ) = [CUa(kr) + DY (Ar) exn[— A*er], (66.7) 


where Jg(kr) and Y_(kr) are zeroth-order Bessel functions of the first and 
second kind, respectively, and C and D are constants {see Chapter 4, Sec- 
tion 5) It follows from Eq (66 6) that D = 0 (sce Chapter 4, Section 5), 
the constant C will be determined later from the anstiat condition 

Substituting boundary condition (6 6.5) into particular solution (6 6.7) 
gives as 


—KCIAKR) exp{— Atat] + NCIAAR) exp[— tat] = 0 


since 


ks 
wdKO. = — kilkr) 


dividing by Cexp [— Mar] (0 < F <0), we obtain 


JAAR) AR AR 668 
ZGR) RB Ang) 


Equation (6 6 8) is transcendental; we may obtain its solution graphically. 
Denote KR by p1 (je — AR) The function Jglee)/J,(ue) becomes zero at those 
points for which J,(st) <= 0, i¢., at the points 1), tg. 6+» te are the roots 
of the function J,(2) At those points at which the function J\{y2) becomes 
rero, the function Jolse)/Ji(z) undergoes a discontinuity and becomes equal 

+ 00. We denote the roots of the function J,(#) by x. 

Let us construct the curves y, = Sofse)/Ji() that intersect the x atis Bt 
points ¥, and have asymptotes parallel to the y avis at pornts x, (Tg. 6 2 
The curses y, = Joa)/A,(s) resemble a cotangent curve but differ in the 
phase. 
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Let us then plot straight line ys == (1/Bi) #. The points of intersection of 
the line y, with the curves y, give the values of the characteristic roots. It 
is seen from Fig. 6.21 that there is an infinite number of roots #4, all of 
which lie between limits vy, and x, (¥q << He < %,). If Bi» 00, the straight 
line coincides with the x axis and the roots 42, become cqual to the roots 
Vn (ttn = Ya) 1€., they do not depend on the Bi criterion. 





Fig. 6.21, Graphical method for determination of the roots of characteristic equation 
for a cylinder, 


At Bi-+ 0 the value 2, > (2 Bi)!* which follows from the characteristic 
equation if the functions Jo(z) and J,(2) are developed into series and if 
we restrict the development to the first terms of the scrics. Indeed 








from which 
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‘The remaining roots are determined from the equation 
Jfn)= 0, 


and, hence, do not depend on the radius of the cylinder. In the case where 
0 < Bi < 00, the roots #, depend on Ri and, consequently, on the radiue 
of the cylinder. The first sic roots yy, ug, +++ 5 fe fe given in Table 69 
for different values of the Bi criterion. 


TABLE 6.9. Tat Roots of me Ctasacriasmc Cquaroy 

















ALU 
EATS) 

B “ Me uy Mm n we 
oo © 0000 38317 70186 10 1735 43:3237 16 4706 
OO 1512 38h) 70170 10 1745 4 16 4712 
002 0 1995 3 8369 7 Oss tO 1758 13 3252 16 4713 
oo4 O14 3821 70ND = LOUTH FIT 16 ATH 
0.05 O38 = «3.8473 7M «LOTS 1D ITED tH ATEN 
008 03% «3 KSIS 7:02 = NH ABES 13.3297 tH 4785 
010 O47) 3897 = 7 0N8 313331216 4767 
ais © 5376 3 8706 7 O69 40 1882 13 3349 16 4797 
am © 6170 38335 7 O40 19 19)1 13-3387 16 4828 
ax © 7465 39091 7 Oss> 10 2029 13 3462 16 ass 
040 08316 = 39344-70723 10727137 aD 
a0 O MOR = 39554 TOTES = tO ATS SLL ts S010 
ow 1 o1gs 7100s = 1D 922 136RH 1 07D 
07 1 as73 TAs 103419 13576116 SHIR 
on 1 1490 7 182 to 2519 133335 16 S19 
0% 1 3098 TUM = 1061319: I9TD 16 S284 
to 12553 71558 to 7710 13 J984 16 S31 
ms 1 4569 72s 10 3183 13 4353 Mh S412 
z0 13909 TIM 1D HESS IN ATID — tb $910 
do 1.7887 4463474103 104505 SHHH 1G GP 
40 1.9081 460187531 1 HH ENTS 8 7073 
5.0 19898 4 7191-7 BIT? 10. 622_—s1F OTIS HG PESO 


Thus, the characteristic equation (668) may be wniten as 


tau) Ne 669 
Tuy see" 


We return to Eq (667) A gencral solution will be the sum of all pare 
ticular solutions 
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er, = = Cott +z) exp[~ eZ], (66.10) 


The constants C, are determined from the initial condition which will be 
written as 


1,0) =f = E Cybele 66.11) 


With the restrictions stated in Chapter 4, Section 5, we may develop the 
function f,(r) into series. For this purpose we shall multiply both sides of 
Eq. (6.6.11) by rJo{gm(7/R)} dr and integrate with respect to r between 0 
and R (we recall that the Bessel functions themselves are not orthogonal 
but rather the product V 7Jo{siq(7/R)}. Then, assuming the term-by-term 
integration of the scrics we shall have 


fF Ko atanteiRyy ar = = Cu J rlaltalt IRV akin 1RI} dr. (6.6.12) 


Let us show that ull the terms of Eq. (6.6.12) become zero for mn, Ac- 
cording to Eq. (4.5.20) we may write 


Je loteal-/R) Wolttm(r1 RD} dr 


— Rittaoldtnda(tn) — Medallt dled) &id) 
Pmt — Pr 


From the characteristic equation, we have ig/:(fu) = Jo(#,) Bi. Then we 
may write 





HnJaltinIa( ttn) = Bi Solsigelttm) » 
fcbolHeadI(Ute) = Bi JoletaVollte)- 


Integral (6.6.13) is clearly equal to zero for mn. Jf m =x, let us use 
Eq. (4.5.19) which we shall write as 


Jo tent 1R)) cr = REDE) +N. (6.6.14) 
Thus from Eq. (6.6.12) under conditions (6.6.13) and (6.6.14) we obtain 
JF iver sohoete 12D} a 


-2 aa saa Le Ht Olaate1 RD) a. 
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‘The final form of the general solution of our problem is 
O(r, 1) = 4, ~ tr, 1) 
-= Iotpn (1 RI} 
a GF PU 
2 


x Fe ft neon(u-B) er evp[- nt Zl. 66.15) 


ICSi(r) = t. — fy = const, the integral in Eq (6 6.15) is equal to (see for- 
mula (4.5.24)) 


CURD JP (te = td DalualeI RD} dr = Clade). (66.16) 
Then solution (6 6.15) may be written as 
9 = MD Sa tutriRewl- m'To), (6617) 
te — bo = 
where 


2S.) 


A= 
PARC) AG) 
are constant coeMficrents (the so called mmitial thermal amplitudes) deter- 
mined by the Bi criterion. 
€. Operational Solution. 11 was shown in Chapter 4, Section 5, that for 
a symmetne problem, a solution for the transform Tir, s) had the form 


The, 8) = (tls) = ard(2)"7} é (6618) 


where 4 ts a constant indepervient of r and Ip{tsfo)* *r} > Jefi(sfay' 7} ts 
the modified zeroth-order Bessel function of the first land. The tranution 
from the modified functions to the ordinar, Besse! functions may be made 
by means of the relationship 


Iz) = i-°5,iz) (6619) 


The constant 4 is found from boundary condition (6 6.2) which for the 
transform T{r, 3) will take the form 


-T(RS) + nf - 7189) =o (66720) 
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Let us substitute boundary condition (6.6.20) into solution (6.6.18) 
ve w an 
oe 4(2) 1{(=) Rl + (Htels) — (Hts) ~ AHTy {(4) R} a= 0; 


Then 
Ga be) 


AG PAG 


He) = WO) =A: + yet gig to 





where 


is an odd function with respect to z[/,(— z) = — /,(z)]; it plays the same 
role as sinh z. Hence, solution (6.6.18) will have the form 


ref 2)"" 
~sool( 3) _ 9) 

sy T (s\™ f/sy" 1] 96)" 
Lets) -8} tar (CS) tS) hI (6.621) 
Solution (6.6.21) is a single-valucd function of s and represents the ratio 
of generalized polynomials, the polynomial of (he denominator not contain- 


ing a constant, i.e., conditions of the expansion theorem are observed. Let 
us obtain the roots of p(s). For this purpose we shall equate it with zero: 


wer = sf f(2)"ah + gp (Z)"n{(S)"a}] = = 0. 6622) 
where the expression in brackets is denoted by p(s). From Eq. (6.6.22) we 


shall find the roots s,—0 and g(s)=0. Then 5, = — au,?/R? where 
= i(sja)Y*R. The constants x are determined from 


w(a) 9} + ae (Z)C)"5} 
— h(3)""} + ae (3) CG) 9 


= Ile) — “te BI(w) = 0. (6.6.23) 





T(r, s) — 2- 
g 


Such a transcendental equation has an infinite mumber of roots #4, which 
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may be obtained by a graphical solution (see above) Hence the charac- 
teristic equation has the form 


Uod/AG@)} = (1/Bi) 4. {6 6,24) 
Let us find the subsidiary values 
v's) = Gs) + gia 


=O) + aye Tay (ar iS yahese(S) a f(S) ‘a}| 


#0) 





Foy 7 Men te 
r 
HD. seas ey — 1) PIF) 
Fey OPUS [HR + DAG) + HUD 


x er {- +=] 
PL — Ha Re] 
sinee U'(=) = Jy'(é). 
Hence the solution of our problem has the form 






6 MO = add =) expl—-pt Fo) (6625) 
=] 
where 
2B: 
~ CF DAG) > AAO 
Zia) (66.26) 





~ ) + 
The latter transformation is made on the basis of the recurrence formula 
Bel ad = fda) — Ata) 


and the characteristic equation (6 6.24). 
The constant coefficients A, can be calculated from relation (6 6 26) 
which may be transformed to 


Ta) 


2B 
~ Te 


With the help of this formula, the first six cocficients A, can be calculated, 
and are given in Table 6.10. 


(66.27) 


6.6 Infinite Cylinder 273 


TABLE 6.10. Tue Vatues of te ConsTANTS 
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Fig. 6.22a. Graphs for determination of dimensionless eveeys temperature at the cl 
Inder surface for Bi from © 1 to 10v0 (102) 


For engineering calculations, Figs 6.223-6.23b give nomograms for 
determination of O, (the surface temperature of the cylinder) and of 0, (the 
temperature in the center of the cylinder) as a function of fo and Tr 


@. Analysis of the Solution. It has been shown that at Br - 09, the roots 
By Were determined by the equation Ji.) 0, te, they are the roots of 
the Function Jy(u). In this case, the cocflicients 4,, following formula 





Fiz. 6.22b. Graphs for determingnion of dimenuonlen excen tempetature at the yk 
ander surface for small Br (0000) < By < 01) [102 
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Fig, 6,.23a. Graphs for determination of dimensionless excess temperature in the 
cylinder center for Bi frorn 0.1 te 1000 [102]. 


(6.6.26), will be equal to 
An = 2ftldrCn)- 


Solution (6.6.25) becomes identical with solution (4.5.36) if in the latter 
Bis replaced by (1 — 0), since in this case, the problem of cooling a cylinder 
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Fig. 6.23b. Graphs for determination of dimensionless excess temperature in the 
cylinder center for small values of Bi (0.0001 < Bi < 0.1) [102]. 


276 6. Bounpary Cospmo~ or tic Tip Kino 


is replaced by that of heating. It follows from boundary condition (6.6 3), 
that the surface temperature of the cylinder s(R, r) rapidly becomes equal 
ta the ambient temperature 4, and the whole process of heating reduces 
to a temperature leveling inside the cylinder (internal problem). In the 
stationary state (Fo = 00) the temperature at any point of the cylinder is 
equal to the ambient temperature. 

At low values of Bi (Bi 0), with the exception of 4, == | all the cocf- 
ficients A, approach zero (sce formula (6 6.26), since J,(ye.) = 0: and 
A@)lz-=1 when z+ 0; in addition, 72, = 2 Bi (see relation (6 6.8)). Then, 
for low yatues of Bi Eq. (6.6.25) may be written os 


Oni- J {enue =) expl—2 Bi Fo). (66.28) 


In this case, the temperature drop inside the cylinder will be small and the 
process of heating depends only on heat transfer between the surrounding 
medium and the surface of the cylinder (external problem). In all inter- 
mediate cases, the process of heating depends both on the heat transfer rate 
inside the cylinder and the rate of heat exchange with the surrounding me- 
dium (boundary value problem) The charactersstic numbers jt, depend on 
Bi and, consequently, on the radius of the cylinder The rate of heating will 
be, therefore, inversely proportional to the nth power of the cylinder radius, 
where a lies between the limits 1 and 2 (1 <a < 2). The series (66.25) 


2 » 6 co 00 x 








awe 








Fig. 624. The fint root yy of the characiensuc equation vervy By for an incase 
hinder. 
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converges quite rapidly as on the basis of inequality 
Ha <fis < fla S00 Shiny 


the exponential function exp [— #," Fo] decreases rapidly with an increase 
in wa. If, therefore, we exclude from consideration small values of Fo, we 
may restrict ourselves to onc term of the series and neglect the remainder. 
Now solution (6.6.25) takes the form 


@ = 1 — AyJo{u,(r/R)} exp [— ws Fo], at Fo > Fo,. 


See Section 6,11 for the limiting value of Fo,. 

For practical computations, graphs of 4, = /(Bi) and 4, = (Bi) for 
values of Bi from 0 to 20 are given in Figs. 6.24 and 6.25 (for Bi > 0.1 the 
root py may be calculated by formula (6.10.15)). 
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Fig. 6.25. The cocfficient A; versus Bi for an infinite cylinder. 


If the Fourier number is small, many terms of the series must be taken, 
thus making the application of solution (6.6.25) to engineering calculations 
difficult, 

Let us now find an approximate solution applicable to small values of 
Fo. For the transform in solution (6.6.21), let us develop the functions 
Asl(s/a)*R] and J,[(s/a)“2R] in an asymptotic series (see Appendix 1 ) 
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since for small yalues of Fo the value of (s/a)' *R is great 
i (ta — tele 
avs 


expi— a(R — 1) 


(+ sesh)" 


1425 (ue-2) +e (ua- Bie 


Te, 3) — 


x 

ante ag 
s s 

% [t + * (< +Z- up)+---|(4) nN. 


Where ¢ = (s/a)*". Using the table of transforms we find 


expl— a(R — 7)] 


4 
t-+— 

_ tr) fo A 
g-ee 2u(4 To) rele or 


r 


1-— 
RY . hs 2 = x tee 2 
(+) re, eo Mess Bi erfesots sree. (6629) 


where 
sere - —Lewf- at) — werfew, 
Vez 
Perle u = — + [a + Ww) erfe uw — 22s uexp|~ #] 


va 


In the development into the asymptotic series, we atsume that not only 1s 
the salue of (s/a)' ?R great, but also that of (s/o)! #r, Cor small vatues of r, 
such an expansion will therefore not be valid In this case {r ~20), the 
function 4.(@R) may be developed into an asymptotic senes and the func- 
tion 4,(qr) into a power series, 1... 


Kg) = 14 ae gto 


After some manipulations we obtain 


0, = 1 4B Foe] a5 (6630) 
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Solutions (6.6.29) and (6.6.30) are valid for smali values of Bi. For large 
values of Bi, we shall find another approximate solution for the surface 
temperature of the cylinder. 

For the surface of the cylinder (r = 2), solution (6.6.21) may be written 











prs Wa-t) a — 
Tr, s)— = [ “aR GRY (pe spay 
TER Jy (GR), HR 2HR 
since 
1- Bas 

Hts) _ a 

Tz) T 9 
iter? Ts 





Using the table of transforms we find 
0, wet [I — exp{Fo(Bi — 4)*] erfe(Bi — 4)(Fo)**]. (6.6.31) 


For a sphere, solution (6.6.31) is similar to solution (6.5.41), with the 
exception that we use the multiplier (Bi — 3) instead of (Bi — 1). 

‘Now we may show in the same manner as in Sections 6.3 and 6,5, that 
approximate solutions (6.6.29)-(6.6.31) give very satisfactory results, re- 
placing cumbersome calculations by formula (6.6.25). In Table 6.11, the 


TABLE 6.11, Rutarive Tearenature at THE Cyuunpen Suarace 1 —0, = y(Fo, Bi) 








Fourier number, Fo 








0.0003 0.0005 0.0010 0.0025 0.0050 

0.1 0.999 0,998 0.996 0.994 9.992 
0.5 0.991 0.988 0.983 0.972 0.960 

1 0.981 0.975 0.965 0.945 0.923 

4 0.926 0.905 0.868 0.815 0.740 
10 0.831 0.789 0.720 0.611 0.514 
* 0,703 0.643 0.551 0.421 0.325 
$0 0.465 0.394 0.305 0.205 0.147 
100 0.286 0.230 0.168 0.107 0.075 
200 0.156 0.122 0.087 0.054 0.038 
beat 0.064 0.050 0.034 9.022 0.016 
1000 0.032 0.025 0.017 9.011 0.008 
2000 0.016 0.012 0.009 0.006 0.005 
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values of 1 — 0, are given (6, is the relative excess surface temperature of 
the cylinder) for small values of the Fourier numbers at various values of 
Bi. Table 6.11 is reproduced here from the work of Poschel already mention- 
ed. Approximate calculations by formulas (6 629) and (6.6.31) give good 
agreement of the results with the tabulated data, 


¢. Specific Heat Rete. Let us find the mean temperature of the cylinder 
by formula 
2 


iM= ee 


if ri(r, t) dr. (6.6.32) 


in which the expression from solution (6 6.25) should be substituted for 
tr, t). Then, taking into account relation (6.6.16) we shall have 








6 MO 2 ~ S Brew no Fol, (66,33) 
teats at 
where 
245) 4B 
B= oe Ae of Rm a (6634) 


ie, cocfficrents A, depend on the Bi cntenion The first stv coefficients D, 
are contained in Table 6 12. 

The senes in Eq (66.33) converges quite rapidly, therefore, except for 
very small salues of the Founer number, we shall restrict ourselses to the 
first term of the series For convemence of calculation of the first approw- 





Fig. 626. The crefinent 8, verses By for an enficute OLekr. 
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TABLE 6.12, Tae Vacues or Tum Consrants 
4Bit 


a= BrMiyd + Bit) 





‘3 
® 


Bs 2s B By By 





0.6917 0.1313 0.0534 0.0288 0.0179 0.0122 
0.7170 0.1309 9.0530 0.0284 0172 0.0113 
0.7359 0.1289 0.0529 0.0268 0.0155 0.0097 
0.8041 0.1260 0.0387 0.0152 0.0070 0.0035 
0.8133 0.1229 0.0361 0.0137 0.0061 0.0030 
0.8242, 0.1187 0.0331 0.0120 0.0052 0.0025 
0.8375 0.1132 0.0296 0.0103 0.0043 0.0021 
0.8532 0.1057 0.0254 0.0084 0.004 0.0016 
0.8721 0.0953 0.0207 0.0064 0.0025 0.0012 
0.8984 0.0813 0.0156 0.0045 0.0017 0.0008 
0.9225 0.0625 0.0103 0.0028 0.0010 0.0005 
0.9535 0.0388 0.0053 0.0013 0.0005 0.0002 
00,9694 0.0240 0.0032, 0.0008 0.0003 0.0001 
0.9843 0.0536 0.0015 0.0003 0.0001 0.0001 
0.9868 0.0114 6.0012 0.0003 0.0001 

0.0093 0.0010 0.0002 0.0001 

0.9916 0.0074 0.0007 0.0002 0.0001 

9.9936 0.0056 0.0006 0.0001 

0.9955 0.0040 0.0004 

0.9970 0.0026 0.0003 

0.9983 0.0015 0.0001 

0.9992 0.0007 

0.9995 0.0004 

0.9998 0.0002 

0.9999 0.0001 


Sesseiesorp oii pusn sie eee ss 
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2 
g 
& 





mation, curves of B; = /(Bi) are given in Fig. 6.26 for the values of Bi from 
O to 20, 
‘The specific heat rate is found by the conventional formula 


40. = op lit) ~ ts). (6.6.35) 


6.7 Infinite Hollow Cylinder 


a, Statement of the Problem. Consider an infinite hollow cylinder with radii 
Ry and Ry with an assigned initial temperature distribution in the form of 
some function f(r). The temperature of the cylinder depends on the radius 
and time. 
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At the tnitlal time moment the cylinder is put into the medium with constant 
temperature t,. The heat transfer coefficients for the external and internal 
surfaces are different (cc, 4 a:). The temperature distribution tn the ¢ytinter 
at any moment is to be found 

The differentia} heat conduction equation is given in Chapter 4, Section $, 
The initial and boundary conditions may be written as 


17,0) = flr), a 
Rut) 2 + (4 — (Ry 0) = 0, (6.7.2) 
es Pits n de oa Ite — {Re = 0. (6.7.3) 


b, Solution by Separation of Variables. First our problem of heating the 
cylinder is seduced to that of cooling by replacing the sanable 


Or, 1) = t — tr, 1) (6.7.4) 


We then find that the particular solution of the differential heat conduc- 
tion equation 1s similar to that for a hollow infinite cylinder with boundary 
conditions of the first hind. 

As a result of all the manipulations, the solution of ovr problem wall 
be of the form 


Dr, 0) + te — ee — S&S Leexpl— opted 67.8) 
= 


where p, are the roots of the characteristic equation 


(Cay/A) Lol PR) + pACPRD [G21 Fe(PRY — PVP RM 
—~{ee/2) JMPR»Y — PIA PRD) Mer) Yop — p¥(PRY} = 0 (67 6) 


W4Ura. 0) is the linear combination of the Bessel functions of the form 


Wore Fh — Ml} Yak + eV GP Lee) 





+ [rA(raRi) + (ald SPR) Velrr) = (77) 
E, are the coefficients of the expansion 
Sil) = te — (6.7.8) 


into the series in functions Hitpy. 7). Welpee Th ++*s 
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AO = z FW Pa» 0)- 6.7.9) 


The calculation shows that 
Eq = (peHl2) [eal PaRs) ~ PobalPeRF [PLOW ar) de 


at) [ a, 2 
% f(r Se) [Fe nrekd + reheat] 

2) pat 2) -1 
~ (0S) [Felon — ratraRd| }". 67.0) 
The solution may be written in another form if we designate 7,2) = Un 
and Fo =ar/R,°. We suggest that the reader write the solution of the prob- 
lem and the characteristic equation (6.7.6) in this form. If in solution 
(6.7.5) we assume a, = co and a = 0, we obtain the solution of the problem 
considered in Chapter 4. 

If the initial temperature distribution is assumed uniform, 


t(r, 0) = flr) = t& = const, (6.7.11) 


then from (6.7.5), Carslaw and Jaeger's solution of the problem is ob- 
tained [8]. 

The given problem may be solved by the integral transform method. 
Th will be considered below for the solution of a more general problem 
when the medium temperature is a function of time. 


6.8 Finite Cylinder 


a, Statement of the Problem. Consider a cylinder with radius R and length 
21 the temperature of which is t. At the initial moment, the cylinder is put 
into a medium with @ constant temperature fy > fo. The temperature distribu- 
tion at any moment under the conditions of a symmetric problem is to be 
Sound (see Fig, 4.27a). We have 


Gtr, 2, 7) - (* z,%) Ps 1 au, 2, *) + P(r, 2 2) 
or 





ort r or az 
@>0; O<r<R; -/<z<4l), (6.8.1) 


Ur, Z, 0) = fp = const, (6.8.2) 


Px oae ZT) + Alte — (R20) =0, (6.8.3) 
Ir 
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oe 2 0: a Wes. (684) 
— et Lies Hit, — tr, h = 0, (68.5) 
Otlr, 8.3) 9, 686) 


The crigin of the coordinates is the center of the cylinder, 


b. Solution of the Problem, Let us prove that the relative temperature 
{lo — tr. 2. TCG So} at any point of the cylinder ts equal to 


) 





fs u (68.7) 





where t(r, r) and ¢(2, 7) are temperatures at the same point in an infinite 
cylinder and a plate, the mtersection of which forms a cylinder of finite 
dimensions. 

The inma! and boundary conditions for an infinite cylinder and a piste 
remain the same as for a cylinder of finite dimensions: 


ir, 0) = a=, 0) = be. (6.8.8) 
~ RD) De. ny — aR. 1) =, 68% 
_ san + Hilt, = hy = 0. (6810) 
Pes t) _ 81(0, +) 
AO. HE 9 (6801) 


Let us write Equation (68,7) in the form 
Ar, 2 ty a One tr, OV Ute — 1G Oe (68 12) 


where J? = fy — fe, and substitute it into the diMferentrat equation (68 1) 
Afier some manipulation, we obtain 


ontz, ous 
pe ~ aon - EN 


dxtr, De, Ul axe ob 
+n, ny {2s - (PME 2 LBD) 9 (6813) 
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Expressions in brackets are equal to zero since #{r, t) and ¢(z, 7) are the 
solutions of the corresponding equations. Hence, relation (6.8.12) satisfies 
Eq. (6.8.1). : 

Substituting Eq. (6.8.12) into initial condition (6.8.2) gives us 


i 
Hr, 2,0) = te— Fr la — HO) Ve — I= to. (6.8.14) 
We shall then obtain the identity 
1 
Mr, 2,0) = fe — Fe (la — tela — f0) = fo 
since 
At=i— ty. 


Thus solution (6.8.12) conforms to the initial condition. Substituting Eq. 
(6.8.12) into boundary conditions (6.8.3) and (6.8.5) gives us 


{- a(R, 2) 
=e 


Ir 


= «2, 7) 


+ Hit, 1k oh 8B — 0, 815) 


Ou(l, 1) a ty — tr, T) 
{- SED + Hy — 1 oi} BoM To. 6.8.16) 


The expressions in brackets are equal to zero owing to conditions (6.8.9) 
and (6.8.10), hence, solution (6.8.12) satisfies boundary conditions. 

Thus, solution (6.8.7) satisfies the differential equation, initial and boun- 
dary conditions and, according to the uniqueness theorem is the solution 
of our problem. Thus 


—t,2z40 


ta — fo 


=5 5 Anata tins =) cos Pina T 


Rel med 


weol-(G Me]. wm 





1-8 


where 4,,, Ay: are constant cocfficients determined by the formulas 


= 2Bi, 
Ans Tid) Wa + Bie] * 
2 Big (Big + pha)! 
= (ctype 2 Bia Bid + wa 
Ang = (—D" Bit + Bis + oa) 


Where ftp, Hm,2 are the roots of the corresponding characteristic equations. 
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{t should be noted that the heat transfer coefficient for the lateral surface 
may differ from the heat transfer coefficient for the face surface; the same 
may be said about the other thermal coefficients. Thus, solution (6.8.17) 
will be valid for an amsotropic body. 

For low values of To, we may take the correspanding approvimate cel 
ationships from the solutions for an infinite plate and an infinite cyhinder, 
in as much as the solution of our problem consists of the product of solu- 
tions of these more simple problems. 

The mean temperature of a finite cylinder is found by the formula 


ey = py [* fi nes. ara 


If instead of rr, =, t), the corresponding expression from solution (6 8.17) 
is substituted, upon integration we obtain 


6=1 -3 = 2am seep] —(H5t + 4) ar]. {68 18) 





where 
on 2 Bi," 
Bat TE Be 


The specific heat rate 1s found by the previously developed retavons. 


6.9 Finite Plate 


a. Statement of the Problem. Consider a plate with dimensions 2R, > 
2Rz x 2Ry (a parallelepiped), the semperature of which ts tg At the initial 
moment, the plate 1x put nto medium with constant temperature te + be. the 
temperature disteibution and specific heat rate at any moment are to be found 

Let us take the ongin of the coordinates at the center of the parallelepsped 
(see Chapter 4, Fig, 4 26), thus &,, Ry. Ry represent half the dimension of 
the plate in three directions {along the axes x, », and =) 

For such o three-dimensional problem, we have 


xt) 





= a PU(x. y=, 0) 
(>0; -R,<x<aks -Acyr< Ri Rt - he 


Hx, ¥. 5. 0) == fy = Const, 692) 
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p MARS D 4 — ( R= 0, (69.3) 


— (x, ERs, =, 0) 
oy 


+ + Alte — (x, £R,2z,7)]—0, (6.9.4) 


+ + Hltq — (x, $Rs, 7} = 0. (6.9.5) 


(x, ¥, ERs, 8) 
dz 

The temperature distribution is symmetrical with respect to the center of 

the plate. 

4. Solution of the Problem. In a manner similar to that of the previous 
problem, we may prove that the solution of the given problem may be 
presented in the form of the product of solutions for three infinite plates, 
the intersection of which gives the parallelepiped, ie., 


1%, 2) fe — #0, 2) 


to fe—& 






te — 1%, 2,7) _ 
a 


(6.9.6) 





where i(x, r), 1G, 7), «(c, t) are the temperatures of three infinite plates, 
respectively. 

Solutions for ¢(x, r), iy, t), t(c, t) satisfy corresponding differential 
equations, boundary conditions (6.9.2), and boundary conditions similar 
to (6.9.3)-(6.9.5). The proof is ulso the same and is left for the reader. 

As a result, the solution of our problem may be written: 


p= hE 9 8 8 SS ates 


fe — to Got met det 


x y z 
X €05 far COS Htme—R- COS Hea Re 


Me exe[— (43 + te + aa) a] » 69.7) 





where 









f= 2sin gw = (—1)emsee 
~~ e+ sin pg cos Cif Gi + Bi + 2°)" 
cot «= (1/Bi) 4, (698) 
BK=FR U= 12,3). (6.9.9) 


If the length 2R, and width 2R, are great us compared to the thickness 
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28, (2%, = 2K; ~+ 09), then solution (6.9.7) will become solution (6.3.29) 
for an infinite plate. 

For calculation of the specific heat rate, it is necessary to determine the 
mean temperature of the plate by the formula 


Ry phe Rs 
= ae EES [PPPs edededs. (69.10) 


Substitution of the corresponding expression from solvtion (6.9.7) insicad 
Of 10% ys. 4) gives 





O-1-EE5 S Bu sPnstra exp|- (se 4 fas 


min i 





where 
2B 


ee woe oR + 


For prietical computations we may use the appropriate graphs for 
Aye = AB), Are = (UB) and By, = (By) where f= 12,3 For more 
accurate calculations, the vafues of 4, 4, and B should be taken from the 
corresponding tables. 

For low values of Fo, the corresponding approwmate solutions for an 
infinite plate may be taken (see Section 6 3) 

Solution (6 9.7) xs also salid in she case when en all three direchians, © 
J+ =, the thermal coefficients wall be different, re, mn the case of an aniso- 
tropic body. 








6.10 Analysis of the Gencralized Solution 


Let us analyze the solutions of the problems considered. For bodies of 
the simplest geometry (a plate, sphere, cylinder, parallelepiped) the salution 
of the problem of heating tn a medium with constant temperature (bound: 
ary condition of the third kind) may be written as 





f=' _§ fa (ras i) exr{- (12. ) roy}. 1610) 


um i eet 
where Ay, = (4a rde24e.s) are imtial thermal amplitudes dependent on the 
initia} temperature distnbvtion and the geometry of the body. 2(44., (4M 
fs the function accounting for the change of temperature along the coor, 
dinates (v= ay, YH re 2 = Xa Rye Ry. Ry are the body dimensions- 
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R, is the generalized dimension of a body equal to the ratio of body volume 
¥ to its surface S (R, = ¥/S). (For an infinite plate R, = R, for an infinite 
cylinder R,= $8, for a sphere R,= 4R, and 4, , are the roots of the char- 
acteristic equations.) It should be noted that 


Bas < Peat Shei Sot Sa (6.10.2) 


Fo, = at/R,* is the Fourier number, in which a generalized dimension 
is taken as the characteristic dimension of the body. 

Owing to inequality (6.10.2), cach succeeding root, with the exception of 
small values of Fo,, will be vanishingly small as compared to the previous 
one, and the sum of all the roots will differ only negligibly from the value 
of the first term. Therefore, beginning from a certain yalue of the Fourier 
number Fo, we may restrict ourselves to the first term, i.c., 


At 
ta 








2 2 
= it Ar {on 1) exp|— (025) Fo,| at Fo, > Fo). 
si \ , (6.10.3) 


Beginning from this value of Fo,, the relationship between (4, — 1) and 
time z will be described by a simple exponent, 
Taking a logarithm of (6.10.3) we obtain 


inf _ z {in AA ny +) = (es Ae ey. (6.10.4) 


tuto 





Thus, a graph of In(/, — ) versus time will have the form of a straight 
line. With long time heating (Fo, —~ oo) the temperature at all points of 
the body is the same and equal to #, (steady state). 

Consequently, the whole process of heating may he divided into three stages. 
In the first stage, the main role is played by the initial temperature distribution. 
Any irregularity in the initial distribution affects the temperature distribution 
in the following moments. The relation between (fg — 1) and + is described by 
series (6.10.1), The second stage is referred to as the regular regime. The 
relation between (t, — t) and t és described by a simple exponent (Vig. 6.27). 
The temperature distribution inside the body is described by the function P 
and does not depend on the initial distribution, since the values of Ay; enter 
as multipliers, i.e., they determine the scale but not the essence of the pheno- 
menon. The third stage corresponds to the steady state (Fo, = co) at which 
temperature at ail the paints is equal to the ambient temperature. 

In Fig. 6.27, graphs are given of In{t, — #) versus + for the surface and 
the center of the body. It is seen from this figure that in the stage of the 
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regular regime these graphs have the form of s straight line. [fat the initial 
moment the temperature at all the points is the same and equal to f,, then 
the curses should initiate fram one point. 

As the surface layers are heated more rapidly than the central ones, in 
the first stage for the central layer the curse tn(t, — #) = f(r) approaches 
@ tangent to the ordinate axis, and for the surface fayers to the abscissa 
axis (see Fig 6 27). 





Fig. 627. The temperature difference loganthm ay a function of ume in heauing 
Process. 


The foregoing analy sis 18 valid for bodies of any form Temhin (1t4] has 
shown that the problem of heating a body of a comple shape may be red- 
uced to the problem of heating a simple shape (a plate, cylinder, sphere} by 
introduction of an approwimate similarity number 

The slope of the strarght Ine tn the regular regime stage will be 


Inf, — 1) — In — 1) | Yer 


fan(ISO — y)- —tany = ROT (6105) 


The constant m is the rate of change of the loganthm of the excess temper 
Ature wath time, 16, 


_ dint = 


(6 106) 
4 m « 


It is the same for all the points of the body as well as for the average ove? 
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the volume temperature (7) and is called the rate of heating or cooling of a 
body. From Eq. (6.30.4) we have 


m=3 (Hs zy ia (6.10.7) 


fot Re 


Consequently, the numerical value of m1 is determined by the thermal cocf- 
ficients, dimensions, and the form of the body, 

On the basis of equality (6.10.6) and the boundary condition of the third 
kind, for a body of any form, the following equality holds which is valid ia 
the regular regime stage of heating 





a (6.10.8) 
(6.10.9) 

where Kn = Bi, = (¢/2)R,¥ is the Kondratiev criterion’ and 
Y= (te — tte — 1) (6.10.10) 


is the parametric number, characterizing the nonuniformity of the temper- 
ature field as it is equal to the ratio of the actual excess temperature of the 
surface of the hady and the volume average excess temperature. If the temp- 
erature distribution in the body is uniform (Bi,—> 0) then 7 = 1. ‘The less 
uniform the temperature, the lower the valuc of '¥. At %=0 the non- 
uniformity of the temperature distribution is highest (Bi, + co and 1, — fq). 

‘Thus the Kondratiey number not only characterizes the uniformity of 
the temperature field but also the intensity of interaction of the body surface 
with the surrounding medium. 

If Bi, +0 (this condition is practically attained if Bi, <0.i), then 
t,-» 7 (Y= 1). Consequently, the Kondratiev criterion will be equal to 


; ake 
_—- Re 6.10.11 
(Kn)p= B= 3 thas (HE). (6.10.11) 


* The criterion Bi,'¥ is the basic value defining the character of heat exchange of a 
body in the regular regime and is named after the outstanding therwal physicist G. M. 
Kendratiev who was the first to study the faws of cooling a body at this stage. In contrast 
to the Kossovich criterion (Ko) the criterion Bi,’ is designated through Kn. 
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ic., the Kondraticy criterion is equal to the Biot criterion, where the gener- 
alized dimension is taken as the characteristic dimension. 
In this case the heating parameter m is equal to 


("), = sr mw (Kn), = co (6.10.12) 


The value of 1, a5 functions of Ri for the characteristic equations of the 
main bodies is given in the corresponding tables (for example, Tables 6.1, 
6.5, 6.9). We may also find an approximate formula for calculation of s1, 
depending on the Bi cnterion (see below). 

From (6,10.9) an important relation of the regular regime theory is ob- 
tained: 


. mRA 3 R\t 
Kn Ri, = SB (#10 5) (6:10.13) 


Thus, the number Kn 1s charactenzed by the shape of the body and its 
eigenvalues fai. frais fia. and consequently, by the Biot enterion, os 
the eigenvalues are the functions of the Biot cmterion. 

The cunes Kn = f(Bi,) for quite different geometnes (sphere, paralle- 
lepiped, cylinder, ete ) turned out to be so close to each other that prac- 





Fig. 628. Unnersal approumate relation Kn = (Bi,) 1. plate, 2 sphere, 3 cylinicr 


lically the entice family of curses may be replaced by one averaged cune 
(Tig. 6.28) Analytically this 1s expressed by Yaryshev’s relation 


Ko. 1 


You. 7 Geli, =o 
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If Bi, — 0 (practically, Bi,< 0.1), #,—> (YW —=1). Hence the Kondraticy 
criterion will be equal to the Biot criterion (Kn), = Bi, and the rate of 
heating m=/eyR,, i.e., the Newtonian law of heating is obtained. If 
Bi, —+ 00 (practically, Bi, > 100), the Kondratiev criterion will be 2 con- 
stant quantity (Kn), = D\1(wi,a.. (Re/RA) = const, In this case, the rate 
of heating will be directly proportional to thermal diffusivity (the first 
Kondratiev theorem) (n),, = @/R,* (Kn)... Thus the criterian Kn lies in 
the limits between zero and some constant valuc (Kn),,, which is character- 
ized by the shape of the body. Kondratiev suggested that the character of 
the heating kinetics just considered be named the regular regime of the first 
kind.* [is first development is given in Figs. 6.29 and 6.30 for the center 
of a plate and a cylinder as 2 function of Fo, Bi, , the dimensionless temper- 
ature ratio of the center 10, Fo) = (4g — t/(ta — f) and the permissible 
calculation error e. 11 is seen from these figures that ut small values of the 

















Fig. 6.29. The dependence of regular thermal regime onset on Fo, Bi and allowable 
calculation error ¢ (°%) for the plate ceater, 


* There is no relation between the boundary conditions of the first, second, and third 
kind, and the regular regime of the first, second, and thir! kind. Boundary conditions 
are determined independently, und regular regime introduced by G. M. Kondraticy 
describes the change of the temperature field in time. 

‘When the temperature at any point of the body changes with time according to the 
exponential Jaw, such 2 regime of couling or heating is referred to as the regime of the 
first kind, This to usually the situation when 2 body is cooled with conditions of the first 
or the third kind. It is important that the medium temperature (boundary conditions of 
the third kind) or the surface temperature (boundary conditions of the first kind) would 
Temain constant. In casc of the regular cegime of the second kind, the temperature at 
‘any point of a body changes similarly with the medium temperature. In case of the reg- 
ular regime of the second kind, if the medium temperature increases according to the 
linear law, the temperature at any point of the body also increases following the linear 
law; or when the surface temperature increases according to the linenr law (houndary 
conditions of the first kind), the temperature at all points of the body will also increase 
following the linear law. 
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Let us substitute into solution (6 12.1) a corresponding expression for 
COS #, using the characteristic equation: 


Hoos pial = (Lt tam? peg)-¥' = {1 + (Bitfpeg*)}-87 <= pageg? + Bit), 


Consequently, we obtain, (after taking into account that cos gr, = (— 1)*** 
{eos ptyl). 


1-0-2035 


ul . 
Sierra late) 614) 


We designate the remaining terms of the series (6.12.4) by gy 3 


Te = 2Bi exp[— 44," Fo). (6 11.5) 


> 1 
Oe BE + Bt BY 
From charactenstic equation (6 12.3), it is seen that cach value of #1, dif- 
fers from the previous one by somewhat fess than = (sce Fig. 632). At 
Bi +O each value of yz, 15 larger than the previous one by exactly 7, and 
nt Br-+ 00, 

Ha = Ga — Ida. 

In fig. 6.32 the form of the cune gy 3s shown in dependence on pty 

From the curve of Fis. 6 32 xt follows that 


28) 


2 ae ees Le re 
ns Siang ere a PF olde, 46S) 


Since the area a ts greater than the area 6 we may write 


1 poss 
= [meen 


7 





Fig. 632. Estimation: of the solution arprowmubon 
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where q; is the term of series (6.11.5) 


Fran = [ms Fmt. 


Designating 8 = (I + Bi) Bi, we obtain: 


2Bi du 
a San BEBOP FO} 
2Bi 


1 
oar see 2o(v — py? 


ves 


exp[—vFo +f Folds, (6.11.7) 
where 
erp. 
The inequality (6.11.7) may be increased as 
2Bi 1 
Pe < aug — py OL Fo] fee, Sexpl-vFoldy. (6.11.8) 


Finally, we obtain 


Bi ES (6.11.9) 


Mina’ Sess ig u 





aes 


The value of the integral in expression (6.12.9) may be taken from corre- 
sponding tables. 


Example, It is necessary to find the limiting value of the Fo number such that the 
whole series of (6.11.4) with the exception of the first term can be neglected when the 
required accuracy is 0.25%, 

Let Bi = 1.00; then sr, = 0.86, ste — 3.426 (see Table 6.1). In the present case, k = 1: 
consequently, fs;2 = 2.14 (tty, is found as the arithmetic mean of #, and 74), and f = 2. 
We have 





0.0025 < expl2Fo) iPies (*}u) du, 6.13.10) 


1 
24a 


O.01685 exp(— 2Fo) = J | (euyde = —EK—66F0}, — G.11.11) 


B= fT i az. a1.12) 


Assigning various values of Fo, we may calculate separately the right- and left-hand 
sides of inequality (6.11.11), As a result, we find 2 value of Fo for which both the left- 
and right-hand sides of this inequality give the same numerical values. 
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Tor the present case, we find: Fo > 0 $5. A more accurste solution may be obtain 
wraphically. Thus, staring from Fo“: 0$5, we may restnet ounchee (auth 0.239, 
accuracy) to one term of the whole senes (6.11.0). 


POsch! gives the following example: an order to caleulate the value of 
0, for Fo = 0,0003 accurate to three decimal places it is necessary to take 
36 terms of serics (6.11.1). 

In a similar way, we may show that the estimation of the series 


f= = (lant) expl— fg" TO] (6.01.13) 
tay be expressed wath the help of the following relation: 
8S 2H JP stan OH (6.11.14) 


Inequality (6 11.14) makes it possible for us to obtain the following 
estimation of the sertes within 0.25% accuracy, we may negicet ol) the 
terms of series (6.11 83) 1f Fo > 10 (in the calculatran we assume k © 0, 
Ay = 47). 

Consider the method of successive approvimations to calculate the roots 
of the characteristre equation In the first rough approtimation, we find 
graphically the roots of the characteristic equation, ¢ £, for a cylinder os 


Si 
on “We (6.11.15) 


Taking a loganthm of Eq (6.11.15) 
In |J,(8)} + In ys — In Ba = In [Jo(s)! (6.11.16) 


We let the value of the first root be equal tog, snd substitute this into the 
left-hand side of Eq (611 16). Using the left-hand side thus calculated, 
we find y,' from the nght-hand side by formula 


$n {J,(4,8)| + In yay? — In Be = tn (pst 


We then substitute yz,’ into the left-hand side of Tq (6 11.16) and from 
the right-hand side we find yz,” by formula 


Yo s(n’) + in yey’ — tn Ba = $0 [SG)")}- 
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This process is followed from equation 


In JA (§)| + In wf? — In Bi = In fJo(us"*")| 
until we find 
Ae = im 


to the limits of the prescribed accuracy. The same calculations should also 
be fulfilled for the remaining roots. 


CHAPTER 
7 





TEMPERATURE FIELDS WITHOUT HEAT 
SOURCES WITH VARIABLE TEMPERATURE OF 
THE SURROUNDING MEDIUM 


In this chapter, those problems are considered an which the temper- 
ature of the body surface 1s a prescribed function of ume. To generalize, 
we shall first take the case when the medium temperature changes with 
time aceord:ng to the following law 4, = f(r) Then, assuming that the fot 
enterion 1s infinttely large (Bi + 00}, we obtain the solution af the problem 
for the case where the temperature of the body surface vanes with time 
(t, = f(s) Consequently, the solutions of this chapier may be considered 
a gencralization of those of Chapter 4, since the problems considered therein 
are particular cases of the present problems 

First, problems with the most simple law of ambient temperature change 
(linear Iaw) sre considered, then those with more complicated laws Here 
the problems of temperature waves are considered as well The chapter ends 
with some generalization and the derivation of the Duhamel theorem by 
the operational method. In contrast to the order adopted in previous 
chapters, we consider here first the problem of an infinite plate, sphere, and 
cylinder The problem of a semi-infimte body 15 considered an Section 77 


7.1 Infinite Plate. Ambient Temperature as a Lincar Function 
of Time 


a. Statement of the Problem. Consider a piste 2R thick which i fn thermal 
equilibrium with the surrounding medium, Le, It has a temperolure equal to 
the temperature of the surrounding medium t, At tke britlal tume the medium 
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is heated with the constant rate b (dcg/br), i.e., the ambient temperature is a 
linear function of time: 1,{t) = to + bx. Heat is transferred between the 
surface of the plate and the surrounding medium by the Newton law. The 
temperature distribution over the thickness of the plate at any time as well 
as the specific heat rate is to be found. 

The boundary and initial conditions may be written as 


tx, 0) = ty = const, (7.1.1) 
at(0, 2) 
202) 9, (7.1.2) 
— BD 4. sty + be) — (R= 0. (7.1.3) 


5, Solution of the Problem. We shall obtain the solution of the problem 
by the operational method. The solution for the transform T(x, s) of the 
differential heat conduction equation for the case of an infinite plate under 
conditions (7.1.1) and (7.1.2) has the form (Chapter 6, Section 3). 


T(x, s) — = =A cost 5)". (7.14) 


The constant A is found from boundary condition (7.1.3), which for the 
transform will have the form 


—T(R,s) + He + ae — HT(R, s)=0, (7.1.5) 


since L{Hbr] — 77b/s*. Substituting boundary condition (7.1.5) into solu- 
tion (7.1.4) gives us 

sy", s\'2 Ht, Hb Ht | Da 
~ a-£)"sinh(£)'"n 4 294 SP — Be. atrecosn(5)"R Tah 


Let us determine the constant 4 from equality (7.1.6) and substitute the 
expression obtained into solution (7.1.4) 


s\e 
re ee bcosh( =) x 

eer Cre eo) 
= 22 = 20. (7.1.7) 


where g{s) is the expression in brackets in the denominator. 
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As was shown in Chapter 6, Section 3, O(s) and y(s) ore generalized: 
polynomials with respect to s. Since the polynomial y-{s) does not contain 
the constant, the condition of the expansion theorem is fulfilled Equating 
fs) = 3°¢{s) to zero, we find the roots (see Chapter 6, Section 3) 550 
@ouble root) and s, = — aj:,*/R*, where Hsfa)'7R — yp are simple roots, 
determined from the characteristic equation 


t 
col w= Fre 


Thus, we find the original function in the same way as in Chapter 6, 
Section 3 with the exception of the zero root. 

Since the zero root is double, we apply the expansion theorem for muluple 
roots (in the present case & = 2), 


[Fo] ~ 8 ke Ger“) 


~t0 (S Grell 


cium [TAY ts) emare'ts) 
aol gs) 7) it 


heh oe _bRY _bR' __ BR 
fa ~ YaltR ~ aR 


coe enh 








since 
4, be sinh(s/oy! fe axe 
DO =b, gk, WO) — bm Saree la" 
egy. Rsiah(s/ay*R  sinh(s/aysR | _RE 
Fe nT TTT Zalnke commtelal *R 


Substituting the remaining roots we find the result in the usual way os 


= Ms) 
a VG) 


Quin pe { ss] 
a x, Got snp, cos pant rer eae 
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‘Thus the solution of our problem will be 
Ws )—h= be [R14 2) xl 


BRE = 
+—rZ 
a te Be 





Fe 08 fig FOP Ha? Fo], (7.1.8) 


where A,, are the initial thermal amplitudes determined by relation (6.3.30). 


c, Analysis of the Solution. Let us introduce the criterion characterizing 
the rate of ambient temperature rise as 


@, 
Pd = (ze). (7.4.9) 
and name it the Predvoditelev criterion (Pd). 

In the present case, the rate of heating di,(t)/dr is constant during the 
whole process and is equal to 4 since t,(t) = t + bt. Hence, the Predvo- 
ditelev criterion is equal to 


Pd = 


Rd (2) =p DRE (7.4.10) 


a dt to ata” 

The dimensionless ambient temperature 0, was taken with respect to the 
initial temperature; it may also be taken with respect to some average 
temperature or to the final one if the latter is known. Thus the solution of 
our problem will be of the form 


oh ‘ “all + +) = =] 


4+ 54u A 05 te Fe OPI 43 Fo}. (ly 


at Bn 





It is secn from (7.1.11) that the dimensionless temperature at any point 
of the plate is directly proportional to the Predvoditeley criterion, and, 
hence, to the rate of medium heating. The dimensionless value 8/Pd is a 
function of Bi, Fo, and x/R 


6{Pd = Y {Fo, Bi, x/R}. (7.1.12) 
It is seen from Eq. (7.1.11) that the series converges rapidly; with time 


its contribution becomes increasingly smaller and beginning from a definite 
valuc Fo > Fo,, it may be neglected. Then the temperature at any point 
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of the plate will be a linear function of time, and the temperature distribue 
tion over the thickness will be parabolic. Such a condition of heating is 
called quasi statronaty since the temperature gradient field will be steady 
{ic., the temperature gradient at any given point does not change with 
time). 

If we let Bi-+ oo, then according to boundary condition (7.1.3), the 
surface temperature of the plate instantaneously becomes equal to the 
ambient temperature and then changes by the linear law 


iC +R, 1) = ty + br. GAD) 





Hence a problem is obtained with a boundary condition of the first kind 
(see Chapter 4). To solve such 2 problem it is only necessary in (7.1,11) 
to put Bi = 09, ie, 


‘ ee Ge tele x 
7 = Fo — (1 — =. “ > evi aF Fol, 
pa Fo ~ a(t Fe) +E Saco ge elm Maas 


where 
ei 4 
B= Qa- Dix, 4 ae 
Equation (7 1 [4) may be obta:ned in another form Let us assume m 
(7.1.7) for the transform that #/ = oc which corresponds to the case Bim oo. 
Then we expand (1/cosh (s/a}' *R) into a senes (see Eq. 4.3.26) Then we 
shall have 
-f4# 22% 3 (ye 
Ty s)- = Ee 
x (exp[—[(21—1)R—x](s/a)" *) + exp[— [C2 —1)R + xs/a)'?])} 
41s) 
Using Eq. (53) from the table of transforms (Appendix 5), we obtain 
Q Lt ee 
pr 74Fos i1n 
(a=) — GIR) 
2(Fo)'® 


(Qa - + CURD 
+ Pere sort 


(7.1 16) 


This solution 1s most convenient far smal} values of Fo, since sn this case 
we may confine ourselves to one term of semes (7.1.16). 

In Fig. 7.1 the generalized function 0/Pd Po is plotted versus the Founer 
number for various values of the dimenstonless coordinate 





+ [rterte 
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Fig. 7.1. 0/Pd Fo versus Fo for various values of x/R from 0 to 1 for a plate [102}. 


d. Specific Heat Rate. The specific heat rate is found by the conventional 
relationship 

AQ, = cylilz) — 1. (7.1.17) 

Integrating Eg. (7.1.11) with respect to x/R between 0 and 1, we obtain 

2 Bh 

aot Hat 





j= H's _ paleo — (4+ ) + exp fa? Fol], 
(7.1.18) 
where B, are the constant coefficients determined from Eg. (6.3.45). 
The specific heat rate may be found by another method. The amount of 
heat transferred per unit time to a unit surface of the plate from the sur- 
rounding medium according to the Newton law will be equal to 


= co = alfo(t) — (8, r)). 
‘Then the specific heat rate will be 
aS 
ae - 119 
40,= 5 f° (0) — 4B vide, 7.1.19) 
where S/¥ is the ratio of the surface to the volume for aa infinite plate 
{it is equal to 1/R). The ambient temperature /, is a lincar function of time, 


ie, 


It) = to + bt = te(l + Pd Fo). (7.1.20) 


ws 7. Temperature Fittps wmrour Heat Sourcts 
Then the difference [4(1) — CR, r)] wall be equal to 
(t/B1) Pd — 1. Pd = (feta 608 ty exp(— we Fo]. 7.1.21) 


Substituting this expression into (7.1.19), upon integration and necessary 
fearrangement, we obtain 


SQ. = cyte ra{Fo -i3 ptt —expl— pt rot}. 7.1.2) 


where B, are constant coefficients determined from equation (6.3.45). 
Since Dy (W/u,2) By = $+ (2/B1), relation (7.1.22) becomes identical 
with (7.1.17), 


7.2 Sphese. Ambient Temperature as a Linear Function of 
Time 


a. Statement of the Problem. The statement of the problem ls the same as 
the previous one. With concenine distribution of tsotherms relauve to the 
center the boundary conditions sre the following 

a(r, 0) = 4, = const, a2) 
PO 0, WO. Nee, 722 


— SHR yy, ~ br — UR, 9 = 0 a2» 


b. Solation of the Problem. The solution of differential equation (6 5 1) 
for the transform T(r, 3) under conditions (7.2.1) and (7 2.2) has the form 


17,3) — f= Asin 2)" q24 
Boundary condition (7.2.3) for the transform is the following 
~ Tir, 2) +H Hb — oman 0 o255 
Substitutsng ie condition (7.2.5) into solution (7 2.4) 
-4 (2)'s cosh = y" Rank: Bsimn( 4) a ~ 


Pi tae 2 salt) n='6 (7.26) 
ta mo(e)n : 
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From equation (7.2.6) we find the constant B and substitute into solution 
(7.2.4) to obtain 


a BEER? sinh(s/a)r 
1) <5" ~ CHR — 1) siahs/ayR + G/ay*R coshG]ayR] 


= oe (12.72) 





The numerator ®,(s) and denominator y,(s) are not generalized poly- 
nomials with respect to s; but they may be transformed into generalized 
polynomials if they are multiplied by s¥”*. 

Then we may use the relationship 


Pisa) _ PCS) 
WG) WGC) sa8) 


and apply the expansion theorem for the ratio #,(s)/y,(s) if the roots s, 
differ from zero. To find the roots s, we shail equate y,(s) to zero: 





vs) = [car =1y sinh(2)""R ¢ (é)"s cox £)""] 


The bracketed expression will give us the roots s, = — ape,7/R* (i(s/ay*R 
=.) which are determined from the characteristic equation 





ne 26R? &  R(sin wp — Hy COS fn) 
2 a Ten — SID ftp COS Un) 


< Sin fin zon ae (7.29) 


For the zero root (s = 0) we transform solution (7.2.7) for which pur- 
pose sink z and cosh z are expanded in series. Then we shall have 





Dio) ouR(t + gris gets -) 
mls) e(ar—[1 + zpe s+ --]4 [i+ dees] 
- (7.2.10) 





Sos)? 
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PaScniinh 
V7 


oo oF er rr 
» — 
Fig. 7.2, O/PU Fo versus Fo for various yatues of r/R from 0 to 1 for a sphere {102}. 






ad. Specific Heat Rate. To determine the specific heat rate let us find the 
mean temperature of the sphere 


_tn-% Oe: $s) 24 
pM ralro Ble d)- Ey nel neo). 
7218) 


where B, are consiant coefficients determined from relatton (6 $49) The 
remainder of the calculation ts carned our im the usval manner 


7.3 Infinite Cylinder. Ambient Temperature as a Lincar Fune- 
tion of Time 


a. Statement of the Problem. This problem: ts similar to the previous one, 
but the heated body is taken in the form of an infinite cylinder Tor a sym 
metric problem, the differential heat conduction equation of an infinite 
cylinder has been presented more than once am previous chapters The 
boundary conditions are similar ta condmons (7.2 1)-(7.2 3) of the previous 
problem, therefore they are net given here. 

b. Sofation of the Problem. The solution for the transform 717, 3) with 
the soutial constant temperature of the cylinder rg in the e2s of 2 symmetne 
temperature field relative to the cylinder axis has the form (sce Chaptes 6. 


Section 6) 
TU, 3) — (tei) — AL [(s/2)' 7} G3n 
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The constant A is determined from the boundary condition similar to con- 
dition (7.2.5) of the previous problem: 


— (sfay* Aly [(s/a)"*R] + (Hbjs*) — HAIo{(s/a)**R] = 


Having determined the constant A from this equality, solution (7.3.1) 
may be written 











y  syklee. bitlsla) 
+9) “SSRs lay AR) + ACTA ATG ]aART] 
_ %) _ %® 
HO) Fl" G32) 


Solution (7.3.2) is the ratio of two generalized polynomials @(s) and p(s) 
inasmuch as the latter expression does not contain a constant (see Chapter 
6, Section 6). Equating y(s) with zero, we find the roots of the polynomial 
p(s) as s = 0 (double root) and s, = — ay,?/R®, which is infinite number 
of simple roots, determined from the characteristic equation 


Lee (7.3.3) 


AG) Br” 


This equation is obtained, if g(s) is equated with zero. Let us use the ex- 
pansion theorem 














m Ds) 

tin { p(s) i 
Bx Hs) DS) oe PUsdy"(s) 
mtn fe St 8 eo} 
Bag ee rane 2 bee BS 
= bet “Ga “4aHR — 4aHR 





since 
40) x tam (LB EMSHar) \ br? 
0) b,  ()=3, BO) = lim easy = 
n@ =42 boigtte 
v= (lL + CPR) AGia)'7R) + (UAGS/a)"41; Usia)*R))- 


2Gas) Sut 
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Further 
Asa) Ps) 
FG) "Ere 
bet . es 
oF pe deg) eo[- Fr] 


since p'(s) = 2s¢(s) + s%y'(3) Meace, the solution of our problem will have 
the form 
0 = ie 2 = 


ano $I 0B) 


“5 Jalon +) expl= at Fo}}, (7.34) 





where A, are the initial thermal amphtudes determined by relatian (6 6.27). 


¢. Analysis of the Solution. If Bi» oo, the surface temperature of the 
cylinder will be a hnear funcuon of ume,re, (Rt) = ty + dt tn this case 
the solution of the problem will have the form 


eae, EA tna) eet mt Fo), 33) 


= a 





Fig. 73. OPS Fo versus the number To for vanous ¢[R from O 10 1 for an infisivt 
orlinder 1102) 
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where jt, are the roots of the function Jy(jz) since Jp) = 0 at Bi = 
Figure 7.3 presents plots of the generalized variable 6/Pd Fo versus the 
Fourier number for different values of the relative coordinate r/R, 

For the quasi-stationary state in solution (7.3.5), we may neglect the 
series, For small valucs of Fo we may find an approximate solution. Apply- 
ing the method of expansion of the function /,(z) into asymptotic series, 
after some manipulations we obtain the solution for the transform in the 
case Bi— oo in the following form (for details see Chapter 4, Section 5) 


te bf R\ Rr s 
Tes) me (FY (1+ aeragepe) 7 -(S)2-9]- 
(7.3.6) 
Using relation (54) of the table of transforms (see Appendix 5), we find 








o~ pe 4y’ ‘[sr0 Herfe ae + 4S! 4 Fo i erfe ee 
(73.7) 


The values of the functions i* erfe x and erfe x may be determined from 
Appendix 6. 


4, Specific Heat Rate. Let us find the mean temperature f(r) of the 
cylinder to calculate the specific heat rate. Applying the integral relation 
(6.6.32) we obtain 


5—FE)— fo ~PalFo— i (1+ 4 tig eB expl- 1? Fol] 
. - (738) 


where B, are the constants determined from relation (6.6.34). The first six 
values of B, are given in Chapter 6, Table 6.12. 

Comparing the problems given above with the problems of Chapter 5, 
‘we see that they are similar. In both cases after a definite interval determined 
by the inequality Fo > Fo, a quasi-stationary state sets in and dt/dr be- 
comes 2 constant value (the temperature at any point of the body is a linear 
function of time). Therefore under quasi-stationary conditions in one- 
dimensional problems, the temperature distribution obeys the law of a 
parabola. The difference between the problems lies in the fact that in the 
Present problemis the rate of heating df/dr (derivative of the mean temper- 
ature with respect to time) becomes a constant value only after a definite 
interval (.e., when Fo > Fo,) whereas in the problems of Chapter 5, the 
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rate of heating is a constant value from the very beginning of the process 
of heating, “hich directly follows from the boundary condition, 
‘Thus, for the specific heat rate we have 


akg fin 
bale Bh! eee 


where F/S is the ratio of the volume to the surface of the body. 


7.4 Infinite Plate, Sphere, and Cylinder. Ambient Temperature 
as an Exponential Function of Time 


a. Statement of the Problem. Consider an tsotrapte body (infintie plate, 
sphere, and cylinder) which is in thermal equilibrium with the surrounding 
medium. At the imal time, the ambient temperature mses by the law 1,1) > 
fa — Ue m fale 4 where ty is the maxvaum ambient temperature I.(02)- ta 
and k is a constant The temperature distribution inside the body and the 
specific heat rate are 1a be found 

We shall conswer this problem im detat for a plate and for the other 
gcometnes we shall give the final results only 

We have an ordinary differential heat conduction equation for an infinite 
plate with the thickness 22. The ongin of coordinates 18 1 the middle of 
the plate, relatwe to which the curses of the temperature disinbution are 
symmetrical We have the initial condition 


(x, 0) — fo = const, gay 
the condition of symmetry 


20.8) og, 10, 5) #00 (142) 
Ox 


and the boundary condition 


— ME SH = Ua EH = ARM OAS 


&. Solution of the Problem. Let us solve the problem by the operations! 
method. The solution of the equation for the transform 7[x, 5) under conde 
trons (7.4.1) and (74.2) has the form 


‘: 
Thr, 3) = At = Acost(2)! ‘* (744) 
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Boundary condition (7.4.3) for the transform is written as 


—T(R, s)+—= 


Hn _ lin =) _ yr(p,sy=0, (745) 


S+K 
since 
Le*] — +h. 


Solution (7.4.4) must satisfy the boundary condition (7.4.5), namely 


—a(2)"sin( 2)" n+ Fegm te) — tat) HA cost 5) "a0, 


Having determined the constant A from this equalily and then sub- 
stituting the expression obtained into solution (7.4.4) we have 


(tq — &) cosh(s/ay2x 

S[eosh@Jay"R + (1/H\s/ay"* sinh(sjay*R] (S/R) 1} 

_ #6) 
p(s) * 


T(x, 8) — (tals) = 








(7.4.6) 


The numerator and denominator are generalized polynomials with re- 
spect to s; the polynomial y(s) does not contain a constant (its first termis 
equal to s). The polynomial y(s) has the following simple roots s = 0; 
$= — ki 5, = — ape,2/R? where ifs/a)"?R = ye restilting in an infinite 
number of roots determined from the characteristic equation (for details 
see Chapter 6, Section 3). Applying the expansion theorem for the case of 
simple roots, we find 








mc? ee cos(kfay*x 
he 7) ceNklayR— U/ANKyay snare 
-iqc pane Rae, 


(74.7) 


where A, are the constant thermal amplitudes determined from relation 
(6.3.30). 


¢. Analysis of the Solution, The Predyoditeley criterion Pd, introduced 
in Scction 7.1, in the present case will be equal to 


Pd = kR*/a, (7.48) 
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(SP). = lm = 03 {4 ite - it 


The marimum rate of heating of the medium will correspond to the 
initial moment of time; with time it decreases and at t+ on, di.(t)ile— 0, 
the ambient temperature becomes constant and equal to ¢,. 

Solution (7.4.7) may be written in dunensiontess values as 


cos(Pd yl? x/R 


wl Spay? jth Pay tsin(Paye = 


exp|— Pd To} 


- = Toro enl- weTo). (74.9) 


‘Thus the relative temperature is a function of Fo, Br, Pd and x/R, namely 
0 = YLo, Bi, Pd, x/R). (7.4.10) 


If we set Pd = 00 (k -+ co), the ambient temperature is constant and equal 
10 bp (4g = f,). Then solution (7 4.9) becomes solution (6 3.29) 

Setting Bi = co means that the surface temperature of a plate ls an ex- 
ponentlal function of time (a boundar condition of the first kind), 


Ct Ret) In — Un — Wet, 
then solution (7.4.9) transforms into the equation 


_ c0(PA)"2/R 


Oa 1 ostPar” 


exp[— Pd Fo} 





COS He evl- aeFo} = (74id 





where yy <» (2n — 1)}x. 


d. Specific Heat Rate. To determine the specific heat tate we find the 
mean temperature as 


-~ ar) a 1 rr 
Oma! Tay eohay — TNT | 


-: 





4 By — 22 To), (7412) 
2 aera rl ee Pe 
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where B, are the constant cocfficients determined by relation (6.3.45). 
Further calculations are carried out in the usual way. 


e. Solution for the Sphere. The corresponding solution for a sphere is 


RBi sin{(Pd)"*(r/R)} 


O= 1 i= Ty singbay* + (Pay cosPay >] 


exp[— Pd Fo) 





_ > An Resin pnlr/R)Y : 
= 1274) 5 RS — exp[— 4,7 Fo), (7.4.13) 





where A, arc the initial thermal amplitudes determined by relation (6.5.29), 
The mean temperature is given by 


3 Bi(tan(Pd)¥*. 





Gai— Pd[(Bi— 1) tan(Pd 
> 3, 2 
i 2 TPH PI Ba° Fo}, (7.4.14) 


where B, are constant coefficients determined by relation (6.5.49). 
f. Solution for the Infinite Cylinder 
oe Jof(Pd)""(e/2)} hy 
$=) ~ ear) CrBNPaPAReH Ay] AP PS Fol 
= An 
= & 415) 
Eee zor Fel, 74.5) 
where A, are the cocfficients determined by relation (6.6.27). The mean 
temperature is 


25,Pay* Ss 
5=1 ~ eararay cpp ra Terayay Pe Pa Fel 


By expl— zn? Fo}, (7.4.16) 


p=J 1 
~ Zi- Gra 
where B, are the constant coefficients determined by relation (6.6.34). 


7.5 Heating of Moist Bodics (Infinite Plate, Sphere, and 
Infinite Cyiinder) 


@. Statement of the Problem. In this section are considered the heating 
of moist bodies in a medium with constant temperature when moisture evapo- 
rates al the surface. 
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Itis known from the theary of drying that the rate of esaparstion (the 
amount of moisture evaporated per unit trme from unit surface of a body) 
3s in the first period constant and then in the second period changes with 
time according to an exponential la. Thus, in the first approximation for 
the rate of evaporating mt we may wmte 


mame, 751) 


where & is the drying coeficrent (1/hr) and m, as the maumum rate of 
heating (kg/m? hr). If we set k == 0, then m = my = const, ic, we shall 
obtain the constant rate of exaporstion corresponding to the first penod 
of drying. 

Constder the problem of hesting a morst infinite plate in a medium with 
constant temperature f, = const. The initial and boundary conditions may 
‘be written as 





14.0) = foe (752) 
UBD) — ot, — 1R.)) — omer 0, (753) 
OHO). 10, 2) #00, os4 


oe 


where @ 1s the specific heat of evaporation in cal/ke. 
Boundary condition (7 $3) may be rewntten as 


a, pe s n{( te Set) — HR, | -o, @s 
ie., this boundary condition 1s similar to boundary condition (743), but 
an the present case the value gme’a ts used instead of (4. — f4)- 


4. Solution of the ProSlem. The solution for the transform has the form 


hola |e. — 4s hd a om) cott( =) x 
en Ee mafeoa(Sy R= (zy met) 2] 
(756) 


With the help of the etpanston theorem, we find the soluuon for the 
anverse transform 





9 ed. 


fe — ty 
= 1 — Sus cas{Pd*Ox/R)} _ ray 
cos(Pd)"? — (1/Bi)(Pd)*? sin(Pd)¥= 
-=fi- Guy _ geet ae | 
= [) AS ray 40008 tn * exp{— p43 Fo}, (7.5.2 


where Pd = KR*Ja is the Predvoditelev criterion,’ 6,4 = pmyla(ig — t) is 
a characteristic temperature which, as it will be shown below, is equal to 
the ratio of (tg — f,.) to the excess ambient temperature, i.e., 


(7.5.8) 





where f,, is the wet bulb temperature. 
Thus the temperature of the plate is a function of a number of criteria, 
ie, 
6 = O(Bi, x/R, Fo, Pd, 6,5). (7.5.9) 


If the rate of evaporation is a constant value m= m, = const (the first 
period of drying), then the Predvoditelev number js equal to zero (the 
drying coefficient k = 0). Then solution (7.5.7) will acquire the form 


O = 1 — Ge, — ES (1 — Ogg). 08 peg(X/R) eXP[— ptq2 Fo]. (7.5.10) 
a 


As a first approximation, we may argue that in steady state (Fo = oc) the 
wel body temperature (i.e., extending the first period of drying to a steady 
state) is equal to the wet bulb temperature, i.c., 9, = 1 — 54» or 
fap — fo = fa — to — (oma), 
thence 
oma = ta — tun. (7.5.11) 


1 We may obtain this by starting from (7.1.9), where Pd = (d9,/d Fo)mas- Here 
6. = tela — tus) 20d te? =f, — (omeade*. Hence 


Mie Gelbe + le eye 


ER [ ty 
@ Latt, — fer) Ire 
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‘Thus we obtain a new expression for the number Ogg which indicates the 
meaning of the new parametric criterion. 

Solution (7.5.10), appheable 10 heating a moist body with a constant rate 
of evaporation from the surface, may be writien as follaws 


o = DA ES Ayes we eepl— pe Fo}. (7.5.12) 
fea fa = R 

Expression (7.5.12) coincides in form with the solution for heating a dry 
plate, but here the ambient temperature 4, is replaced by the wet bulb 
temperature r,, Hence the problem of heating a moist body with 3 con= 
stant rate of evaporation at its surface may be reduced to that of heanng. 
a dry body with the replacement of 4, by fq ‘It also follows directly from 
the boundary condition, which may be written as 





anR, 0) emmy ~ 
- Ey al(t £2) aR, a} 0 75.13) 
or 
x it a + Mites — (R, = 0 (75133) 


Sumular solutions for 2 sphere and infinite cylinder will have the form 


nS RO _q Bs sin{(PA"r)R)} = 
AMT ain(Pdy t+ (PH ® cokPan ay Th Ps Fol 


R sin p,(e/R) 


Ont 





5.5 [tie SS = 
S(t wearer 4 expl- yu. Fo], 





1 THe (7.5.14) 
and 
Oral (Pay'* ——) 
Ont pa aay Pays AIP Fol 
-  fx-—__ on _ sLesp[—pe Fol. (75.15 
 [- gaara ee porte 


If we compare solutions (7.5.7), (7.5.14), and (7.$ 18) with solutions (7 49). 
(7.4.13), and (7.4 15) we find a great resemblance. The second term of the 
Present solutions differs from the second (erm of the soluuons of the pre- 
vious section only by the factor O44 The third term of the solution has 
another factor associated with the coefficient Aq: instead of a muluphict 


ui 
TOR 
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we have here the multiplier 


[=a 


Therefore the mean temperatures for our problem may be obtained directly 
from solutions (7.4.12), {7.4.14}, and (7.4.16) if the replacements mention- 
ed are made. 


¢. Asymmetrical Problem. Let the evaporation rate be constant, but dif- 

ferent on both surfaces of the plate {an asymmetric problem). 

We have: 

1(%, 0) = fy, (1.8.16) 

— alt SE 4B, 9] = 0, 

ix = 
aR, 2) om; Nira 
= ~ Om — = 
MGR. als me — 1 RoI 0, 


where my and 2, are evaporation rates on the opposite surfaces of the plate 
(kg/m? hr). 
The solution of the equation has the form 
=p Cmtm _ py — Sem tm) 
Hey x) =~ EMD — [1 — SME | 


olmn, — m,) Bix 
x A, cos in exp fe? Fo) — oats BR 


~ = se my) 4, ysin Moa ex wa Fo), — (7.5.18) 


bet 
bi sys 
2sin y, 2 Bi(Bi + we 
A, = —_~—_£__ — (— 1)!’ — 
n= pain p, og EE Be (75.19) 
2005 fe, 2Bi(Bit + His)? 


Agy ss —— te (= 1)! ee a” 
ha ain pacer pn Bt ob 


Where i, and jz, are the roots of the characteristic equations 


cot = (1/Bi)z, tam fy — ~ (1/Bi) Hs (7.5.20) 
The first six values of the roots pt, and coefficients 4, are given in oe 6 
Tables 1 and 2, In Tables 7.1 and 7.2, the first six values of jez, and Ar. 
tre given for various values of the Biot criterion (from 0 to co). 
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TABLE 7.1. Tre Roors of Te Quasacresisne Covatoy tana = — p/Bi 














Bi Ma Fu Mes Mer Pan Ba 
o 1.5708 «4.7124 7,854 10.9956 14 1372 

o1 1.69200 4.7335 7.8667 ML 00S7 14,1483 

0.2 1.6887 4754878794037 14.4513 

0.3 17814 4.7751 7.8920 1.0228 14,9584 

0.4 1.786 4.7956 7.9085 OMB 14,1659 

0.5 4.8158 7.9171 11,0914: 1TH 

0.6 48353-79293 .ON9$ 14,793 17,3834 
07 48S56 T5419 TN OSES 14 186S—87, 9192 

0.8 AS87St 795821067714 1933 

09 4394137: 9668 14 2008 

1,0 49132 7: 9787 44 2075 

13 30037 = 0385 1421 

20 50370 = 8 062 14.2768 

30 S229 8 2015 14 3438 

40 33510 8 3029 44 4080 

40 Sass 8 3914 14469 17 3562 
60 35378 = 8 4703 14538317 OTE 
70 2763 | See S305 14585717 6562 
6.0 2ROH = 5 9B COL 14.6974 17-7092 
9.0 28363 «S112 SBT 166870 AT REL 
100 28628 $7605 = 8 7083 18733517 7908 
190 23476 590808 8898 1493817 9742 
200 25930 «$991 = 9 COIS 15062518 1136 
we 3OWS = 6 OSS] 1298 13 232018 WIS 
400 20651 «6 IME 9 B86 538178 41to 
sao 3081 86 1606 9 2420 1s4n0 18 4939 
0 30001 6 1805-92715 13455948 3497 
800 D103 6 20389-3089 13 S164 18 GOP 
100 © yuos| 6293317 15 383718 6650 
oo DMIs 2832, AS 15 708018 84% 





—_— 


With the steady stare established (Fo = co) ne have 
Ry 
wan [om + my + mm) reg}. a2 


ie, there is a near variation of the temperature over the thickness of the 


plate. 
If m, = m, = m, then from (7.5 21) we obtain 


a(x) © ty ~ (oma) = tee = const, 
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TABLE 7.2. THE VALUES oF Txt Constants 
2BiKBIE + 3,2)" 











Aya = (— 1yt 
a CGP Rt AD 

Bi Ass An As Ags des 
9 0.0000 0.0000 0.0000 — 0.0000 
O.1 0.0721 0.0017 0.0010 = —0.0007 
0.2 0.1303 0.0033 0.0020 —0.0013 
0.3) 0.1779 —0.0049 0.0030 0.0020 
4 0.2172 —0,0065 0.0040 —0.0027 
0.5 0.2514 0.0082 0.0050 —0.0033 
0.6 0.2803 0.0098 0.0059 —0.0040 
0.7 0.3065 0.0114 0.0069» —0.0087 
0.8 0.3156 + 0.0129 0.0079 —0.0053 
0.9 0.3471 0.0145 0.0089 = —0.0060 
1.0 0.3646 0.0160 0.0098 + 0.0066 
1.5 0.4298 —0.0237 0,0146 + —0,0099 
2.0 0.4726 —0.0311 0.0193 —0.0129 
3.0 0.5254 0.0448 0.0281 —0,0192 
4.0 0.5562 0.0571 0.0365 —0.0251 
5.0 0.5759 0.0682 09,0442 —0.0310 
6.0 0.5892 —0.0779 0.0513 |= — 0.0360 
7.0 0.5987 0.0865 0.0578 —0.0409 
8.0 0.6056 0.0541 0.0638 «— —0,0455 
9.0 0.6108 0.1007 0.0691 —0.0498 
10.0 0.6148 0.1065 0.0739 0.0538 
15.0 0.6256 —0.1265 0.0920 — 0.0594 
20.0 0.6300 0.1375 0.1028 |= —0.0797 
30.0 0.6336 =0.1479 0.1140 —0.0911 
40.0 0.6348 ~ 0.1524 0.1191 —0.0966 
30.0 0.6354 0.1566 0.1218 + —0.0995 
60.0 0.6358 0.1559 0.1234 0.1015 
80.0 0.6361 0.1573 0.1250 —0, 1034 
100.0 0.6363 0.1579 0.1258 0.1083 
so (0.6366 0.15991 0.1274 —9. 1060 





The mean temperature of the plate is 





~H=% 

Lote 
op — 20 ma) seats — yg Fo). (7.5.22) 
1 See -E[-% eh gen 7B, exp #2 Fo}. (7.5.22) 





In Figs. 7.4 and 7.5 the graphs 2,1 = (Bi) and 4, = f(Bi) are given 
using the data of Tables 7.1 and 7.2. 
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Fig. 7.4. The first root 411 Of the charsctenstie equation versus the Biot ensterion 
for a plate (asymmetns problem). 








ew ae =) 





Uw oo 4g 2 


Fle. 75. Cocffinent 4,,, versut the Biot erierion for a plate (arymmetnc prodiert). 
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7.6 Thermal Waves. Infinite Plate, Semi-Infinite Body, Sphere, 
and Infinite Cylinder. Ambient Temperature as a Simple 
Harmonic Function of Time 


In many thermal processes the ambient temperature is a periodic function 
of time, Then the temperature distribution in a solid body heated in this 
medium will be similar to the distribution of displacement of oscillating 
points exposed to a wave process in anelastic medium. Usually these prob- 
lems are therefore referred to as the problems of distribution of thermal 
waves, the latter being understood in the macroscopic sense of the word. 

We shall consider problems of heating a body (infinite plate, sphere, 
and infinite cylinder) when the ambient temperature changes hy the law 
of simple harmonic oscillation, i.e., it undergoes a cosine or sine variation, 

Usually, the sclution of problems on thermal waves is given for the 
quasi-stationary state, Le., it is assumed that the proccss continues so long 
that the initial temperature distribution has lost its influence on the process 
history (problems without initial conditions). The solutions are given here 
for a general case accounting for the initial conditions from which, as a 
special case, the known solutions are obtained for the quasi-stationary state. 

Let us consider in detail the solution of the problem for an infinite plate, 


a. Infinite Plate. Statement of the Problem. Consider an infinite plate with 
the thickness 2R at temperature t, — 0°. At the initial time, it is placed into 
@ medium, the temperature of which changes according to the law of simple 


harmonic oscillation 
£,(1) = ty cos 2nvr, (7.6.1) 


where y is the frequency of oscillation and 1,, is the maximum ambient temper- 
ature, ie., the amplitude of the ambient temperature oscillation. Heat is 
transferred between the surfaces of the plate and the surrounding medium by 
Newton's law of cooling. The temperature distribution along the thickness of 
the plate at any moment and the specific heat rate are to be found, 

We have 


#(x, 0) = fo 7 0, 7.6.2) 
O10, *)/8x =0, (0,1) Ace (7.6.3) 
— HRD +. Ht cos 2002 — (8, #)] = 0. (764) 


The problem is symmetric, the origin of coordinates being in the center of 
the plate. 
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4. Solution of the Problem. The solution for the transform under eondution 
(7.6.2) and (7.6.3) will be 


T(x, 3) = A cosh(sfa)x. (7.6.5) 


‘The constant A is determined from the boundary condition (7.6.4) which 
for the transform will have the form 





TR) + af TR, »| =0, (7.66) 


s 
Elcos 2art] = SG 


Substituting the solution ito condition (7.6.6) we have 





st a\t? silte e\et 
- 4(2) snn() n+ tte, - wAcot(Z)"R=0. (262) 
Having determined the constant 4 from equalty (7.6.7) and substituting 
the expression obtained tnto solution (7 6.5), we shall have 


Te. 3) = Stn cosh(s/a}' tx 
(FFs [eoshisfey 7R+ Talay *sinh(say *R] 
Ps) (768) 


Solution (7.6.8) represents the ratio of two generalized polynomials which 
satisfy the conditions of the expansion theorem Equaung the polynomal 
of the denammator with zero, 16. (5) = O, we find the roots: 4, «+ (27%, 
$,> — far and 5, = —ou,/R%, which as an infinite number of roots 
determined from an ordinary charactenstic equation. 

If we use the expansion theorem (the case of simple roots}, then tht so- 
tution of our problem will be obtained in the form 


b- ten 
tn 
cout cosh(ifes/a})' tr 
F leonora PR? CpMGfelayy* simbtiforay *R © 
cosh(—i{esa}) te ote | 
* Fomt— Holayy Rs isl —aosayy ® sink ~ {era} Ro 


det ) £05 oe Fev — Hat Fe i |- 


a .. (7.69) 
+ (oa Rt 
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where © = 2ar is the circular frequency (r = 1/P, P is the period of oscil- 
lation) and 4, are the coefficients determined from the known relation for 
an infinite plate. 

c. Analysis of the Solution. The maximum rate of change the of ambient 
temperature [d¢(r)/dr],, is equal to 2art_,. Then the Predvoditeley crite- 
rion wilt be equal to 











(7.6.10) 

Hence, solation (7.69) may be rewritten as 

6 = £ {N,expfiPd Fo] + N_;exp[—iPd Fo]} 
= + 
-= fel 4q005 e2-Z exp[— ne Fo), (7.6.11) 
where 
. cosh(i Pd)¥*(x/R) 

i Jeosh(? Pd)=*= (1 BiG Pd)" sinh Pdy =)" (612) 
cosh(—# Pd)t* x/R . (7613) 





~ [eash(—7 Pdy = (1/Bi—# Pa)*? sink(—FPa)"] 


The sum in solution (7.6.11) decreases with time and beginning from some 
value Fo > Fo; (quasi-stationary state) it becomes negligible es compared 
with the two first terms. Then for the quast-stationary state we may write 


6 =4 {N, exp[i Pd Fo] + N_,exp[—/ Pd Fo}} 


=! [(N; + NL) cos Pd Fo + (¥, — N_)) sin Pd Fo] 





(7.6.14) 





= (eX) cos] Ps Fo- arctao(i 


From solution (7.6.14) it follows that the temperature at any point of the 
plate undergoes simple harmonic oscillation with the same frequency, but 
the period of oscillation lags behind the period of the ambient temperature 
oscillation by the value arctan {&(N; — N_g)/(¥; + N4)} Since 6, = felt, = 
cos Pd Fo. (The Predvoditeley eritecion is directly proportianal to the 
frequency.) 

The amplitude of temperature oscillations at any point of the plate 
decreases with depth. The maximum amplitude corresponds, therefore, to 
the surface of the plate (x = R), but it is less then the amplitude of the 
ambient temperature oscillations by the value (W;N_)"* 
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TABLE 7.3. THE VAtues or tu Constants 4,, B,, 4,, AND By 
td A a A a7 
0.01 1.000 9.0001 0.0071 0.0071 
0.028 1.000 9.0003 0.0177 0.0177 
0.05 1.000 0.004 0.035 0.035 
0.075 1,000 0.003 0,080 0.050 
0.10 1,000 0.005 0.070 0.071 
0.15 1.000 0.011 0.106 0,106 
0.20 1,000 0.020 0.140 0.142 
0.25 1.000 0.031 0.175 0.179 
0.30 1.000 0.045 0.209 0.215 
0.35 0,999 0,062 0,242 0.253 
0.40 0.999 0.080 0.275 0.290 
0.45 0.998 0.095 0.307 0,329 
0.50 0.997 0.125 0.339 0,369 
0.55 0.996 0.151 0.369 0.408 
0.60 0.994 0.180 0.398 0.449 
0.65 0.993 0.212 0.427 0.492 
0.70 0.990 0.245 0.454 0,534 
0.75 0.987 0.281 0.479 0.578 
0.80 0.983 9.320 0.505 0.625 
0.85 0.978 0.362 0.526 0.670 
0.99 0.973 0.404 0.547 0.718 
0.95 0.986 0.451 0.565 0.771 
1.00 0.958 0.499 0.583 0.819 
1.05 0,950 0.549 0.599 0.871 
1.10 0.938 0.601 0.612 0.924 
1.15 0,927 0.658 0.622 9.980 
1.20 0.916 0.705 0.629 1,026 
1.25 0.898 0.776 0.636 1.096 
1.30 0.881 0.839 0.639 1.155 
1.35 0.862 0.906 0.639 1,216 
1.40 0.834 0.970 0.636 1.271 
1.50 0,790 1.108 0.621 1.410 
1.60 0.727 1,258 0.590 1.590 
1.70 0.654 1.411 0.546 1,682 
1.80 0.566 1.571 0.484 1.839 
1.90 0.460 1.741 0,402 1.995 
2.0 0.340 1.911 0.302 2.151 
24 0.199 2.087 0.180 2.312 
22 0.038 2.261 0.036 2.477 
2.3 —0.146 2.440 0.135 2.636 
2.4 0.355 2.616 0.291 2.798 
2.5 0.587 2.787 0.554 2.954 
ie 0. WO, SS 
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TABLE 7.3. (continued) 











z A By A B, 
2.6 — 0.851 2983 — 0 808 
27 — 1.108 3 093 — 1.057 
2.8 — 1.4588 328 — 3.43 
29 — 1821 3 389 -—17%1 
3.0 — 2.206 3.502 — 214 
32 — 3 086 3.656 — 3.021 
34 — 412 3 ws — 4057 
3.6 — 5.304 3583 — 5239 
36 — 6 62 3,256 —~ 6557 
4.0 — 8073 2 ses — 8.038 
42 — 9.628 1.660 — 9578 
44 i 227 0 353 —11 183 
4.6 —12 399 —1%3»3 —12 800 
4.8 14.437 —3ms 14 405 
5.0 —I5s 851 — 6 S68 ~15 824 
as —17 939 —16 982 —17 984 
60 1S 794 —30 397 15 787 
65 — 5796 —49 149 — 5 795 
7.0 16 616 —68 601 16 614 
75 SS 532 —83 365 $5 529 
so 15 788 —83 919 115 786 
8.5 196 188 —$4 969 196. 186 
90 289 033 23791 299 019 
oS 37S 199 175 924 275 197 
100 414 391 417 288 414 525 





We believe that the calculation of coefficients NW, and N_, by formulas 
(7.6.16) and (7.6 17) as less convenient than the calculation directly by 
formula (7 6 15) 

In order to simplify calculations, Table 7 3 gives the values of coefficients 
A,, B,, As, and B, with the help of which we can calculate the hyperbole 
functions m formula (7.6.15) as 


coshay/ ti = A, 1B, sinhzy/ tr =A, + 1B,. 


d. A Semi-Infinite Body. From solution (7.6 11) we may obtain the solu- 
tions for a semi-infinite body. Let us transpose the orgin of coordinates 
from the middle of the plate to the left surface, 1¢., we shal! replace the 
variable x by Y — R and assume 2R— 00 (x = ¥ — R). 
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We rewrite the expression (7.6.12) as 


o 


exp| - (-2)"(r - 29] + ex[- (7 2y"a+a| 


ee eee 


At R— x= 2R— X, R+ x= X, the value N; will be equal to 














toga hte 
In a similar way we shall ind 

din Nam wie oo[-x(-1-2)"]. 
Thea we obtain 


oO. a eeeall ag worn |for— x04 5 3)" 


ere Tre 6) has Meare a5 ai 
2a 
=en[-x(> <y° ] eae [ara cox(x(4 ng a) 


~ taf) 


-prerep (3S Pes ) eet aretan; +) 


(7.6.18) 
sm ar(aG) -a Ge) 


and P is the period of oscillation (P = 1/v). Solution (7.6.18) may be 
rewritten 











where 
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9 = Avero[— x( SY") cose — (x4 an\], 619) 
where the value 
anv) ae)” 
is the maximum amphtude of temperature oscillation equal to the amplitude 
of the temperature oscillation of the bounding surface, and the value 


M= orstan( 1 ra ey" 762) 


represents the shift of temperature oscillatron of the bounding surface as 
compared to the ambient temperature oscillation (Fig. 7.6). 
This solution may be expressed in terms of generalized variables 


@ = A, exp [— (4Pd,)'"] cos[Fo,/Fo,' — ((EPd,)¥* + AN], (7.622) 
where 


(7.6.20) 


Ag = th + V 2pprty + BEY, (7623) 
M =arctan(l + Bit 2) 4, (7.6.24) 


where Pd, = «X?/a1s the local Pdctiterion for the coordinate X, Fo, = at/4* 
1S a generalized local argument Glimenstouless time) and Fo, = aP/2nX? is 
a dimensronless number characterszing the periodic state For the ratio 
Fo,/Fo,’ = at, Bi* ts a generalized argument for the steady-pentodic state 





But = a/(Acyw)"* (7.6 25) 
We shall now clarify the physical sigmfcance of the number Bi’. The 
mstantaneous heat flux at the surface is 
G0, t) ~ — AGHA) zg = — Ap (w/2a)"* (sin ox — cos ert), (76.26) 
We now make use of the relation 
cos(wr + ix) = (cos ar — sin ary 2). 
Then the value of instantancous heat flux at the surface 


g®, t) = Ccyw)",, cos(or + i) 


= 4m, cos(or + 47), G.6.21) 
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where gy, is the maximum specific heat flux or the amplitude of specific 
heat flux, which is equal to 


Ym = bea (Ayo) *. (7.6.28) 


The ratio of amplitudes of heat fluxes and temperature 
42 = eyo). (7.6.29) 


Thus the value of (Acyw)"* equals the maximum instantaneous heat flux at 
the body surface at an amplitude of the wall temperature of unity (tq, = 1°C). 
Thus, the dimensionless number Bi* is the ratio of the steady-state heat 
lux a At at a unit temperature difference (41 = 1) to (Acyw)'” the maximum 
steady-periodic heat flux at a unit temperature amplitude (tq, = 1). In other 
words, Bi* is the modified Biot criterion for the steady-periodic state. 


Returning to formula (7.6.23), we note that for Bit —+ oo the dimen- 
sionless amplitude Ao is unity, and Af = 0, 

In Fig. 7.6, the variation of relative ambient temperature 6, and the 
relative temperature of the boundary surface of the body (X’ = 0) are shown. 
Ttis seen from Fig. 7.6 that the amplitude of the relative ambient temperature 





Fig. 7.6 Time changes of dimensionless temperatures of the surrounding medium 
and the body surface. 


oscillations is equai to 1 and morcover on the surface of the body Ay < 1. 
If the number Bi = co (H = 09), then Aq = I (sec relationship (7.6.20). 
In Fig. 7.7, the plot of A, versus Bi* is presented which shows that with 
Bi* == 0, 4 = 0. The phase shift between cosine curves , and @, is equal 
to M; at Bi = co, this shift will be equal to 7 (see Eq. 7.6.21, Fig. 7.6). 
Thus, the temperature of any point of the body undergoes a harmonic 
oscillation. 
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4 3 9 vn 6 «of 











o G? Of o6 of 1 1 Mm 1S 18 


Fig. 7.7. The surface temperature oscillauon amplitude versus Bit, 


For any given time (r = const) the temperature distribution ulong the 
depth of the body takes place according to thc cosine law with gradually 
attenuating amphtude Ag exp[— X(x/aP)”*] (Fig. 7.8). 





Fig. 7.8. Dimensionless temperature destnbutian along the plate depth at a certain 
moment, 


The length of the wave A may be found as the distance between two 
points which differ in phase by 27 It follows from solutron (7.6.19) that 
the length of the wave 1s equal to 


A = 2xaP)* = 2(xa/r)*, (7.6.30) 


since X(/aP)”4 = 2x. Hence, the wave length charactertzing the depth of 
penetration of thermal waves is directly proportional to the square root of 
the product of heat cunduction coefficient and the period of oscillation. 

Tt 1s known from the theory of oscillations that the speed of wave 
propagation 15 equal to the wave length divided by the period of oscillation. 
In the present case, the speed of thermal wave (speed with which ony 
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point of the wave moves) is equal to 
u = A/P = 2(na/P)¥* = 2(nav)"*, (7.631) 


ie, the speed of thermal wave propagation increases with frequency and 
with the increase of the thermal diffusivity coefficient, 

In Fig, 7.9, 6 is plotted versus Fo,/Fo,’ for various values of the gener- 
alized argument 1/2(Fo.’)¥* from 0 to 180° at Ri* = co. 
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Fig, 7.9. The dimensionless excess temperature 0 versus Fo,/Fo," for various values 
of 1/2(Fo,")"* for # semi-infinite body [102]. 


e. Solution for Sphere and Cylinder. The solutions of the given problem 
for a sphere and infinite cylinder in a general form are, for a sphere, 


6 = 4 (N,expli Pd Fo] + N_; exp[—i Pd Fo]) 








« * Resin y,(r/R) = 
— x ae TPE An, EE #a® Fo], (7.6.32) 
where 
RBisinh{(—i Pd)? (r/R)} 
Mi= FEB) sinha PAE | GPA" eoshePaye? 639) 
R Bi sinh {(—i Pd)”*(r/R)} (7.6.34) 





Bam r{(Bi—t siah(—7 Pay? + (—7 Pd)? cosh(—i Pd)*)” 
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and where A, arc constants determined by relation (6.5.29), and for an 
infinite cylinder the solution is 


= 1, is Fo) + N_, exp[—1 Pd Fo]) 








= z ate A,JAtin{r{R}) exp[— Un Fa), (7.6.35) 
where 
T(t PAYY*r1R}) 
Ts CEPA aGPay (7630) 
ee 1e(-i PAY? {H/RY) aon 


[foi Pay? + (7B) (iF Pay (1 Pay] * 
and where 4, are the constants determined by relation (6.6 27). 


S. Specific Heat Rate. The specific heat rate for any interval of ume 
Ar = t, — % 18 found by the conventional formula 


AQ, = cy He) — 86) tn 
The mean temperature over the volume 1s equal to 
6 — 4 (N, exp[s Pd Fo] + N_, exp[—1 Pd Fo}} 
; 8, exp(— 4,7 Fo], (7638) 





where B, are the constant coeflicrents determmned by relations from Chapter 
G, Sections 2, 5, and 6 and the coefficients V, and N_, are equal, respectively. 
For an infinite plate 


N= (7.6.39) 


(Pay othe P =) y? + (iB Pd” 


1 ‘ 
Ra Coypay count 1 Pa G/B) Pa * 


p, — 3 BiG Ps)? — tanh Pv) (7641) 
* TPA — 1) tanhee Pay? | GPO] 


3 Bi((—i Pd)? — tanh(—i Pd)”*) + (7642) 


8. pape — yank Pay* + (1a ® 


(7.6.40) 


for a sphere 
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and for an infinite cylinder 
Veta 2 (i Pd)? 
© [hG Pd)? + /BNG Pd)? 4G Pd)'=] Pay” 
v= 2 h(i Pay? 
+*°CGi Pd)’ [Loi Pd)**4- (1/Bi)(—i Pd)"77, (—a Pay) 





(7.6.43) 





(7.6.44) 


For the quasi-stationary state, the mean temperature will be a periodic func- 
tion of time. Using similar transformations, we have 


6 = (AW _)"" cos((22/P}t — M1), (7.6.45) 
where 
= Ni — Rs 
Mf = arctan RoW (7.6.46) 
Thence 





dQ,= tnt) cos{ = ) - cox( cui - a)| 
= 2ep tg NN sin 24(e_ — 43) sin[AE -- 29(xy +t]. (7.6.47) 


Thus the specific heat rate changes in time by the law of simple harmonic 
oscillation with the same period as the period of ambient temperature 
oscillation but with the phase shift. 

It follows from relation (7.6.47) that the amount of heat transferred dur- 
ing the period of oscillation (tz — r, — P ~ Ifv) is equal to zero, We shall 
now determine the heat transferred for the time interval dr equal to a half 
period (i.e, dt = 1/2r). For this time increment, Az — 1/2v, the value of 
of sin xv{r_ — ,) is unity. The reference point of z, is chosen so that 
sin[47 — av(t, + 1,) be unity, ic., 


H+ (1/2a0)(Mf — x). (7.6.48) 
Then the heat transferred during the half period, dt = 1/2r, is 
AQe = 2cytg(NiN_"*. (7.6.49) 


The quantity (7,N_;)“* is a function of Pd and Bi, i.c., it depends on the 
heat transfer coefficient a, frequency w, and thermal properties {@, 2, 7). 

We shall analyze formula (7.6.49) for the case of an infinite plate for 
Bi oo, In this case, the temperature of the wall surface varics according 
to the law of harmonic oscillations 


£(z) = fq COS WT. (7.6.50) 
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If the wall thickness is large or the temperature changes very quickly, then 
the temperature oscillations across the wall shouk! damp completely before 
the midplane of the wall (see Fig. 7.10a). Then cither half of the wall 
be haves as a body of an infinite thickness (half-space). Thus, a plate of 
large thickness represents these extreme cases. 

In the opposite case (@ very thin wall or extremely slow temperature 
changes), the whole thickness of the wall responds to the temperature 
oscillations of the surface, with no amphtude decrease and tme lag, Under 
these conditions the temperature across the whole thickness 1s uniform 
(independent of x), ie, t,=¢,. Then the heat accumulated dunng the 
half-period dr = x, — ry by a unit volume of the wall is 


(4Q)ane» = oF] J" Cm £08 0) de] 
=2tncy (651) 


Relation (7.6 51) 1s simular to the simple calorimetric formula 4Q, = cy At 
for heating a body by 4¢. In the case of interest dt = 2t,, Consequently, 
formula (7 6.51) defines the heat quanuty recerved by a unit volumc of the 
wall when it 1s uniformly heated from — 1,, to + ty 

All retual walls fall between these two extreme cases of very thick and 
very thin walls. Decreasing the wall thickness starting from a “thick” wall 
finally leads to the case when oscillations propagating [rom both sides come 
1m contact m the midplane of the wall, and mutual penetration of oscillations 
begins. Instantaneous temperature distrbuuon for this case 1s shown an 
Fig, 7 10b, and the solution of the problem has been discussed. 

According to (76.49), the heat transfer during the half period 1s 


AQ, = 2cylyK ys (7 6,52} 





Fig. 7.10. Penetration of temperature waves into a wall of (2) considerable thickness, 


(b) mediam thickness. 
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where K,, is a factor equal to 
K, = [{(@Pd)'* coth(#Pd)'*}(— iPd)¥? coth(— #Pd)*]-¥*. (7.6.53) 


Formula (7.6.52) differs from (7.6.51) by the fector K ,. It shows the frac- 
tion of heat accumulated by the wall, 2R thick, compared with an infinitely 
thin wall (2R -> 0) 

K, = 4Q/(4Qvan~0- (7.6.54) 


TABLE 7.4. Tre Derenvencr. of K, on THE Nunpen Pd 





The quantity X , is therefore called a heat-utilization factor. The factor K , 
depends on the number Pd (see Table 7.4). Figure 7.11 shows that at Pd =~ 0, 
XK, = 1 (the case of an infinitely thin wall). At Pd +00, K, = 0. 

It is of interest to analyze the formula describing the heat losses of an 
infinitely thick wall (half-space). Ar high Pd (2R— 00), K, approaches 


Ko LH AEEEL HHH 
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Fig. 7.11. The heat accumulation cocfficient versus the Predvoditeley criterion in 
symmetric heating of walls of finite thickness. 
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A(Pd)"*, Hence the form of formula (7.6.52) becomes 
(AQs)an +0 = 2eVlm/2(PA)* = 2eytalales)’"(1/), (7.6.55) 


where 113 the wall thickness (J = 2R). 

For a half-space, the heat quantity absarbed by a unit surface area of the 
wall for a half period is calculated as a value describing heat accumulation, 
fe, 


AD, = AOS = 2cy¥te(afeoy*. (7.6 56) 


Relation (7.6.56) has the following physical significance: AQ, equals the 
beut amount recerved per unit surface by a wall layer with a thickness of 
(a/o)*? ((a/w)¥? ts measured in units of length) when tt is uniformly heated 
throughout the whole thickness from —f, tot, Thus (a/e)"? charactenzes 
the conventional thickness of a semi-infinite body uniformly heated at the 
steady-perodic state (@/m)"* will be denoted by £. Jt 1s a value character- 
isiag assimilation of heat by a homogenous wall, Then the factor § 1s 
Approxmately 9 times less than the temperature wave Jength 4 (¢ = 0 t1 A), 
stnee 


A = (82)"*(a}coy"? = (Ba)*E (7.6.57) 


Tius value is inversely proportional tof @ and directly proportional tof a 
Therefore the value of & diminishes as the frequency of temperature oscillations 
Increases. At high frequency, assumlanon of heat i msignificant. At constant 
Srequency («3 = const), € depends on thermal diffuswity alone For example, 
with an oscillation period of 24 he. (a — 2/12}, the heat assimilattan coef- 
ficient for cork slabs (f — 0.039m) 1s approximately 3.5 times less than 
that for marble slabs (£ = 0 137m). 

If heat ts transferred through an air layer by heat conduction, a heat- 
assimilation coefficient is very large (€ ~ 0.543, w = 2/12, 1 = 20°C) The 
heat-asstmilation coefficient determincs the rte of damping temperature 
aseilations in the wall thickness. 

At a depth of ¥, the temperature oscillations decrease by a factor ofn 
compared with oscillations at the surface. This depth is equal to 


X, =V 2élnn= Afr) 76.58) 


‘The values of the function fu) are presented in Table 7.5 which shows 
that at n =2, fn) — 0.110, Thus, at 1 = 2, Y, = 0.110, A = é, fe, the 
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value of ¢ is equal to the depth of the layer X,, at which temperature oscilla- 
tions become half the value of those at the surface. 


TABLE 7.5. THe Function f(a) or Temperature OscrLaTton ATTENUATION: 





" 2 4 10 20 3 100 1000 





Sin) 0.110 0.228 0.367 0.477 0.623 0.733 1.100 





The heat accumulated by a unit surface area of a semi-infinite wall for a 
half period at Bi* 40 is 


(Quiroo = 2eytmAolafor)'?, (7.6.59) 


ie., a relation is obtained which is similar to (7.6.56), since the surface 
temperature oscillation amplitude is 4,49. 
The heat rate may be calculated in another way. The rate of heat flow is 
equal to 
dQ,/de = a(S/V)[te(r) — 4(2)1, (7.6.60) 


where /,(r) is the temperature of the body surface {at x = R or at r= R, 
S/V is the ratio of the body surface to its volume). 
‘Thus if we draw a curve of ambient temperature history 


Ig(Z) = fq COS 2avT, (7.6.61) 


and the curve of surface temperature history 
4 (2) = tne = ba Ni ais)? cos(2ave — M,) (7.6.62) 


(the subscript s designates the value of the corresponding quantities at 
X= Roratr= R), then the area between these two curves gives the value 
proportional to the specific heat rate for the given interval of time, For 
example, in Fig. 7.6 the shaded area will give value proportional to the 
Specific heat rate during the hal¥ period. 

If we substitute into Eq. (7.6.60) a corresponding expression for 14,() 
and ¢,(z) from relations (7.6.61) and (7.6.62) and integrate with respect to 
+ between 7; to tz, we obtain a formula for the specific heat rate similar to 


(7.6.41). 
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7.7 Semi-Infinite Body. Ambient Temperature as a Function 
of Time 


a, Statement of the Problem. As an example of a semi-mifinite body, consider 
a thin long rod with the thermally msulated side surface. Ai the initial moment 
the end of the rod is placed into a meduun the temperature of which is some 
given function of time t,(r) = f(r). Heat transfer occurs between the non- 
insulated end of the rod and the surrounding medium by convection. The temp= 
erature distribution along the length of the rod 1s to be found. The differential 
heat conduction equation for a one-dimensional problem is known. The 
boundary conditions are the following 


4(x, 0) = 0, (2.2.1) 
(21(0, x)/0x} + HU) — 0, 1] =0, (7.7.2) 
Heo, t) = 0 (7.73) 


b. Solution of the Problem. The solution of the differential equation for 
the transform T(x, s) under the conditrons (77.1) and (7.7.3) will have 
the form 

T(x, 8} = Bexp[— (s/a)*?x} (7.7.4) 


The constant Ff is determined from the boundary condition (7.7.2), which 
for the transform will have the form 


TO, s) + HF(s) — HT, s)=0, (1.7 5) 
where F{s) is the transform of the function fir), 16. 
Fs) = LIA). (7.7.6) 
Solution (7.7 4), after determination of the constant, will be 


Te, 9) = Fs) TET PL /0N"] = AGP). (7.77) 


For the transition from the transform, we shall use the theorem of multi- 
pheation of transforms. 
The inverston of the transform @(s) 13 known (see formula (56) in 


Appendix 5): : 
L“"[O(s)] = 1 mune exp[—- () ‘x]] = ot), 
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ror= a) eo 


— aH exp[Hx + aH*] erte( ae Heer"). 





Then, according to the theorem of multiplication of transforms we may 
write 
I 'O(s)F(s)] = fi Oz — 9) ab = fe oe — A) (9) dd, 
where g(r) is the inversed transform P(s), 
Hence, the solution of our problem has the form 
tx, 2) > ffir — OH (@/n8)"* expl— 7/408) 
— aH? exp[Hx + aH*0) erfe({x/2(a8)*} + H(ad)")] dé. 

(7.1.8) 


ce. Analysis of the Solution. If f(t) = 1, = const (the ambient temperature 
is a constant value), then solution (7.7.8) will become solution (6.1.11): 


(x, 2) x 
ta orf Taye 





= exp[#x-+ aH*r] erfe if Hear)". 


(1.19) 


x 
Tan? 
Let fg = fm4/, then solution (7.7.8) will acquire the form 


we D_ xf x x 
=Vren|-= |= We erfe am 


~ ar (G)" [ace 


a t Htary*)}. 7.2.10) 





— exp(aH*r + Hx) erte a 


At H+ 00, 1(0, t) = twa, and from solution (7.7.10) we obtain 
va erte( A wa): (7.7.11) 
2a (ary 


In general, when t, = f(t) at H—> co, the temperature of the end of the 
rod will change in the same way as the ambient temperature, i.e., 


10, t) = fix). (7.7.12) 





1, = to exn[- 2] = Xt 
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Then we shall have 
1x, 9) — Fcount(® — ) exp- #1 a0 
“TF i fe on[- =| ay. (7.7.13) 
If the surface temperature is constant, then from (7.7 13) we obtain 
eau = erfe ou 7.4) 


7.8 Generalized Solution. Duhamel's Theorem 


We shall now generale the problem of heating a body in a medium, the 
temperature of which 1s « funclion of time. Using the theorem of multiph- 
cation of transfurms, we may prove the well-known Duhemel theorem 
For better understanding, first consider the solution of the problem for 
an infinite plate. 

If the ambient temperature ss constant and equal to umty (f, = 1), then 
the solution for the transform for é¢ = 0 will have the form 


Tix, 8) = i sonia? ____ = 10), 
cosh(s/a)'?R + wa (s/a)"? sinh(s/ay’*R, 78.) 


where 1/s is the transform of the constant f, — t. 
If 4, = f(z) and the transform of f(r) 18 equal to F(x), .e., LU{z)] = FG), 
then the solutron for the plate will have the form 


TG, 5) = F(s)(s) (7.8.2) 


If we multiply and divide expression (7 8.2) by s then solution (7.8.2) 
may be represented as the product of tw. transforms sF(s) and TyGy s) as 





T(x, 2) = 281s) PO) m sFEOT (x, 9) (783) 
The onginal function of the second transform 7;{x, s) 1s koown—this is 
the solution of the problem for the constant ambrent temperature (t= Ls 
LATIG, 3) = 4G, +) 
=1=— & Aycos p,x/R)eepl— m2 Fo) (78.4) 
at 
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The original function of the first transform s(s) may be found in the 
following way: 


LY@I= Fis), LE") = sk) — f0), (78.5) 
sF(s) — Lif'@)} +). (7.8.6) 


Tf f(0) = O then the origina! of the transform sF(s) is f’(t). Then applying 
the theorem of multiplication of transforms, we obtain 


1,7) = if f(z — 8) h(x, 8) dd. (7.8.7) 
If (0) = const, we shall make the following preliminary transformation 
TOs, 5) = sF)TIC, 8) = LI’ @)INGs 5) + SONG, 5). 


Applying the inverse Laplace transformation and the theorem of mul- 
tiplication of transforms, we obtain: 


tx, 2) = f fe — 8) A(x, 9) d0 + 0) HO, 2). (7.8.8) 


Relation (7.8.8) is a formulation of the Duhamel theorem for a one- 
dimensionat problem. 
For our specific example, we obtain 


t(x, t) = fo - z Ay COS fly (x1) EXP[— fn? Fo}] 


+ [rer atm E 4,008 m5 18) expt 14" (n/N ao. 
(7.8.9) 


Relation (7.8.9) is the solution for an infinite plate when the ambient 
temperature is a function of time. 

Let us generalize our result for a body of any geometry. Let the body be 
heated in a medium the temperature of which is the function of time tq = f(r). 
The temperature field for any time is to be found 


I(x, 2 2°) _ aye, yz, 0), (7.8.10) 
(x,y, 9) =0, (78.11) 


~ (0, + Hifi) - 41=0. (79.12) 
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where the subscript s means the surface of the body. Applying the Laplace 
transform we obtain 


ST(x, ¥, 2, 8) — 2 PTC, ¥, 2,5), 7.8.13) 
— WT), + AF(s) — HT, =0. (7.8.14) 


Let u(x, y, z, t) be the solution of our problem when the ambient tem- 
perature 1s equal to unity, ic, ftr) — 1, then 


Lue » 2, )] = Ulx, y, z, 5) (7.8.15) 


Since the transform 1 is equal to 1/s, then the solution of the problem for 
t, = f(r) for the transform 7(x, y, z, 5) will be equal to 


T(x, y, 2, 8) = sF(S)UG, y, z, 5) (7.8.16) 


Substituting for the expression sF(s), we obtain 


SF) = LIF'@1+I0) (78.17) 
Then we may write 
T(x, ¥, 2, 5) 
= {LUf'@)] + ROD} UG, », 2 8) 
= fO)Llu(x, y, 2, T)1 + LU (e)] Lies, y, 2, =] (7.8 18) 


Let us use the inverted Laplace transform and the theorem of multrph- 
cation of transforms: 


10%, Ye FT) = £(0) ul, ye 2, 1) + i SC — O)ulx,y,2,9)dd (7.8.19) 
The given relation (7.8 19) may be rewritten as 
(x, Yo 5 t) = (8/8) ts fx — BD ulx, y, 2,9) dd, (78.20) 


Le, the wellknown Duhamel theorem is obtamed “Uf fix} and the derwatwe 
S'() are partially-continuous at ¢ > 0, then the function (x, Y, 2, ™) deter- 
muned by relation (7.8.20) is the solution of boundary vatue problem (7.8.10) 
with Baundary conditions (78.11) and (7.8.12). 

On the basis of the theorem of multiplication of transforms we may 
write relation (7.8 20) as follows: 


Hx, y. 2.0) = @f22) f" MO) ule, yz, — 8) dd (7.8.21) 
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Taking use of the Duhamel theorem we might selve the problems con- 
sidered in Sections 7.1-7.7 proceeding from the solution for the constant 
ambient temperature, ie., all the problems in which the ambicnt tempcr- 
ature changes with time, But this classical method for such problems has 
the following drawhacks: (1) itis necessary to initially solve a supplementary 
problera with constant boundary conditions, thus the solution of the given 
problem takes considerable time; (2) the solution is obtained in the form 
of a series which need further elaboration; and (3) in many cases an ef- 
fective solution is not obtaincd as it represents some integral of which the 
final solution is difficult. Therefore, to solve the boundary problems with 
the so-called varying boundary conditions, we used the Laplace transfor- 
mation method which has a number of advantages as compared with the 
classical methods. . 





Example for illustration. In Section 7.1, a case was considered in which 
the ambient temperature was a linear function of time, ie., 4,(¢) = fo + br. 
We shall repeat the solution of the given problem by the Duhamel method. 
To simplify the derivation, we shall use relation (7.8.9) and put f, = 0. 


te o= f° aft = Aq 008 ty (IR) exp| — me 2 i]e. (78.22) 


Relation (7.8.22) is the solution of our problem (see Section 7.1); it rep- 
resents an integral which is, however, difficult to evaluate as it stands, 
so that the following transformations are required. From (7.8.22) we 
obatin 





_,  bRE = As x 
xp) = be AB AS 608 tn 
_ oR 2 A, a a 
Wee. Pir cae ea Pe 


(7.8.23) 





This solution differs from (7.1.8) since it is more complicated. The follow 
ing special proof is needed: 

Toman e [lage] 

a a ae OM ag 1+ xhe 


A more general problem with the given complex boundary candition and 
variable ambient temperature may be reduced to two problemas. We have 








fava (7824) 


10) = ox, ¥. =) 78.25) 
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— WO, + Hitz) — 4] = 0. (7.8.26) 
Let us set f = w+ 8; then we shall have 
dd(Ar = aV*0, (822) 
(0) = 0, (7.8.28) 
— (76), + HO.) — 6,)=0, (7.8.29) 
Oujdx = a Vu, (7.830) 
u(0) = ¢(x, 35), (7.8.31) 
4, = 0. (7,832) 


Thus we shall obtain two problems. 


79 Vollow Cylinder 


@, Statement of the Problem. Consider an infinite hollow eylinder with 
the assigned initial temperature distribunon fir). Heat transfer with the ex- 
ternal medium takes place according to the Neuton lew. Tie temperature of 
the medium corresponds to the prescribed functions of ume tu = eit). 


fez = F2(8) 
167, 0) = fir) (7.9.1) 


OR, THOr + (@ ge) — HR, 2)] = 0 (7.9.2) 

— aR: Her + Nee) — Re M=0 (7.93) 

B. Solution of the Problem. To solve the problem we use the finite integral 
Hankel transform formula 

Tilttas t) Petrie, 2) Valera CARD) de, (794) 


where the kernel of the transform is 
Cotta Ry) = EYo(He) + (taf BUI ¥ Vora (F Rad) 
— Volsta) + (eal Bi iG) ¥ea(/RD) (7.9.5) 
@, are the roots of the characternnstic equation 


Uhketta) Ha 7.9.6) 
CK) — (@,/a,) Ba" 
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U(kttn) = 





[ Yt) + 2 Yotes)] Cbd 
— [st + Fe Ko] reeds §— 9.2) 


Bi, = 94R,/A, Bi, = a, R,/2 are the Biot criteria, k — R./R,. 
The inversion formula has the form 


He, 2) = SR E WeTibitns 9) Uolte (1RD) 


% {(@fay) JolKttn) — (Hn! Bis) Snkuen) 
% {JoCtn) + Hn Birt Sen) Las? + (c*/0y*) Bi,*)] 


— Uestfers*) Joke) — Satta) (nl Bird Gen? + Bix) }*. 
(798) 

To solve the problem, every term of the differential heat conduction 
equation should be multiplied by the kernel of the symmetrical transform 
rUp(in(r/R,)) and integrated between R, and Rp. 

The cigenfunction Uc(z,(r/R,)) is the solution for the zeroth-order Bessel 
equation under uniform boundary conditions of the first kind. In the 
integration boundary of conditions (7.9.2) and (7.9.3), the characteristic 
equation (7.9.5), as well as 





Uslltn) = — 2/etBi,s Use) = 2 rte (19.9) 


were taken into account, 
Then the differential equation will be of the form 


Frills) 4 et 41g, 3) — a Big Unlitn) Pol2) 
+ 2 a(x) = 0. (7.9.10) 
The transform of the function f(r) will be designated as 


Tlie» 0) = fea) = Jp 0) Ueber (HR) dr. (1.9.41) 


The solution of the ordinary difiercntial equation (7.9.10) accounting for 
initial condition (7.9.11) will havc the form 
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Tilttns #) = Ste) €xP[— jg? Fos] + 0 Big ge fi ex) 
x exp[— AE OY) gp — 22 f° once) 


x exp[- (79.12) 





where Fo, — ar/R,*. Using inversion formula (7.9.8), we have 


(t= _ Re 
Ba? Ul (be CIRM ExP[— 4,2 Foy 
xz Tay) OS ky, eta? + (aa*]07) B®] — (4/5 Bi,)Ua,* + Bs") 
x { ia) Uehita (F/R) dr + Bie Uo y.) J Gal) 


 explyasa9/R,9)} 49 — ala) f° p(B) explyt(a0/R34)] ao} 
(1.9.13) 


7.10 Parallelepiped. Ambient Temperature as a Linear Function 
of Time 


With the help of the Duhamel theorem, we may obtain the solution for 
the plate of the fimte dimensions (2R, x 2X, x 2R3) To do this, we vse 
the solution for the parallelepiped exposed to a constant ambient temper- 
ature, f, = const, which is given an Chapter 6, Section 9 If we use relation 
(78.20), then upon integration we obtain 
BR S5 SF Ans Ams Ars E 
Bet nee Bot a KE a KS + Bea Be 
XX COS faq (8/Ry) COS pom 20°/Ry) COS , “s a(z/R) 

x (1 —expl— G4. KP + wh Bb + hs KS) Fo), 





(x, ¥, 2, T) = fy + br - 


(7.10.1) 
where 
Re, ee 1 1 - = 
Kaa U-b23,  grogrtastar Fea 


Ans» Ama» Abs ate the coefficients determmed by the given value of the 
Biot criterion. 

Tf the number Bi = oo, then jigs — Qa — Din far = (2 — I 
and #25 — (2k — 1)}+. Solution (7.20.1) is more general. 


CHAPTER 
8 





TEMPERATURE FIELD WITH CONTINUOUS 
HEAT SOURCES 


In many heat transfer processes, there are heat sources inside a body. 
They may be positive (for example, heating a body by electric current, 
evolution of heat during condensation) or negative (moisture evaporation 
in a moist body when being heated). Only some of the most typical examples, 
frequently encountered in thermal engineering, will be considered in this 
chapter. 

The problems may be divided into two kinds: (1) problems with constant 
or variable sources acting during the entire heat transfer process (continuovs 
heat sources); and (2) problems with point sources acting during an in- 
finitesimal period (for example, at the initial moment a body receives a 
thermal impulse). The latter case includes problems of heat transfer in 
conductors in which a short circuit occurs and the internal heat source is 
practically instantaneous, 

It is difficult to solve problems where the heat sources within 2 body 
change both with time and the coordinates. Therefore only those problems 
will be considered where the change occurs either in time or along the 
coordinates of the body. 


8.1 Semi-Infinite Body 
a, Statement of the Problem. Consider a thin semi-infinite red at temper- 
ature to with the side surface thermally insulated. At the initial moment a 


noninsulated end acquires the temperature t, >t which remains constant 


SL 
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during the whole heat transfer process (bowndery condition of the first kind). 
There is a heat source inside the rod of specific strength w (keal{m® ht). The 
temperature distribution along the length of the rad and specific heat rate at 
any moment are to be found. 

The problem stated may be written mathematically as follows 


SK), g SHH 8) += (©>0;0<x<00), (8.1.1) 


ir ix? 
1(x, 8) = fo, 1.2) 
&1{co, 7) 
m=O. (8.1.3) 
10, t) = ft = const, (8.1.4) 


b. Solution of the Problem for w = const. We apply the Laplace trans- 
form and obtain 


T'(x, 2) — 2 Tix, 9) + t+. @.1.5) 
Equation (8.1 5) may be written as 
" = =e Pe 16) 
re.) ~ = [rea — se"? (816) 
The general solution of Eq. (8.1.6) may be wntten in two forms: 
a s\ut sy 
T(x, 8) “Sey A cosn{ 5) xt asmnh{ +) x 


= col(2)"9] enol (2)"9] ee 


Boundary conditions (8.1.3) und (8.1.4) for the transform may be written 


as 
T(oo, = 0, (8 1.8) 


TQ, s) = t/3- 6.1.9) 
It follows from condition (8.1.8) that 4, = 0. The constant B, is found 
from boundary condition (8.1.9): 


eS =e 8 1.10) 
$-3- a5 = % : 
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Then solution (8.1.7) will acquire the form. 


T(x, 8) — “ = oer + f= expf — (5) = 7 exp] — (&)"4- 
(8.1.11) 


It is seen from expression (8.1.11) thut it has three terms cach of which is 

a tabulated transform with the corresponding inverse transform (ee rel- 

ations (2), (50), and (53) of the table of transforms in the Appendix 5). 
The final solution of our problem will have the form 


(x, T) 





ay tt Bente Ta (8.1.12) 


The value wrfcy(t, — fp) is a dimensiontess value; it represents the ratio 
of the amount of heat evolved by a heat source for the given period of time 
per unit volume to the amount of heat which must be imparted to the unit 
volume to heat it from the initial temperature to the ambient temperature, 
This value may be represented as the product of the Fourier number and 
a new number which is cailed the Pomerantsev critetion 


aes 
Hla) 


where Fo, = ar/x* is the Fouricr number for the coordinate x and 
Po, = wx*/A(t,-— to) is the Pomerantsev criterion. The physical significance 
of the Pomerantsev criterion is that it shows the ratio of the amount of 
heat evolved by a source per unit time in the volume x (the volume of a 
parallelepiped with a base of | m* and a height x) to the maximum possible 
amount of heat transferred by conduction through unit area per unit time 
at the distance x from the end of the rod (under the assumption that the 
temperature at the given point is equal to the initial temperature, and the 
temperature distribution occurs by the linear law), 

If the heat source is absent (Po, = 9), then from solution (8.1.12) the 
ordinary solution is obtained for a semi-infinite body under the boundary 
condition of the first kind. 

The heat flux g will be found by relation 


wat 
Fong, ay = Fe Poa, (8.1.13) 


= —1 202, (8.1.14) 
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From relation (8.1.11) we have 


Mle = fo) a 
Lae) = Ge -SE 


Using the table of transforms we find 
ge — o(2)"— (=). 8.1.15) 


aT 7 
It is seen from relation (8.1.15) that at small values of time the body is 
heated mainly by conduction through the noninsulated end of the rod. For 
Jarge values of time, the heating takes place at the expense of the heat 
source, while from the exposed end, heat loss into the surrounding medium 
occurs (the second term of relation (8.1.15) becomes greater than the first 
ons), 


¢. Solution of the problem for w = weg**. The heat source is an expon- 
ential function of the coordinate, w = Ww, e**, where ui is the maumum 
specific strength of the source, & is the constant, The mitial and boundary 
conditions remain the same. To simphfy calculation we set fg = 0, 

Using the Laplace transform, we obtain 


T(x, 8) — (s/a)T(x, 8) + (ralseya) ee = 0 (8.1.16) 





This nonhomogeneous equation may be easily solved since its general 
solution 1s known and one particular solution as readily obtained in the 
form of de~** However, if we intend to solve more complex problems and 
to follow the general method adopted as based on wider application of 
the integral transform method, the Founer sine transformation wll be 
upphed to Eq (8.1.16) Denoting 


TAG p) = 2x"? J TEs, x) sin px de, (8.1.17) 
and using the boundary condition of Eq. (8.1.16) 
Te.0)=-F, To) =0, @.1.18) 


we obtain the solution of (8 1.16) ia the form 


Wo 1 


tone(2)" stam et aret OM 
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Using the tables of definite integrals and applying the inverse Fourier sinc 
transformation, we obtain 


Ts, x) = lay? J” TAs, p) sin px dx 
te s\r Wo exp{— kx] — exp{[— (s/a)*x] 
= —- exp] — (| —) x) + 
seo (2)"e] + He tr, 
Using the table of transforms (Appendix 5), we obtain 
oe «x, t) 


fo 





‘ae x a Wo x = ne 
erie a TE Jerte 5 Gaye — ex be] 


1 
- oy expat — kx) erfe{k¢aey* - ae) 


1 
+ Lexpiktar + kx] erte(k(ax)* + zer)]: (8.1.21) 


d. Solution of the problem for w = wer". The specific strength of a 
heat source is some function of time of the form it" where ¥%p is constant 
and n is an exponent equal to — 1.0 or to any other positive valuc, i.c., 
n>-2. 

The differential equation for the transform will be written as 


5 fo, wol(+ 4) 
Te, 9) — T+ + me ©, = (8.1.22) 
ae Pa-+ in 
ban 
Lit] = ae 
and I'(m) is the gamma function. 
The solution of Fq. (8.1.22) under the given boundary, conditions has 


the form 
rst al (2) Ro -(2)"). 
(8.1.23) 





Using the table of transforms we find 


om (x, T) — to 
la — to 





wie et 
—erle acy t apts = MIF EO) 


x [! -1(2+4n) meri erfe 5p (8.1.24) 
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Let us complicate the problem by replacing a boundary condition of the 
first kind by a boundary condition of the third kind, ie, 


a 
HOD +. HY, — 10, 91 = 0. (8.1.28) 


Then the solution for the transform will have the form 


Te.8) — (ol) = ee Chrperary OPE (lads) 
Wok (+n) 1 
+° cyst = pi ~ Tava yea expi~ (1a"2)] . 


(8.1.26) 
The solution for the original function (ie., the inverse transform) will be 


x x 
2 (ar)¥? 
Pee 


ote — Nl + 
x ferpttix + war) te + ten") 





0-- etfe 





— explits + Haryerte( 4 Har) 


Ten? 





a pare # = 
— E- 2Hanry ete al (8.1.27) 


If a heat source 1s absent (stg = 0) then as a special case, we obtain the 
solution for a semi-infintte rod with its nontnsulated end exchanging beat 
with the surrounding medium accordmg to Newton's law of cooling. 


8.2 Infinite Plate 


First we shall consider a stmpler problem (1 = const) with boundary 
conditions of the third kind, and then a more gencral one (= w(t) 
and q(r)) 

a, Statement of the Problem. Consider an infinite plate with the thekness 
2R at the temperature ty At the untial moment tt is placed Inia a medium 
with the temperature ty >t Heat tronsfer with the surrounding medium 
takes place according ta the Newton law (boundary condition of the third 
kind) Inside a plate there 1s @ heat source the specific strength of which is 
equal tow, The temperature distribution along the thickness of the plate and 
the specific heat rate at any tume are 10 be found 


8.2 Infinite Plate 387 


We bave 


Sex, 5 
a oe (630; -—R<x<1R), 21) 


(x, 0) = ty, (8.2.2) 
a0, 2) _ 
SS =o, (8.2.3) 
a(R, 
~ HRD) 5 a ~ 1a, 91-0. 24) 


The origin of coordinates is in the center of the plate. 


&. Solution of the Problem for w = const. The solution for the transform 
T(x, s) under condition (8.2.2) was given in the previous section. For the 
symmetric problem, this solution may be written as 


T(x, 8) — (lols) = (wfeys*) + A cosh(s/a)¥*x. (8.2.5) 


The constant A is found from boundary condition (8.2.4) which for the 
transform 7x, 5) will have the form 


—T'(R, 5) + NGa/s) — TER, 5)] = 0. 62.6) 


Having combined solution (8.2.5) with boundary condition (8.2.6), we 
may determine the constant 4. Then solution (8.2.5) will acquire the form 


(@— 6) eshte 
Ft sfeosnesiay7R + +p Gla sinh(s/a)¥*R ‘] 





T(x, 8) — (fs) = 


x Qwjey) cosh(s/ay*x 
S[cosh(s/ay"=R + (1/A)(/a)"* sinh(sjay'*R]" 
(8.2.7) 





It is seen from solution (8.2.7) that it has three terms. The first term tw/s*cy 
has the inverse transform (w/cy) x, the second term is solution (6.3.25) for 
the transform of the problem (the solution of the problem without heat 
Sources), and the third is solution (7.1.7) for the transform of the problem 
in which w/ey is substituted for 6. Therefore, the solution of our problem 
may be obtained from solutions of the previous problems, i.e., from solu- 
tions (6.3.29) and (7.1.8), to which the value (s/cy) + is added. 
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The solution of our problem in dimensionless quantities will have the form 


o= (Nh 
la te 


! #,2\_8 
<1st Po(1- E+) -E (14 





Po 
Ma ) A,cos ba exp[—#."Fo}, 
8.28) 
where Po 3s the Pomerantsev criterion 
wR 


Po FG =i 


(8.2.9) 


If we set Po = 0 (the absence of a heat source), then solution (8 2.8) be- 
comes solution (6.3.29). 

In a stationary state (To = oc}, the temperature distribution along the 
thickness of the plate is 


t,t) = te + (w/Y(R? ~ x* + RBI) — Tals 1) (8.2.10) 
Solution (8 2.8) with (8.2.10) may be written 
0, —9 — fhe 





= E+ Pojpct})Ay cos ra (1B) exp 148 Fo} (82.100) 
‘The mean temperature of the plate 1s equal to 
$2 i) — tf 
qe 





‘a — to 
= 14 $Po(l + {3/Rr}) — E (1 + {Po/t,*})B, exp{— #n* Fo]. 

A (8.2.11) 
The values of the constants A,, R, and of the characteristic numbers /4, 
are found using Eq (63.30), Chapter 6. 

The specific heat rate is found by the conventional formula from the 
valucs of the mean temperature. 

c. Solution for w = wre". The specific strength of a heat source changes 
by an exponential law wpe, where we 1s the maximum specific strength 
of the source, corresponding to the initial moment of time and & 1s the 
constant numerically equal to the maxtmum relative rate of change of the 
dimensionless specific source strength, 1.¢., 


= i ‘ie oni (8.2.12) 
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Since the transform Lf] = wo/(s + &), then the sohution for the transform 
will have the form 


{t, — fo) cosh(s/a)¥#x 
s[cosh(e/ay*R ms + (la}¥sin(sia)"R] 
+ Gernot 


T(x, 5) — (to/s) = 





cosh(s/a)t!x 
[eoshis/ayv*R+ + (fa) sinh(e/a)¥R] : 
(8.2.13) 


To invert the transform we shall use Eqs. (6.3.25) and (6.3.29), Chapter 6, 
and Eqs. (7.4.6) and (7.4.9), Chapter 7. Then, summing up these solutions 
we shall obtain the following final solution of our problem in the criterial 
form 


onl tT) — by 
fa lo 


as fi cos(Pd)(x/R) = 
mir [) cas(Pdy= — TERT Taara] Pt Pao} 
S = ( = 7 aa) Ay 605 tg expt p42 Fol, (8.2.14) 


where Po = tpR?/2(t. — fo) is the Pomerantsev criterion, Pd = (k/a)R? is 
the Predvoditelev criterion which is defined as thc maximum rate of change 
of the dimensiontess specific strength of the heat source by the dimension- 
less time, ie., 


_AGefv9)_ ook 
ei eae. (kfa)R* = Pd. 


d. Solution for w = iz", Solution for the transform at Bi = co (the 
boundary condition of the first kind) may be written as 
(tq — te) cosh(s/a)*x viel (U+4a) [, _ cosh(s/a)¥2x 
¥cosh(s/a)"*R ro coshisfayeR |” 
(8.2.15) 


T(x, s) -* = 


To invert the transform, we expand (1/cosh(s/a)¥#R) into a series as io 
Chapter 4, Section 3. Then using relation (64) of the table of transforms 
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(see Appendix 5), we obtain the solution of the problem in the following 
form: 


ou" 
lg — ty 





— (JR) Q@m—1) + GIR) 
rt an hee “2Fo) 
Works 


ey Peta E ee 


(2m — 1) — CARY | ass (Gm — 1) + (x/R) 
aro «tere pre }. 


=EC yy [erte Qm 
wt 


she 





x [ir erte 

(8.2.16) 

If the heat source is absent (w_ = 0) then from solution (8.2.16) we obtain 
solution (6.3.27). 

Solutions (8 2.14) and (8.2.16) are simplified if we set % = dp, this corre- 
sponds to the case when the surfaces of the plate arc held at the same tem- 
perature as the plate mutial temperature; heating takes placeonly at the 
expense of the heat source, 


¢. Solution of the Problem with a Variable Heat Source w(x,t) with the 
Second Kind of Boundary Condition g(x). Consider 2 more general problem 
with the heat source as a function of the coordimate x and ume t. The 
invtuil condition is taken in a more general form 
t(x, 0) = fx) (8.2.2a) 
The boundary condition of the second kind is taken as 


a2) HRD + oe) a0 (82.42) 


The solution may be found by the integral Fourier transformation Using 
the cosine Fourrer transformation 


Tan, 2) = f® Hx, 2) £0 (rees/R) de, 8217) 
and by the formula for mversion of the transform 7,(n, t) of t(x, =) 


fa, ) = (YR) TAO, 10 + HE The, 2) 008 asfA). (8218) 
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Multiplying both sides of differential equation (8.2.1) by cos(uax/R), in- 
tegrating from 0 to R and accounting for boundary conditions (8.2.3) and 
(8.2.44) we obtaint 


aT (a, Dy 
de 





py one) 


ee Tn, 5 2 aad God + + wm, t), (8.2.19) 


where 
wens 1) = [* WG, +) costanx!R) de. (8.2.20) 


The solution of this equation will be 








Teo, prt “ne pee cree ten hig 


+ fim, (6.2.21) 





To determine C(n) we use the initial condition (8.2.22) 
Tn, 0) = C@) 


= JF ee, 0) cos 2 


= §? A) costnx/R) de. (8.2.22) 





dx 


Then 
Tin, 2) = (— > f° gC) expl— Canta RE — 0)] do 


t ~ ip Welt, 


+exp[- clus) J, 9 005" a, (8.2.23) 


Fe #)| a0 








For convenience of inversion according to (8.2.18) we rewrite the 
solution for the inverse transform (8.2.21) as 


Tat, t) = TAO, t) + Tents 1) (8.2.24) 
in the second summand x = 1, 2,3, +++. 


+ See Chapter 5, formulas (5.2.31)-(5.2.33). 
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‘We have 
Tien = [fade tar f° (0) 40-4 ff 0, 9) 25 
+ (expt (antats/R9] f° Mx) cos(aas/R) de 
+ (INGA) f° 4(0) expl— (antat/RV(e — 9)] dd 


= ler) f° wars 8) expl— (anta/RYz —6)] 40}, (8.2.25) 
where 
‘ 
wd0, t= J wee, 2) de (8.2.26) 


Inversion of the transform 7/(n, +) is carried out using formula (8.2.18): 


tana az { Paras fi aoa+ f° no, 020} 








+25 cos exp(- one) 1 Aix) cos = de 

1 FRE (— reo f° si es = Reale 

+E cos fe wn, »| dd. 
(8.2.27) 


Solution (8.2.27) ts a gencral solution of the problem stated. 
The solution in generalized variables may be wolten 


O((%/R), Fo) = f (x1 R)d(x/R)+ [”Ki(Fo*) dFot + [Po((x/R),Fo")A FO)" 


42 E 008 pe expl— jn? Fo] J) A218) 008 ta Fy ACI) 


42 E cossnlelRy [h(a KalFot) + fiPo (ef RLFo"} 
=I 
X €08 41,(x/R) d(x/R) exp[—pt,? (Fo—Fo"*)] dFo* , (8.2 28) 
where fi, — ne, Ki (Fo) = g(z)R/Af, 1s the Kirpichev number, Po = 
w(x, T)R#/At, 18 the Pomerantsev number or the generalized vanable, t, 1 


the fixed value of a temperature, e.g., 2 medium temperature, and o= 
1x, t)/fg is the dimensionless temperature. 
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With the uniform jnitial temperature distribution 
0, x) = fy . (8.2.2) 
and constant heat flux at a plate surface 
(2) = qe = const, (8.2.4) 


solution (8.2.28) assumes the form 


x 
0%, Fo) 
3 t = 2 
= Ki[Fo — 5 0-308) — E (1 Ze 08 pF expt Fo] 
+ [i'aro* [i po{H, Fot) atx/R) + 2.3 008 44 expl— i? Fo} 
x f “expla? Fo] dFo™ [°Po{(x/R), Fo*) cos pa(/R) d(x/R). 


(8.2.29) 


In addition, the temperature is taken relative to the initial temperature of 
the body (f + 0). The first term in solution (8.2.29) in square brackcts is 
the solution of the problem without heat sources (Po — 0}, The remuaining 
terms include the effect of the heat source upon the temperature distribution. 

From solution (8.2.29) it is possible to obtain some particular solutions: 


(1) A constant heat source [Po ((x/R), Fo) = Po, = const): 
6((%/R), Fo) = Po, Fo — ¢((x/R), Fo), (8.2.30) 
where 
(31), Fo) = Kil Fo — da- 302470] 


= z (IF Cfpen®) 008 p4y(e/R) exp[~ Hn® Fo] (8.2.31) 


is the solution of the problem without a heat source. 
(2) The heat source is a linear function of the coordinate [Po ((x/R), 
Fo) = Po,(1 — (x/R))]: 
4 & cos(2n—1)xx/R 


6((x/R), Fo) = Po. {3 Foto aa 


% 0s (ROL — expt 1m? Fo} | + wCCH/R), en 





32) 
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(3) The heat source is a paraboltc function of the coordinate [Po (x/R, Fo) 
= Po,(t — G#/R*))]. 





A((x/R), Fo) = Po. {= ro- = a 
P= 


XU —expl~ 1 Foll} + 9(G1), Fo). (6233) 


(= 1960 ft 


(4) The heat source is an exponential function of the coordinate 
[Po (x/R, Fo) = Po, exp[— 6(x/R)]]: 


O((x1R), Fo) ~ Po. {5 (1 — expl— 8) Fo 


& 2b 
+ $0-C relly 
05 qe (L— exn(— 8 Foi} -> ($.¥). 
(8234) 


(5) The heat source 1s a Iinear function of time [Po (x/R, Fo) = 
Po,<1 + Pd’ Fo)}: 


O((x/R), Fo) = Po, Fo(t + 4 Pd’ Fo) — ¢((x/R), To), (8 235) 


where Pd’ = (k/a)R? 1s the Predvoditeley criterion equal to the maximum 
rate of change in the relative specific power of a heat source by the Fourrer 
number 

Aowhine) {8 2.36) 


Pa’ = (hla) Rt = — (“SE ee? 


where k 1s the canstant which is numerically equal to the maximum rate of 
the change in the dimensionless speur- power of a heat source and wy 
is the spectfic power of 2 heat source at time r=D 

(6) The heat source ts an exponential function of time {Po (x/R, Fo) = 
Po, exp[— Pd’ Fo]]: 


6((x/R), Fo) — (Po,fPd’}[ — exp[— Pd’ Fol] + ¢((x/R), Fo). (82.37) 


{7) The heat source 18 @ periodic functron of time [Po ((x/R), Fo) = 
Po, cos Pd’ Fo]: 


O((x/R), Fo) = (Po,fPd’} sin Pd! Fo + ¢((x/R), Fo). (8 238) 
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(8) The heat source depends upon time in the nth power [Po ((x/R), Fo) 
= Po,(Pd’ Fo)"): 


6((x/R), Fo) = SERS po, Fo + ((x/R), Fo). (8.2.39) 


8.3 Sphere (Symmetrical Problem) 


a. Statement of the Problem. The problem is similar to the previous onc 
and mathematically is written 


Pe ag MEMO (r>0;0<r<R), G31) 


It 
17,0) = f, (8.3.2) 
3D. 9; 10,400, 8.33) 
— HRD an, — (RD). 63.4) 


or 


&. Solution of the Problem for w = const. The solution for the transform 
T(r, s) is obtained in a similar way. On the basis of conditions (8.3.2) and 
(8.3.3) the solution has the form 


w Bsinh{s/a)*r 


a 
Tr. 8) —— = Fy + , (8.3.5) 


The constant B is determined from boundary condition (8.3.4) which is 
transformed. Thus the solution for the transform acquires the form 








Thr) — 2 
al ee ee a Bi R sinh(s/a)"/*r 
5 a) [i= 1) sinh]ay"7R + (fay*R coshysjay@ RP 
$ “ (8.3.6) 


Analyzing solution (8.3.6), we see that it is the algebraic sum of solutions 
of the problems considered, 

Thus, the solution of our problem may be obtaincd if from solution 
(6.5.27) we subtract solution (7.2.12), initially having replaced the value & 
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with w/ey and adding the value (w/ey)r which is the original function of 
the transform w/s*ey. 
Hence the solution of our problem will have the form 


_ ur 2) — te 
, fa = be 


-= (1 + Fe) 4, BLE ep wat Fo), (83.7) 
not By Tha 

where Po = wR*/A(t, — %q) is the Pomerantsey number, 4, are the initial 
thermal amplitudes determined by the corresponding relations (see Chapter 
6, Eqs (65 28) and (6 5.29)). 

In a stationary state we shall have a parabolic law of temperature dis- 
tribution 

The mean temperature of the sphere required for calcitlation of the specific 
heat rate is equal to 





_ in 
+ fa — be 


= 1+ Pott + (S/R) ~~ E + Pol) Reerpl~ pat Fo) (83.8) 
. 


¢. Solution for w = wee~*™. Applying a similar method of calculation we 
shall obtain the solution in the form 








Po RBisinf(Pd)’* 7/R} 7 
eas {" ~ F[(i=1) sin(Pa) Trayerooaear™) place bl 
—~ FH fr—_ Pe) 4 Reel) ot we 839 
Zw aa) be ras ext ae Fo), 2?) 


where Pd is the Predvoditeley criterion; in the present case it is equal to 
Pd = (k/a)R?, Po 1s the Pomerantsev cnterion, Po = weR?/A(ty — 40) 


d. Solution for w ~ vex", The specific strength of the heat source 1s 
some power funetion of time; w <= wer¥?, where n= — 1,0, 1, 2. 08'- 
We solve the problem by considering it the boundary condition of the first 
kind (Bi == 00), i¢., ((R, 1) = fa. Using the method given above we obtain 
the solution in the form 
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aes Qm—1)— CIR), Qm— D+ (IR) 
o= 3 > [ene OOO erfe Se) 
Worttt= Ly ee 
ane By UP (2+ a) 8 
SR [eeseece 2m —1)— CAR) ange 2rd — 1) + (r/R) 
x EF [irene SP erie }. 


(8.3.10) 


With no heat source (1% = 0), solution (8.3.10) turns into the correspond- 
ing solution Eq. (4.4.34), Chapter 4. 


e. The Statement of the Problem with a Variable Heat Source and the 
Second-Kind Boundary Conditions 


t(r, 0) = fir), (8.3.11) 
— afa1(R, 1/82] + oz) = 0, (8.3.12) 
810, DOr = 0; (0,2) #00. (8.3.13) 


The heat source is a function of the coordinate and time w(r, x). 
The solution of the problem for wr, x). To solve the problem stated we 
use the finite cosine Fourjer transformation 





70.) = [in.9 ane ar, (8.3.14) 


where p is the root of the characteristic equation 
sin pR — pReos pR=0. (8.3.15) 


Inversion of the transform 7,(p, z) of the function t(r, x) is performed 
using the formula 








3 ae Sin Pat 
Hr, 1) = Fe TO, 1) + =z warp. pn TPns sae 6) 


Multtipiying all the terms of Eq. (8.3.1) by r(sin pr/p) and integrating by 7 
from 0 to R with account for boundary conditions (8.3.12) and (8.3.13) 


we obtain® 


* See Chapter 5, formulas (5.3.24)-(S.3.26). 
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TBD + opto, y= ZB ae) + Ze. 
8.3.17) 
where 


wiles) = [Pr sar w(t. de 





is the transform for the function of the internal heat source. 
The solution of equation (8 3.17) will be 


Tp, 1) = expl antl) + FR 
% J (8) explap*a} ao 


sinpR 
? 


+o fl me, oerntera) ah (8.3.18) 
To define C(p) we use the initial condhtion 
=f? sin pr 

ce) if RARE ar. (8.319) 

For the convenience of snvertion, we initially find 7,(0, t) 
7,(0, 1) = i rir) de 

a i sf 

+R Pf god + = fl FRemn maser 3.20) 


Substituting the value of 7,(0, x) und 7,(p, 7) mto formula (8.3 16) and 
using formula (8 3.19) we obtain the solution of our problem 


(2) = + i Pc) de + Fee 22. ft 8) ab 


2, 

+ se I emnawe 
ae sin par Sin pat 
Aap 
2 & Rpg sin pyR 300 pyr 

Pe Peet aR 


exp[— epg fn \  r-waal 
expl— apate] [lw @@) 


SB _PaR _ Sm Pat 
% expfap,"?] d5 + — +s ae — 


ee 70) do a 
x exp[= ante] 27 ix w(r, 9) 2" explop, aa un 
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We designate 2,=p,R, Fo=at/R*, Ki(Fo)=g(r)R/Mq, Po=w(r, r)R°/Aly- 
Then, the solution of Eq. (8.3.21) in generalized variables may be written as 


(t, Fe) 
= 3S. Ge) ae) + feo 


+ J, FP t. rot) a(F)] aot} +2 $3 Aisin patel) 





resin? 4, 
Pa Ba Ts r Resin p,(r/R) 
x expl— tn? Fo} f° E-f{-Z) Rene) gerry 
= 2Rsinpar(R Fo 
+3 Rae [sie He Ki(Fo*) 
+ fi Po Fo} sing, a a )] 
x exp{—jt,? (Fo — Fo*)} dFo*. (8.3.22) 
For a uniform initial temperature distribution 
H(r, 0) = fo = 0. 6.3.23) 


When the temperature is read from the initial temperature of a body and 
at a const.at value of the Kirpichev number 


ae 


Ki(Fo) = = Ki = const. (8.3.24) 


Solution (8.3.22) assumes the form 


of £,F0) = (5. Fo) +3 favor f° (2) Pol —. rot) oF) 


gS sin yee R 


ape 
= Saint gz, exp[— #n* Fo] 


x Je expt? Fo*) dFo* 


xf e ) Po(—5-. Fo') sin a a(z). (8.3.25) 
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where 
©{lr/R), Fo} = «i> Fo~ oh (3 - S/R) 


_ $ _2Rsinwar/R 


ERR wl mt Fo] 63.25 


is the solution of the problem without the internal heat source, 
From solution (8 3.25) it is possible to obtain a number of particular 
solutions: 


(1) The constant heat source [Po(r/R, Fa) = Po, = const]: 
O{(7/R), Fo} = Po, Fo + ¢f{(r/R), Fo}. (83.27) 
(2) The heat source x8 a linear function of the coordinate [Po{(r/R), 
Fo} = Po,{1 ~ (¢/R)}): 
O{(r/R), Fo) = Podt ro +2 3 2+ we con ps 


Ef SIDE ty 


4 BO 1 gh 1d Foll} + o((18), Fo). 
i 8.3.28) 
3) The bent source is a parabolic function of the coordinate [Po{(r/R), 
Fo) = Po.f) — (/R*)))- 

2. 2 RemyariR 
O{(/R), Fo} = Pog-< Ko — 2 aatane ame 

x (1 ~ exp(— 4" Follh + e€(1R), Fol. 63.29) 

(4) The heat source is an exponential function of the coordinate 


{Po{r/R, Fo} = Po, exp[— br/RM: 


2b [eq — eZ + BE + 2b + p,2) si Hy] 
8{U/R), Fo} — rof 3 = oe oo 


Bain eelPIRD (4 — exp pt Fol 
4:3Fo Joe eet} + ete), Fo} (8.3.30) 


(5) The heat source is a linear function of time [Po{(r/R), Fo) = Po 
(+ Pd’ Fo)}: 
8{(r]R), Fo} = Po, Fo(t + 4 Pd! Fo) + {(r/R), Fo}. (331) 
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(6) The heat source is an exponential faction of time [Po{(r/R), Fo} = 
Po, exp[— Pd! Fo}}: 


G{(r/R), Fo} = pe (1 — exp[— Pd’ Fo]] + e{(r/R), Fo}. (8.3.32) 
(7) The heat source is a periodic function of time [Po{(r/R), Fo} = 
Po, cos Pd’ Fo): 


O{(r]R), Fo} = = sin Pd’ Fo + p{(r/R), Fo}. (8.3.33) 


(8) The heat source depends upon time in the mth power [Po{(r/R), 
Fo} = Po,(Pd' Fo)"]: 


O{(r/R), Fo} = £2 FY" po, 


et Fo + p{(r/R), Fo}. (8.3.34) 


8.4 Infinite Cylinder 


a. Statement of the Problem, A similar problem for an infinite cylinder 
is written mathematically as 


G(r, x) Ptr, t) , 1 G(r, t) 
-( ): 





ww 
oF 7 ey OSE Rk) 


(8.4.1) 
The boundary conditions are the same as for a sphere. 


b. Solution of the Problem for w = const. The solution for the transform 
is obtained in the following form 





wy (eae) 
tna 4g, + (85-5) 
Te((sta)’*r) 
* TG]ay=R) + O/HYGS/a)77,((s/2)"*R)* 





(8.4.2) 


Comparing solution (8.4.2) with corresponding solutions (6.6.21) and 
(7.3.2) we find 
8 2 r 
=t4+ 4 Pot +3 ~ +) 
~ 3 (1+ Fo) aarolintrian expt mt Fol, 6.43) 
nt Br 


where Po = wR?/2(t, — fo) is the Pomerantsev criterion. 
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It is seen from solution ($ 4,3) that in a stationary state the temperature 
distribution is given by the law of a parabola. 
The mean temperature of the cylinder 1s equal to 


G=1 + Pott + {4/Bi}) — ZU + {Po/pn*}) By expl— jun! Fa}. 
= 
G44 
The constants 4, and B, and the roots 4, of the characteristic equation 
are determined from the corresponding relations for the infinite cylinder 
(see Chapter 6, Section 6). 
¢. Solution of the Problem for w = wee**. In a simula way we find the 
solution in the form 


ay A) 
om te [1 ~ zgpape rocrayaaray] PI Pe Fol 


5 fi Fe ad — pe 
~ EO pay) ate ae bennt— a eo ox) 
The coefficients A, arc determined by the corresponding relation for the 
cylinder. 


d. Variable Heat Source wr, 7): The Second Kind of Boundary Condition. 
From the mathematical yiewpoint the problem 1s wetttcn as 


, O) =O), (8.46) 
— ABR, t)/Or} + gr) = 0, (8.4.7) 
(0, r)/ar=0, 10, t) #00 (8.4.8) 


2. Solution of the Problem. For the solutions of this problem we use the 
finite Hankel integral transform 


Tal, t) = £ Hr, 1) Jolpr) dr, 489) 
where p 1s the root of the charactenstic cquanon 
Je(pR) =0 (8.4.10) 


Inversion of Ty (p, t) of the function f(r, +) is carried out using the 
forroula 


Ar, 2) = (2/RYT (0, 1) + IRD = TylPast (Sch Pns MSE PARI}. BAL 


8.4 Infinite Cylinder 373 


Applying transform (8.4.9) to differentia! cquation (8.4.1), taking into ac- 
count boundary conditions (8.4.7)-(8.4.8), we have® 


(aT pp, t){de) + ap*T xp, *) 
= aR(g(e)/A) Je(PR) + Ofey) wal, 2), (8.4.12) 
where 
wulr, 2) = f re w(r, tWrSg(pr) dr. (8.4.13) 


The solution of ordinary differcntial cquation (8.4.12) has the form: 
Tye, 1) =[Cle) + RIA) 10, R) J” 9(0) explan*® a0 
+ ff ules 9) expla] expt an'e]. 44 


To determine the constant C(p) we use initial condition (8.4.6). From 
solution (8.4.14) it follows that at r+ 0 
TAP, 0) = C(p). (8.4.15) 


Moreover, proceeding from the transform 7;,(p, 0) we have 
Tul, 0) = f° sr, O)rde(pr) de 


= fe Aovtaon ar. 4.16) 


Consequently, 
cH) = ie fWrdepr) dr. (8.4.17) 


If expression (8.4.17) is substituted into solution (8.4.14) instead of C(p), 
the solution of the problem for Ty(p, =) is obtained. 

Before inverting the transform of T(r, 1) according to formula (8.4.11) 
we determine 7';(0, +) from solution (8.4.14): 


Ty(0, 1) = [" Aleve de + (ARIA) fi 20) 40+ le) Ji n(, 0) a, 
3 (8.4.18) 
where 


wa, ¥) = f w(e, tr dr. (8.4.19) 


? See Chapter 5, formula (5.4.14). 


314 


8, TEMPERATURE FieLp witt! Continvous Heat SouRcES 


Substituting the value of 7},(D, x) and 7;,(p, 7) into formula (8 4.11) we 
obtain the solution 


Mee) = ae [fora + FE fi ato + 


J wal, 0) ao +{5 = ia expl— once 2 


S JdlPaR Wel Pa?) 
x fP ferrtlogr) de + SE 5 Ge 





— S$ Jolpar) 
% expl— arnt] Fe 2 a(0) explan,?6] do +1 op Tsp RY 


x expl— apne By ft Je w0r, BT pat) explap,20] do ar}. 
(8.4.20) 


Hf we designate Fo = at/X*, 2, = p,R, @0/R* = Fo", then solution (8 4.20) 
may be written mn generalized variables as 


(Fe Fo 


R 


where 


)= 4 fe Ge) dae) + Sl Rv 
+ eet) a) er + 
weiner et) doe) 4) 
42 5) ee cc [oeea) KiCFo*) 
+f Pal ae tee) Ce) 
x exp[— 4,*(Fo — Fo*)} dFo*, (84.21) 


Ku(Fo) = 20%, Po +Fo) = we moor (8422) 


and yz, are the roots of the characteristic equation Je'(u) = 0. 
If the temperature distribution at the initial time moment 1s uniform 


«(r, 0) = 1, = const, (6.4.23) 


and f, is assumed zero without loss of generality, then with a constant 
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heat flux at the body surface (g(r) = const, Ki(Fo) = const), solution 
(8.4.21) may be written as 


(ae Fo) = on 


= coo Fo) +2f0 aro f. = Pol F, Fo*) a4) 
4 Pals ®) 
ant Sen) 


xfit Hol 4, -, Fo* ) Jn =) a4). (8.4.24) 


exp(— 2 Fo} [Paro expla,? Fo*] 


where 
p(r}R), Fo) = Ki2 Fo — 4 —2¢7/R9} 
— 3 apg Polemtrv¥o) exp met Fol]. .425) 


The temperature was read from the initial temperature of a body (tf, = 0). 
If a heat source is absent (Po = 0), solution (8.4.24) 


8{(r/R), Fo} = p{(r/R), Fo} 


becomes identical to solution (5.4.5). 
We shall now find the solution for some particular problems under 
condition (8.4.23) and a constant value of Ki. 


(1) Constant heat source {Pof(r/R), Fo} = Po, = const]: 
8{(r/R), Fo} = Po, Fo + {(r/R), Fo}. (8.4.26) 
(2) Heat source is a parabolic function of the radial coordinate 


[Po{(r/R), Fo} = Po,{l — (#/R*)}]: 


O{(1R), Fo} = Poof e Fo + 3 SBR) — leo) 


X Jolsa(I RYU — expi— at Fool} + o((H/R), Fo). 
(8.4.27) 
(3) Heat source is a linear function of time {Po{(r/R), Fo} = Pol + 
Pd’ Fo)): 
8{(r/R), Fo} = Po, Fo(I + } Pd’ Fo) + {(r/R), Fo} (8.4.28) 
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where Pa! = &R'/d is the Predvoditelev number equal to the maximum 
relative rate of the change in the specific power of a hest source 


a(n }ie) 


Pa’ DFO dear’ 





(4) The heat source is an exponential function of time [Po{(r/R), Fo} = 
Po, exp[— Pd’ Fo}]: 


O{G{R), Fo} = (PofPa' YO — exp[— Pd’ Foj] -+ ¢{(/R), Fo} 8.4.29) 


(5) The heat source is a periodic function of time (Po{(r/R), Fo} = 
Po, cos[Pd' Fo}]: 


{(r/R), Fo} = (Po,{Pd') sin(Pd' Fo) + ¢{(e/R), Fo}. (8.4.30) 


{6) The heat source depends upon time in the nth power [Pof{(r/R), 
Fo} = Po,(Pd’ Fo)"]: 
(Pd’ Fo}* 


O{(r/R), Fo} = tT 


Po, Fo + ¢{(r/R), Fo}. (84.31) 


In all the cases the heat rate is determined by the mean temperature 
(Fo) and the mean valuc of ¢(Fo) 1s defined by relstion (5.4.8). 


CHAPTER 
9 





TEMPERATURE FIELD WITH PULSE-TYPE 
HEAT SOURCES 


Introduction 


In some thermal processes, a body is heated as a result of an instantaneous 
heat source of constant strength (thermal impulse}. Such problems include 
the problem of heating a cable in which a short circuit occurs; as a result, 
the cable is given an instantaneous thermal impulse. A number of methods 
for determining thermal properties are based on the laws of an unsteady- 
state temperature field resulting from an instantaneous heat flux. 

Before considering particular problems we shall dwell on the properties 
of the solution of the differential heat conduction equation for an infinite 
body in the presence of a pulsc-type heat source. 

The differential beat conduction equation 





HED _ apes, y, 2,1) @.1) 
Or 
is satisfied by the following solution 
tx, Ya 2 Tt) 
ie b _ &~ xP t+ — y+ E-2F 
~ aan | aa Pgs 


It is seen from solution (9.2) that the temperature of the body tends to 
zero when z—>0 at all points with the exception of one point (x, 2, 21) 
where it becomes infinitely large. 
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Vf solution (9.2) is integrated over the whole volume between —co snd 
-boo, then we obtain 


FEL wxnsndga a 


‘sioce 
ee 
‘2aar)e= 


er ee een 


Hence, cxpression (9.2) is the solution of the problem of the temperature 
distribution in an infinite body at any moment of time caused by the action 
of an instantancous heat source with the strength 5, at the point x;, Js. =1 
at the moment of time r = Q, since when an amount of heat Q, = ch, 
(keal) 1s evolved the temperature distribution will be determined by relation 
(9.2). Hence 





= OAiley (deg m). 


‘The fonction 


ait tyes =) 
G(x, 342.7, tered =a theap erp] — Gott Gh + Go) 


is called the function of the temperature effect of an iastantancous heat 
source. This function has the property of symmetry 


GG Ye FF Muy Puy Ha) = Ge Jae Fa ADs 


Which 15 the expression of the reciprocity principle: The action at Lhe point 
™, J. z Of the source being at the point x,, $1, =: is equal to the action at 
the pont x,, y1, 2; of the same source placed at the point x, 3, 5. How- 
ever, there is no such symmetry with respect to the variable r which shows 
icreversibility of thermal processes in tyme. 

Let us determine the form of the function G for other eases. The €x- 
Pression 


rs yt 
(x,t) = qi eo[- oat Ga ave e BD i ed 


satisfies the differential equation 
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St, yt) _ (7% WO, 
a 


FA(x, ¥» 7) 
or Fa ) 


By* 


and is the solution of the problem of the temperature distribution in an 
infinite body with a two-dimensional heat fiux caused by the action of an 
instantaneous line heat source at the location x, , »; (i.e., crossing the point 
(1, ¥1) paralicl to the axis z) at the moment of time r = 0 since 


[LF tes, Dae dy = bs eam), 


where b, = Q,/cy and Q, is the strength of the heat source per unit length 
in kcal/m, Solution (9.3) may be obtained from solution (9.2) assuming 
that z is distributed from —oo to 4 co, ie., replacing the point source by 
a linear one. The expression 


1x, 7) = oS @.4) 


bs 
Brary exe[- 
satisfies the equation 





2 


Ot{x, r) Es 
ox 


and is precisely the solution of the problem of the temperature distribution 
in an infinite body with one-dimensional heat flow caused by the action 
of an instantaneous plane (along the plane x,) heat source of the strength 
Q; per unit area at the time moment 1 = 0, since 


[LG@oe=s,, 


where by = Qs/ey (deg m), Q3 is the amount of heat in keal/m? evolved. 
In a similar way we may show that the expression* 


te p== 2% exp{- TE] 1(F 


4Axat (9.5) 








satisfies the equation 


* Solution (9.5) is obtained from the expression 


Sere? gap] AA ane? 
4nar | 4ar 





by integration with respect to the variable @ between 0 and 22 and by replacing 21,0 dr, 
by 6s. 
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where bcy = Q, is the amount of heat evolved by an instantaneous source 
per unit nrea of the rod cross-section (kcal/m*) Hence the coellicient 6 
has the dimension deg m. 

It is seen from solution (9.1.5) that at r-+0, u(x, +) tends to zero at 
all x with the exception of x = x,, where it tends to infinity. 

Let us divide our problem into two, introducing new variables 


A(x, t) = u(x, t) + #(x, 7). (9.1.6) 
The variable v(x, 1) satisfies differential equation (9.1.1): 
Ax, T) Fels, 


VE Ie O17) 
The initial condition for the variable v(x, r) will be 
v(x, 0) = 0. (9.1.8) 


For the solution of equatian (9.17), we shall use the Laplace transform 
method We have 


v"(, 8) — (s/a)Vx. 8) = 04 (9.1.9) 


where V(x, 5) = L[-(x, ¥)] is the transform of the function v(x, r) 
In general form, the solution of Eq (9 1.9) may be wntten 


V(x, 8) = A cosh(s/a)8x + B sinh(s/a)¥#x 
= A, exp[(s/a)¥*x] -+ 8, exp[— (s/a)"*x] (9.1.10) 
Relation (9.1.6) for the transform may be written 
T(x, s) = U(x, s) + FS), (9 LL) 
where U(x, 5) 1s the transform of the function (x, tT), .¢., 
vee.) — Uf eer | ~ “a2 ]] 
2 xe o|- (2)"1x-%: ] (91.12) 


(sec relation (51) of the Table of Transforms in Appendix 5). A necessary 
condition for the existence of the transform of the function 


tLetere[- 4] neat: kV). 
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is the fulfillment of the inequality k > 0. Therefore in transform (9.1.12) 
we take an absolute value of the difference (x — x) and designate it by 
the symbol | x — x;]. Clearly the condition of the symmetry of the function 
and of its transform with respect to x, is not broken, 

With these important restrictions, we shall turn to thc solution of our 
problem. We have 


T(x, 8) = {b/2(as)'*} exp{— (s/a)** |x — 4 1] 
+ Ay exp[(s/a)¥*x] + B, exp[— (s/a)¥*x}. (9.1.13) 
Tt follows from condition (9.1.3) that A, + 0. The constant B, is deter- 
mined from boundary condition (9.1.4) which for the transform 7(x, s) 


has the form 
— TO, s) + HT, s)=0. (9.1.14) 


Hence we have 


— (s/a)¥*{b/2(as)*} exp[— G/ay*x1] + (s/a)*B, 
+ {Hb]2(as)'?} exp[— (s/a)*x] + BT = 0. 


The constant A, will then be equal to 


= are (Gineamet) (CG) 8] O19 


Thus the solution for the transform may be written 





Tx, 8) = Nas? tos [exwt- (sfay¥* | x — x, |] 


GH sfay"* — 1 
EY +1 


sama eXP[— cid xxii] + be orl (s/ay¥*(x4+%4)} 


rs expl— (ia)? 1x+ x11)} 


= 2as) am 
exp(—(s/a)*(x 4-x;)J. (9.1.16) 





~ sy + a TANIA] 
Using the Table of Transforms we find the solution for the original function 
t(x, a): 
b ( — x?) Gtx) 
Maar {eo[- Saez o] +e »[- ar 


— bH explH(x + x,) + aH*r] este + H(ar)*)}. 
(9.1.17) 





(x, 1) = 
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The Jast term in Solution (9.1.17) may be written in the form 


3 
= wt fo xe[-48- fea) dg. (9.1.18) 

If JI — co, which corresponds to imposing a constant temperature equal 
to zero at the end of the rod in the process of cooling (the boundary con- 
dition of the first kind), then relation (9.1.18) is equal to zero. In this case 
an ordinary solution may be obtained from solution (9.1.17) for cooling 
a semi-infinite rod if the given initial temperature ts in the form of some 
function of x, i.¢., (x, 0) ~ f(x). We assume 


db = fix) dey, (9.1.19) 
b= SP fxn de. (9.1.20) 


Substituting this relation into solution (9 1.17) we find 


1 
(G9) = Sear 


x fF aenfeso[— oom + erol- ceri dx, 


1.e., we obtain the solution similar to (4.2.4). 


9.2 Infinite Plate 


a. Statement of the Problem. Consider an infinite plate at the temperature 
ty = 0. At the mitial moment (c = 0) instantaneous symmetrical heat sources 
act at x= +x4(—R <x+ R) of the strength OQ, per unit arca (heat 
sources act along the planes +-x, and —x,). Heat us transferred from the 
two surfaces of the plate (+R and —R) to the surrounding medium according 
fo the Newton law of coolug (the boundary condition of the third kind) The 
temperature distribution over the thickness of the plate at any moment of 
time is to be found 

We have 

Xx, 0) = 0, (9.2.1) 


x0, x)/dx =0 (9.2.2) 


‘The origin of the coordinates 1s in the middle of the plate (the problem 
is symmetrical) 
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AR, 
pal + AKR, 1) = 0. (9.2.3) 


To simplify calculations, the ambient temperature is taken to be equal to 
2010 (tg = f = 0). 
5. Solution of the Problem. Applying a similar method to that used in 
the last example to solyz the problem, we suppose 
1(x, 1) = n(x, 2) $y, 1), 
where 


dnt ie oo 2 + fn 


is the solution of the problem of cooling an infinite body when instantaneous 
heat sources act along the planes +x, (Fig. 9.1). 





Fig. 9.1, Temperature distribution in an infinite plate in the case of instantaneous 
heat sources. 


The variable v(x, x) satisfies the differential hcat conduction equation, 
the solation of which for the transform V(x, s) has been given before (see 
Solution (9.1.10)). ; 

The expression for the transform may be written 


TGs, 8) = U(x, 8) + Vx, 9) 
= {b/2(a8)"*} fexpl—(s/a)"* |x: 1] + expl= G/a? Ot xD) 
+ Acosh(s/a)¥*x + B sinh(s/a)’*x, (9.2.5) 
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since the transform U(x, s) = L[u{x, t)} is determined by relation (9.1.12), 

According to relation (9.2 4) the function u(x, t) is an even function 
with respect to x,, as is its transform. Therefore, it follows from condition 
(9.2.2) that 

Gr(0, 1) /Ox = 0, ¥'(0, 5) =0, (9.2.6) 

hence, B = 0. 

The constant A is found from boundary condition (9.2.3) which for the 
teansform T(x, 5) will be wetter as 


T’(R, 8) |- HT(R, s) = 0. 
Hence 
— {b/2(as)"*}(s/ay"*[exp[— (s/ay(R — x,)] + expl— (s/a"*(R + ¥4)]] 

+ (/a)*FA sink(s/a)7R 4. {Hb/2(as)**Hexpl— (s/a)“*(R — x))] 

+ expl— (s/a)“(R + x J] + MA cosh(s/ay'?R = 0, 8.2.7) 
Having determined the constant 4 from equality (9.2.7) and substituung 
its value into solution (9 2.5) we shall have 

b 


To, 3) = SPE Re BROCE OES RE 
2fasy' cosh(e/ay"R +h sta sernts/a)?4R] 


 {(cash(s/ay"2R + (1/H)(s/a)"? sinb[s/a)""RY 
x [exp[— (sfa)*(x — x] + exp[— (s/2)"* + x] 
+ (UH sfayv*~ 1) cosh(s/aytx 


x [exp[— (s/a)"*(R — x,)) + exp[— (s/2)*4(R + x))]} e218 


Replacing the exponcntial functions by the hyperbolic ones, taking note 
of the relation e~* == cosh z — sinh z, we may show that solution (9.28) 
satisfies the expansion theorem. The roots of the chaructenstic equation 
are well known (see solution (6.3.25)), they are determned from the corre- 
sponding equations (6.3.26) and (6.3.27). 

After the necessary manipulations, the solution of our problem well be 
obtained in the form 


~ 2% 3 bs 2 cos na Heese 8] 
tt) eZ rain carp, ee oO 023) 
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where #, arc the roots of characteristic equation (6.3.27). If the in- 
stantancous heat source is in the middle of the plate (x, = 0), then 
COS fa(X;/R) = 1. 

From solution (9.2.9) we may obtain solution (6.3.15) of the problem 
of cooling an infinite plate in a medium with zero temperature if the given 
initial plate temperature distribution is in the form of some function f(x). 

If we put db = f(x;) dx,, then we may write 


R 
2 = [" fes) de, 
Substitution of this expression into solution (9.2.9) yields 


Ln x 
= = Be TF sin pt, COS pe R 


x 
x — f AX) £05 jt, dx exp[~ fix? Fo], (9.2.10) 
ie., we obtain solution (9.2.10) which is similar to (6.3.15). 


Solution (9.2.9) may be written in the form more convenient for calcula- 
tion since the constant coefficients A, are tabulated 


dg 2 py 2B 
"Bin + SIN By COS By #y(BE + Bi ++ py?) 
i.e, 
n= = Patt c08 ty S605 eX expl— tt? Fo). (9.2.11) 
Resin pg, tn R 





The mean temperature i(r) required for the determination of the amount 
of heat lost by a plate in the process of cooling will be equal to 


itr) = = Pence ail 9, expl— ay? Fo]. (9.2.12) 


If Bi = oo, then A, = (— 1)"*(2/ptq)p Hx = (20 — 1) or, and solution 
(9.2.11) is simplified to 


tte, n= % s (— 9 cos A= Qn— pe os 2. ape 


x exp[— (2a — (tt sy 0.2.13) 


If the problem is nonsymmetrical (0 <x </, where 1=2R is the 
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thickness of the piate) and there is one plane source at x = x, , then solution 
of a similar problem for the case Bi = 06 (boundary condition of the first 
kind) is of the form 


Tx, 5) = bfcosh{s/ay*{I + x — x) -- cosh(s/a)"*{I — x ~ x,)) 
‘ 2(as) sinh(s/a)¥*7 





(9.2.14) 


Hence we find the solution for the mversc transform, ic., the solution to 
our problem, 


te) FS sin sin expl— ntat Fo]. 0.2.18) 


9.3 Sphere (Symmetrical Problem) 


a. Statement of the Problem Consider a spherical body at a temperature 
equal to zero. Ar the mutia} moment, an msiantaneous heat source, of strength 
Q, keal, acts along a spherical surface r =r, Heat transfer between the 
surface of the sphere and the surrounding medtum occurs according to the 
Newton law (boundary condition of the third kind). The temperature distribu. 
tion and the average temperature at any moment of time are to be found. 

We have 


MN gM OM Ge oo,acr<R), 3) 


«(r,0) =0, (932) 

aes) 0, @,x)#00, ate >, (93.3) 
KR, =) =; 

See Ii{R, 1) = 0, (9.3.4) 

(Rt) =0, at Bi- oo (H=~) @ 3.5) 


5. Salution of the Problem. To shorten the calculation we shail first solve 
the problem for Bi = co (the boundary condition of the first kind) and 
then give the solution of the problem for finite valucs of Ri. 

We set 

1, 4) = ulr, 1) + v(t, 2), 039 


where u(r, t) is the solution of the problem of cooling an infinite body 
which at the imti:l moment of time experiences an instantaneous heat 
impulse Q, = bey (kcal) instantaneously distributed over the spherical 
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surface r = r,, According to relation (9,6) the solution has the form 


a b ay tne 
u(r, t) = Barr eary* fexo| {| exn| z on}. (9.3.7) 
The transform of this function will be 
6 

UG, 8) = Lies, = se Gait 

x fexp[— (fay r ~ I] expl— G/a)'* + n))I}, 9.3.8) 
with the same restrictions on (r — r;) as applied to (x — x1) (see paragraph 
preceding Eq. (9.1.13)). 

The function v(r, r) satisfies Eq. (9.3.1) since t(r, t) and u(r, r) are its 
solutions, Hence, the transform of the function v(r, r) should satisfy the 
equation 

[FM(r, SI" — (s/ayrV(r, s) = 0, (9.3.9) 
where V(r, s) = L{v(r, 7)]. 
The solution of this equation under condition (9.3.3) has the form 


V(r, 5) = B [sinh(s/a)¥*r)/r. (8.3.10) 


Then the solution for the transform T(r, s) may be written as 


7.8) = teaser leap (6/1 rr) — exe l— (la) +r 


+ Bsinh(s/a)V?r_ 


(93.11) 


The constant # is determined from boundary condition (9.3.5) which for 
the transform may be written as T(R, s) = 0, ie, 


ae (l= 1M = 1) ~ exp (faXR + HU 


+ AaanGfayR: se Ds (9.3.12) 
Determining the constant B from equality (9.3.12) and substituting the 


expression obtained into the solution (9.3.11), we obtain after a minor 
transformation 


Tr, 8) = Bsn sey leon Glee rh @<r<n). (9.3.13) 


If R>r > ry, then in solution (9.3.13), r and r, should be interchanged. 
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Solution (9.3.13) satisfies all the conditions of the expansion theorem 
and, therefore, the transition from the transform to the inverse transform 
is carried out in the usual way, 





ei ee eee 
Ket) = se ES apy sin Et sin ES exp[— nist Fo]. (93.14) 


If the Biot criterion is 2 finite value, then boundary condition (9.3 4) 
should be used in determining the constant &. Making similar transfor- 
mation, the solution for finite Bi may be written as 


6 2 
tr, ©) = 





exp[— H.? Fo}, (9.3.15) 


where y,, are the roots of the characteristic equation (6 5.12). 
Since an instantaneous heat souree Q,; = cyb is distributed over the whole 
sphencal surface 4xr,*, then the value db will be equal to 


db = Anrsfte,) ary, 9.3.16) 


where flr,) is some function of temperature distribution at the initial mo- 
ment for the problem of cooling a sphere in a medium the temperature of 
which rs equal to zero (sce Chapter 6, Section 5). 

The value 6 ts then equal to 


b=4a i riftr:) dry. @317) 
Substitution of this expression inte solution (9.3.15) yields 
_F Pity sin g(r/R) 1 
a 2 Ba — 51 fig COS fy 7 R 


x f* rifles) sin paged) dey expl= tet Fo), 93.18) 


i.e a solution is obtained similar to solution (6.5.19). 
Since the initial thermal amplitudes A, determined by relation (6.5 29) 
are tabulated, we shall write solution (9.3.15) in the form 


= [cer — Pe Ld) 
tr, 1) = TR u R = ei = rt as art pat” =e 


(9.319) 


x finest) eat ®) exp{— y,? Fol. 
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If the heat source is in the center of the sphere (r, = 0), then solution 
(9.3.15) will acquire the form 


ot 1Sn Bat inant Sop 
u(r, t) = DAR & ae SR Hare exp #2 Fo]. (9.3.20) 


The mean temperature i(r, t) corresponding to the general solution 
(9.3.19) is 
<= aR Bi z (i — 1° + 2°? 
X Hab, exp[— Hq® Fo} sin wa(ry/R)» (9.3.21) 


i, 7) = 


where B, are constant coeflicients determined from relation (6.5.49). 


9.4 Infinite Cylinder 


a. Statement of the Problem. Consider an infinite cylinder. At the initial 
moment of time there acts an instantaneous heat source of strength Q, (keal/m) 
per unit length of the cylindrical surface r = r,. Heat transfer occurs between 
the surface of the cylinder and the surrounding medium according to the 
Newton law. The temperature distribution and the mean temperature at any 
moment of time are to be found. 


We have 
Ot(r, t) #t(r, x) 1 Orr, rt) < 
A a (SS at S ia a ea ae oN 
tr, 0) =0, 0.42) 
90.2) =0, 10,r)#00 att>0, 0.43) 
Hh 2. + HIKR, 0) = 44) 


‘To simplify the cafculations, the initial temperature of the cylinder and 
the ambient temperature are assumed to be zero. 
If Bi = 00, then 


1(R, 1) =0 9.4.5) 


(boundary condition of the first kind). 


392 9. TEMPERATURE FreLD wrru PuLse-Tyre HEAT Sources 


6, Solution of the Problem. Let wus first solve the problem under the condi- 
tion of the first kind (Bi — 00). We set 


t(r, 4) = ulr, 4) + (0 D> (9.46) 


where u(r, t) is the solution of Eq, (9.4.1) in che presence of an instan- 
tancous heat source Q, = bey (keal/m) acting on the cylindrical surface 
ron. 

According to relation (9.5) 


& Pon th 
ur) a exe[- Se (32). OAT) 


The transform of this function is found from the table of transforms 


Ue. 8) = she MMisley'r) KACslay"r), ir > 
(9 48) 

U2) = she NAlelaMn) EAGlaMe)s ce. 
The function u(r, r) satisfies differential equation (94,1). The solution 
of equation for the transform U(r, s) under conditions (9 4.2) and (9.4,3) 


may be written as 
UG, s) = Alg((s/a)“*r). @.49) 


Then solution for the transform T(r, s) 15 of the form 





The, 8) = = IGsfayn) Kel(slay4e) + ATS(s/a"r) at 6 > rs 
ae @4.t0) 


The constant 4 1s found from boundary condition (9 4.5), 1 ¢., from condi- 
tion T(R, s) = 0 Then solution (9 4,10) will have the form 


Sciam ; 
Ter) = RGD. (ul (a/0""R) RACCIA)*0 
— Ed(sfa)'*r) Ko((slay'2R)], ar > ta (4th 

Gif r <r; in solution (9.4.11), r and r; should be interchanged). 


Applying the expansion theorem we find the solution for the problem 
(ie., the inverse transform) 


expl— fn? Fo}, (9.4 12) 
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where 4, are the roots of the Bessel function of the first kind and zeroth 
order, i.¢., they are determined from the charactcristic equation 


Joes) = 0. 


Solution (9.4.12) is valid for r>r, and r<r,, since it is symmetrical 
with respect to r and 7,. 

If heat is exchanged according to the Newton law between the surface 
of the cylinder and the surrounding medium (f, = 0), then the solution 
will have the form 


Oe a 
= a8 2 GFT a 


X Jolenlr/R)) Joléa(e/R)) exp[— 2,7 Fo) ($7), 9.4.13) 


where x, are the roots of the corresponding characteristic equation, being 
the function of the Biot criterion. 

From solution (9.4.13) we may obtain the solution for an jnfinite cylinder, 
if at the initial moment of time its temperature is some function of r, ic., 


Hr, 0) = fir). 
We set 
db = 2ar, fry) dry; 
then 


Zn 
b= 2x ie rflrs) drs. 


If the expression obtained is substituted into solution (9.4.13), then 
he ee PREP 

Woo= 3 ear tains Moe) i 
xf AoLialr1R)) dr expl— 444 Fo]. 0.4.14) 


Solution (9.4.14) is equivalent to solution (6.6.15), since 
be a 1 
(BEF Won) — o%(Hn) + S*Ceen)]” 


Solution (9.4.13) may be written in another way using the tabulated 
coefficient A, (see relation (6.6.27)): 








Anttx ps i 
Tien) Toluen(P1! RY) Jol tta(r}R)) exp[— #n* Fo] ais 
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The corresponding mean temperature @(z) is equal to 
4 Wace 
i=s3— = FaGay ald B a exPL— pat Fo], (9.4.16) 


where 8, are the constant coefficients detcrmincd from relation (6.6.34). 

We conclude this section by emphasizing that the methad of heat sources 
not only mekes it possible to solve problems with instantaneous heat 
sources but also problems of cooling or heating a body having an initial 
lemperature distribution as a function of the coordinates. The same results 
are obtained if these problems are solved by the Fourier-Hankel integral 
transforms. 


9.5 Regular Thermal Regime 


G, M. Kondratiev was apparently the first to introduce the concept of a 
regular regime of cooling or heatmg of the first kind where the change in 
a temperature at any point of a body wath time is described by a simple 
exponent (sec Chapter 6, Sectron 10). The dertvative of the logarithm of 
the excess tempernture with respect to time will be a constant quantity 
and 1s called the rate of heating or cooling of a body (m ~ const): 


_ fin, — 1 
or fe — 





aE =m = const 9.5.1) 
ar 





G. M Kondratiev and his co-workers distinguished the regular regime 
of the second kind, under which the temperature at any point of a body 
is the linear function of time 


t/ar = & = const, (9.5.2) 


and the temperature distribution within a body 1s described by some func- 
tion of coordinates (for one-dimensional symmetncal problems the parabola 
represents euch a function). 

Such a regime of heating of a body occurs when the temperature af the 
ambient medium is a linear time function (third-kind boundary conditions) 


Jg = %q + bt, (9.5.3) 
or, for the case of a constant heat flue near the body surface, 


Gt) = ge = const. oss) 
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Regular heating regimes arise afler a definite time interval determined by 
the inequality Fo > Fo,. The analysis of the solutions (sce Chapters 5, 
6, and 8) shows that regular regimes of the first and second kinds have a 
common property which is characterized by the ratio of the specific heat 
flux at any point of a body g to the heat fiux on its surface q, which is constant 
in time 

91% = FJ, 2). (95.5) 


For the regular regime of the first kind (1, = const), we have (see Chap- 
ter 6): 


(a) Infinite plate 


a(x, t) __ sin wy(xJR) 
ae or oy mae (9.5.6) 


(b) Sphere 


ar, 0) __rc0s u(r fR) — sin wy(r/R) 
cA FR COS fy — sin =) . 5.9 


(c) Infinite cylinder 


ae) _ eur ®) 
CT a? 


For the regular regime of the second kind (@//@r = const) the ratio of 
heat fluxes is equal to a dimensionless coordinate 


I Dia =1R; Wr, Tide = IR. (9.5.9) 


‘These relations are also valid for the second-kind boundary condition in 
the very general case when the heat flux is prescribed as a certain time 
function. In one-dimensional heat conduction prablems, relation (9.5.5). 
as a general characteristic of the regular regimes of the first and second 
kinds, remains valid in the presence of a constant heat source, Consequently, 
“regularization” of the kinetics of heating occurs not only with respect to 
the temperature fields but also with respect to heat fluxes. \t is therefore 
not obligatory to distinguish regular regimes of heating of the first and 
second kinds. 

In developing the principle of regularization it is possible to assume the 
following relation as @ common property of a thermal regular regime: 


— dij(t, — i) de = m = const, (9.5.10) 
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where 7is the mean temperature of a body with respect to the volume, 
Consequently, the rate of heating difdt is directly proportional to a difference 
bermeen a medmm temperature and the mean temperature of a body. 


— difde = mt, — 7), (9.5.12) 


where mt is the proportionality factor called as the rate of heating. 

We illustrate this by the following examples. 

(1) Constant temperature of a medium (t, = const). From solutions 
(6 344), (6 548), and (6.6.33), it is possible to write 


‘eee é = Ha®B, exp Ha* Fo] i 
pen ee (9.8.12) 
Nath ae ie = Bacrpl— n' Fo) 
P= 





For Fo > Fo, it :s possible to restrict oneself with the first term of the 
series, in which case relation (9.5.12) will not depend upon time 


1 di 


-Gsh en ee = m = const, (9.5.13) 
a 





The rate of heating depends upon Bi, the coefficient @ and the characteristic 
dimenston of the body R. 


(2) The medium temperature as the linear function of time [@t/90) =b= 
= const}. From solutions (7.1.18), (7.2.18) and (73.8) st is possible to 
wnte 


1 dt a 


"eh far nam 


(9.5.14) 





where I’and 7 are the constants which take the following values for a plate, 
cylinder, and sphere respectively: 


P=3, M#=3; P=8 Was, Pats, 1-5. 
If Fo > Fo,, the series may be neglected, ie, 


eee a Le eee eer 9.5.15) 
(a—i) dr RF (1 + /7/B1) 
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Consequently, the rate of heating determined according to relation (9.5.15) 
is a constant value dependent on Bi, a, and R as in the first case. 


(3) The medium temperature as a periodic function of time (1, = t+ 

fm COS @t). From solution (7.6.45) for a periodically steady-state we obtain 
1 ad a 

“Gn a Pd Re oot Mf = const, (9.5.16) 

Conscquently, the rate of heating of a body depends upon Pd, the coefficient 


aand the characteristic dimension of the body R since the quantity #7 is a 
function of Pd. 


(4) Presence of internal continuous heat sources. When heating bodies 
without internal heat sources, the final temperature distribution is uniform 
(tq = const); in the presence of internal heat sources, the limiting heat 
state of a body is in nonequilibrium and the temperature field is non- 
uniform. We designate the nonequilibrium temperature of a steady state 
through £4, i.e. 

be = lim t. (9.5.17) 
8 


Then from solutions (8.2.11), (8.3.8), and (8.4.4) we may write 
(ta — Da — fo) = = (1 + (/u,2) Po)B, exp[— fn? Fo]. (9.5.18) 


We obtain the analogous relation for the rate of heating under the conditions 
of a regular regime 


— Gh «* =eet= m = const. (9.5.19) 


Consequently, the main feature of a thermal regular regime remains the same, 
only in this case the mean excessive temperature is understood to be (t., — f). 


(5) Presence of instantaneous heat sources. From solutions @.2.12), 
(9.3.21), and (9.4.16) (for Fo > Fo, we may restrict ourselves with the 
first term of the whole series), it is possible to wrile 
uf =m =const, (9.5.20) 


i.c., relation (9.5.10) is valid. 
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Thus, under the conditions of a thermal regular regime, the rate of heating 
@ body is directly proportional to the difference between the medium tem- 
perature in a steady state t,, and the mean volumetric remperature of a body f 


— dijde = mt, — i). (9.5.21) 


The proportionality factor m (rate of heating) is a function of a characterigtle 
dumension of a body, the thermal diffusivity coefficient, and the criterion Bi 
and Pd, The specific feature of regularity of kinetles of heanng is determined 
by relation (9.5.21) which is also valid in the presence of heat sources. 


CHAPTER 
10 





BOUNDARY CONDITIONS OF THE FOURTH KIND 


Chapters 5 and 6 deal with unsteady-state heat conduction problems in 
which heat transfer between a body surface and ambient medium mainly 
occurs by radiation or by convection. If in the problems of steady con- 
vective heat transfer, the boundary conditions of the third kind are used, 
then for those on unsteady convective heat transfer it is necessary to use 
boundary conditions of the fourth kind. For example, for the case of a 
flat thin plate in a flow according to the boundary-layer theory the differ- 
ential heat transfer equation for a liquid may be approximated as 


n(x, y, 7) at Gr D_ ae (x, ¥, 7) 
“Ge tO, 15 


RSy<oo, 0<x<i, 





(10.1) 


where w(y, x) is the velocity of a liquid flow, and / is the plate length in 
the direction of the liquid motion x. Here we have assumed that convection 
in the y direction is negligible. 

The differential heat conduction equation for the plate will be 


t,x, y, 7) =a, ( MRO PotD), 
ar Ox oy? ‘ 


O<x<S/, —RSyS+R, 





(10.2) 


where 2R is the plate thickness. Subscript 2 refers to the plate (solid) and 
subscript 1 to the liquid, 
Boundary and initial conditions are as follows 
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4, y,0)=4-= const,  4(x, ¥, 0) = ft, y) 


0%, 0% t) fay 0, T= He aoa) 

4G, R, t) = x, R, 1), (10.4) 

a Ot (x, = rt) md Bae, fe z) 7 (10.5) 
51,(x, 0, 

cee =0 (106) 


Uf we assume that heat transfer occurs only through the surface y= +R, 
it may be written 

G6 yt) G4s(0, y, t) 

FE Ye) PHO Ye) oa. (10.7) 





The solution of the system of dulferential equations (J0.1) and (102) 
causes certain difficulties, because the velocity profile w(y, x) 1s determined 
by solving the differential hydrodynamics equation (the Navier-Stokes 
equation). However, as 8 first approximation it 1s possible to considers the 
second term of equatron (10.1) as a variable heat source 





w(x) ELD = wee, yx) 108) 


Consequently, the solution of the system of equations (J0 1) and (10.2) 
as reduced to that of differential heat conduction equations with heat sources 
with boundary conditions of the fourth kind 

If the heat conduction coefficient for the body ts considerably larger than 
that for the liquid and the plate length is small, then the problem may be 
simplified, We designate the mean temperature along x through iy, 1) a8 


70.9 = AID [Hex 5 de aos) 


Consequently, the system of differential heat conduction equations is ob 
tained as 


Fy. Yi 6, Fag — Py, 2), (10,10) 
220% =) igs BO x 3 (00.11) 


where *(y, x) is the heat source averaged along the plate surface. 
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The solution of the system of differential equations (10.10) and (10.11) 
under the fourth-kind boundary conditions will be considered. In this 
chapter, we shall first consider the problems without heat sources, and then 
the solution of these problems with heat sources. 

Problems of heating or cooling a system of contacting bodies (laminated 
media) when heat transfer between them occurs according to the beat 
conduction law are related to those of unsteady-state heat conduction. 


10.1 System of Two Bodies (Iwo Semi-Infinite Rods) 


a. Statement of the Problem. The simplest possible system consisting of 
two semi-infinite rods is taken. The problem is formulated as follows. Two 
semi-infinite rods with different initial temperatures are considered, The lateral 
surfaces of both rods are thermally insulated. At the initial moment, the 
insulated ends of the rods are brought into cantact. The temperature distribution 
is to be determined at any moment provided that thermal coefficients of the 
rods are different. 





We have 
PWD g, FUE) 50; x>0), (10.1.1) 
Dg, FU > 0; x <0). (10.1.2) 


The coordinate origin is in the point of contact of the ends (Fig. 10.1). 
Boundary conditions are written 


(x, 0) =f(x), x, 0) = 60), (10.1.3) 
Ot,(+ 00,7) _ te{— 00, tT) _ 
Sg gene ea Dy (10.1.4) 
440, 7) = 1(- 0,2), (19.1.5) 
41,(0, 2) 2 At. t) 
Ee (10.1.6) 


First the simpler problem will be considered: 
ti(x, 0) = fa = const; (x, 0) = 0 (10.1.3a) 


(for initial temperature of the body, subscript 2 designates a reference 
temperature). 
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&, Solution of the Problem. The solution of Eqs (10 1.1) and (10.1.2) for 
T,(x, 5) and 7;(x, s) with conditions (10,1.3a) and (10.1 4) are of the form 
Ti 8) — Gals) = Byexp[— (s/a,)""x]_ Ge >0), (10.1.7) 
T(x, 5) — Byexpt= (s/a,)“*| x |] & <0). (10.1.8) 


The constants B, and B, are found from boundary conditions (10.] 5) and 
(10.1.6) which will be written for the transform as 


TQ, 8) = 7,0, 5), 7°, 5) = — Ge/A)7Y'O, 5). (10.1.9) 


Then solutions (10.1.7) and (10 {.8) may be written 


Tx, y= rag (# a)" x] @>0) (10.110) 
Tx, 5) = wes an exaf— G zy ‘x1] (<0), (O11) 
where 


Ka (#)" = (fey =e Ko *L, 
as Ne dey: } en” ee 
where K, ts the parameter charactenzing the thermo! activity of the first 
rod relative to that of the second; iL 1s equal to the ratio of thermal activity 
coefficients, , 18 the parameter characterizing the relative thermal conduc- 
tivity of a body (Ky=A,/42), Kets the parameter characterizing the thermal 
inertia of one body relative to that of the other (A, = «,/a,} The trans- 
forms of (10.1.10) and (101.11) are taken directly from the tables. Thus 
the inversion may be wntten directly 





_ 47) 1 = » (10,1 £2: 
aay saat yes 2 (: + Leta) ee Ose Te} 


aid Ko tal 10.1 13} 
0, = Tre Re ESO « 





If the ansbat temperature of the second body is equsl 10 4g, and that of the 
first tor, the solution is of the form 








— het) tr ¢—) (10.1 12a) 
oa ( Re ae “agar : 

8%, 1) ten Ke isl (10.1 13a) 
Oe IR Re 
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Mt follows from the solution analysis that at x—> co in a steady state the 
relative temperature of both rods wiil be the same and equal to 


8{x, 00) = Kf + K,). 


If the thermal activities of the rods are equal (K, = 1), the relative temper- 
ature in a steady state will beG = 4. On the surface of contact this temperature 
will set in at the moment the rods are brought into contact and will remain 
constant during the whole heat transfer process (sec Fig. 10.1) since 


6(0, r) = 8(x, 00) = K,/(1 + K,} = const. (10,1,14) 


If the thermal activity of one body is considerably lower than that of the 
other (e; >>), then K,3> 1. in this case 6(@, 7) will be of the highest 
Possible value and equal to 6(0, r) = 1. If the relative thermal activity of 
a body is low (K, —» 0), 80, r) is zero. Consequently, 9(0, r) changes from 
zero (minimum thermal activity) to unity (maximum thermal activity), 








| ated dat) 
24,0,.C, 


Fig. 10.1. Temperature field of two semi-infinite rods in contact. 


Thus the value 9(0, r) is a measure of the decrease of the relative tem- 
perature of a semi-infinite body when it is in thermal contact with another 
semi-infinite body. 

Therefore the value 


1-00, 1) = 0+ K)=X (10.1.15) 
may be referred to as cooling effect. 1f (0, r) = 1 (¥ = 9), then the cooling 


effect will be zero; vice versa, when 0(0, 7) = 0 (X= 1), the cooling effect 
will be of the highest value. 
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¢. Solution of the Case with a Heat Source w,(0, =) = %o = const. The 
Problem statement will be changed. At the initial moment, let the tem- 
perature of both rods be the same and cqual to 


(x, 0) = 464, 0) = fe = const. (10.1,28) 


Just at the moment when the ends are brought inte contact, a constant 
heat source acts at the interface with the output go per unit area of contact 
(kcal/m? hr). 

The solutions in this case will be of the form 

















AG) = Fo 2s ye x 
o, - = Fag Oa tele ae (10 1.29) 
te, t) ~~ tn _ 20 K, Ist 
Oye Ee SE amg ete a (1.1.30) 
‘The following notatrons will be introduced 
At _ at — 4 i, ao 1. 
Foams Fo=, Ky pe tae 
The solutions (19,1 29) and (10 130) may be rewritten 
K, 1 
Fol verte ote ua (10 1,31) 
oe ee 1 2 
9, = PE Foy? serfe TES (10 1.32) 


10,2 System of Two Bodies (Finite and Semi-Infinite Rods) 


a. Statement of the Problem. A fimte rod ts brought inte contact with a 
semuinfimte rod having diferent thermal coefficients The lateral surfaces of 
the rods are thermally insulated At the imal moment, the free end of the 
finte rod 1s heated instantaneously to the temperalure t, which 1s maintamied 
constant during the entire heating process (boundary condition of the first 
kind). The temperature distribution along the length of the rods is to be found 

Two cases will be considered: (u) when the instil temperature of the 
rods is zero, and (b) when the initial temperatures of the rods are different 

We have (sce Fig. 102) 


MED _ g, SHED) >0,0<< 2), 024) 
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Fig. 10.2. System of two bodies (semi-infinite and infinite rods). 





FH) 9 PED 50; Rex<eo), (102.2) 
14(x, 0) = 4%, 0) = 0, (10.2.3) 

1,(R, t) — 1K, 0), (10.2.4) 

aa Se = 2K, 2) i My (10.2.5) 

1,(0, x) = tg = const, (10.2.6) 

L(c0, 1) = 0. (10.2.7) 


5. Solution of the Problem when t,{x, 0) = t,(x, 0) = 0. The solution of 
Eqs. (10.2.1) and (10.2.2) with conditions (10.2.3) and (10.2.7) for the 
transformed functions #(r, t), will be of the form 


Ty(x, s) = A, exp[(s/a,)*x] + B, exp{— (sfa)¥2x], (10.2.8) 
Tx, 8) = C, exp[— (s/a)"*x]. (10.2.9) 


The constants 4,, B, ,and C, are found from boundary conditions (10.2.4)- 
(10.2.6) which for the transform may be written 


TCR, s) = TAR, 5), K.T)'(R, 8) = Tz(R, 5) (10.2.10) 
TO, s) = tals. (10.2.1) 


Upon determining the constants, solutions (10.2.8) and (10.2.9) will be 
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Tye 3) = (als) expt (ofan — {#e} 


expl(s/a,y¥*x] — exp(— (s/a,)¥*x] ) 
expl(sja)7R} — A expl— (s/a,)"*R)])* 
(10.212) 


exp{(s/an)”*R]—expf—(s/a,)""R) | 


Tats, 3) = {Cals p61.) ee ee ee 


x fepi— (raov"R) [ 


x Ab expt (la MR} expt— (fad — Ro}. (10213) 
where 
ny ee 
$= = (Fat) 


Since |} <1, we may use the transformation 


L exPl— (s/a,)"4R] 
expG/ay*R) — hexpl— (sja)*R} — 1 — Hexp[— 26s/a,)*R) 


= ES at expl—2n—10(s/a,)"*R} 
= (10 2.14) 


on the basis of the expans:on 
YA—xettxgxtt---, Pf xp<t 


K, > 0 and | A| <1; therefore, series (10.214) converges rapidly 
Solutions (10.2,12) and (10 2.13) may be written 


TCs 5) 
fe 


= (1s) exp (s/a,)*3x] — (a/s) z ne 


x {expl— (2nR — x)ts/a,)"4] — expl— QaR + tes 


Te /4=(— Ads} & tet exp(— [e- BH Ga URalen lad 


We obtain the inversion 


40%, 2) Seas —x 2nR42) | 
0, = AD ecto hE fete Seat Xaayt = rte HRS) 


(102.17) 
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G57 2K Sy x R+(n—DK ER 
0, Be mS erfe| =A eR |. (102.18) 


where Ky = a;/a., Kz¥* = (a3/a,)¥*. 

If the thermal properties of the rods are the same (X, = 1, i = 0), then 
from Egs. (10.2.17) and (10,2,18) we obtain the solution for a single semi- 
infinite rod 


0 = ere ~ 
2ary= 


¢. Solution of the Problem when t,(x, 0) = , t,(x, 0) = 0, The second 
case in which the initial temperatures are different will be considered. 
Boundary conditions remain the same. Using the same calculation method, 
we obtain similar solutions as above differing only by additional terms 
containing the factor [L/(I -+ X,)]fp for the finite rod and fy for the semi- 
infinite rod. 

The final form for the original will be 


ee Hx, 5) — bo 
2 ha & 
REX 
Zaz) 
3 (Qu — RFX 
Faas o es 


9 = 2) 
"a tt) 
ee ee x—R+ Qn— IK OAR 
Sikes ere van ary 
+ boK, —R 2K, 


TER Hey + TEER ST 
a }: (10.2.2) 


erfe 5 oy om Fh z We orf 


(10.2.19) 





—R+ 2K; 


x St het erfe [> Tary= 


fat 
Here the notation = MCF =) = — &(— =z) 4- H(+ =) is introduced, 

If tf, =0 is assumed, then solutions {10,2.19) and (10.2.20) become 
solutions (10.2.17) and (10.2.18). 

The present problem may also be considered as that of heating 2 finite 
plate, one surface of which is in contact with an infinite solid medium 
(boundary condition of the fourth kind), and the opposite surface is main- 
tained at the constant temperature. 
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d. The Solution of the Problem with a Variable Surface Temperature. The 
temperature of the free surface of the rod is a linear funetion of time 


#0, t) = 4g + dr. (00,2.21) 


The solution of a system of equations under conditions (10.2,3)-(10.2.5} 
and (10.2.21) has the form 


Spat ge opty 22 — DRE 
nos 1) = dbrf (verte) + Ee i erte ONE 
R— x 
= af terte 2% Jagat Eos ere Far} (10.2.22) 


Get) = orf — hyit erfe [Geasn ¥ Aan) 


= (n-WR_ Rox 
+= 0) & errors SoS - tax} (10.2.23) 


If the initial temperature of rods is equal to f = const, the solution in 
generalized variables may be written as 


8, a 2 = 





= Pd Fofr erfe HE an z ft erte OE 
— ale re SLO + Zuee ete } aoz2n 
0, = Dat 
w= Pay rofa ~— aye erte set a ae) 
+0 WE i este Sy i Lee } (102.25) 





€. Solution of Problem under the Condition t,(0, =) = 1, Sin wt. The 
solution of our problem will be of the form 
hGe 2) 

tn 


pale eve[— a Payee] sin(Pd, Fo, — (4 Pd,)"? =) 


10.3 System of Two Bodies (Two infinite Plates) at 
=h exp[-( Payy(2 = =) sin| Pay Fo. + Paye(2 = =)) 
- nfexp| —(2 Pde (4 = 4) sin{ Pa, Fo, + (E Pa“ts/R| 


+ exp[—( payn(2 = sina, Fo, -(4 Pa,y(2 = +)}} 


Pat f p= a px —hsin 20Ra4)12 
Pat Pa" Fo) dal Zepaeyue. 
+a [rex onsin| 5 Pa) are tan Tj cos 2(Pa*y= 
deat 


payee paz # Jp expt Pe" Foilsial — (rary 





* = sin 2(P4*) Pat 
aha) mI ary + Pa? Perera: 02-26) 
t,x, 7) 
tn 
= 157" {exo[- @ pane — a pay2 (2 -1)] sinfrg, Fo, 


— (Pay? — Pd!" (F —1)] — #exp[— 30 Pay 
— Gra (= — 1) sin{ ra, Foy+ Payy=—(L Pay'* (Ze — 1)]} 


+a—mPat f° exp{—Pa* Fo, sin| (+ — 1) (eatyieye 


tan(Pd*)¥ dt 
ari OO ee 022 
where 


M = 1 — 2hexp[— 2(4 Pdy)"?] cos 2(2 Pdy)"* + A* exp[— 4(4 Pa,)"*];, 


Pay = (c/a,)i*; k = 1,2 Pd* = («*/ay)P is the Predvoditeley criterion. 


10.3 System of Two Bodies (Two Infinite Plates) 


@. Statement of the Problem. Two infinite plates with the thickness R, 
and R, and with different thermal coefficients are in contact. Their initial 
temperatures are both equal to zero. At the initial moment, one free surface 
is Instantaneously heated to the temperature t, which is maintained constant 
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during the entire heating process, The temperature of the opposite surface ts 
maintained equal to the initial one. The temperature disteibuuian through the 
thickness of the systemt consisting of two plates is to be found, 

The origin of the coordinates is taken in the plane of contact (Fig. [0 3). 





Fig. 10.3, System of two infinite plates, 


The boundary conditions will be written as 





4G, 0) = 40, 0) = 0, (103.1) 

n(— Rh. fh, 1) =0, 
40, t) = 4,0, 2), (10 3.2) 
Ar 44@, *) _ 960, 2) (20.3 3) 


a Ox Ox 


4. Solution of the Problem. The transformed solutions arc found by abe 
conventional method using boundary conditions (10.3 1)-(10.3.3). The 
solutions will be of the form 


Tx, 5) __K, cosh qx sinh g,R, — sinh g.x cosh Rs (10.34) 
te _-S(K, cosh a, S10 428, + sinh g,R; cosh g,Rs} 
Tex, ) K, sinh g4(Re — >) (1035) 





te SUK, cosh qR, sith qk + Sih g,R; cosh g,Ral 


10.3 System of Two Bodies (Two Infinite Plates) 4j3 


where 
K,= tifez, = (Sia)*, ga = (S/a)”*. 


Using the expansion theorem (solutions (10.3.4) and (10.3.5) satisfy all 
the conditions of the theorem), and assuming the denominator of relation 
(10.3.4) and (10.3.5) to be zero, we obtain the characteristic equation 


sin cos Kz"Kx, 4 41- K,cos zsin KY*Ky, w=. — (10.3.6) 
It should be noted that the roots of Eq. (10.3.6) are also the roots of 


cot K7"Kp, a + K,cot x =0, (10.3.6a) 
and the general roots (if they exist) of 
sing =0; — sin K7*Kp,p=0. {10.3.6b) 


The system of equations (10.3.6b) has a solution when Ki*Kg, is @ 
tational number. Then the solution of the problem is 


0, = A) 


x ALK, 60S ptn( ef Ri) sin EZR np, 
Re S __ Sin fag X/ Ry) 008 KS Kn) 
Ry ae Zz, Bnl(K, + KY*Kq,) Sin f, sin KH, K py 
TR = (1+ K.KE*Kp,) €05 jt, 008 Kun Ky) 
X exp[— 4,2 Foy], (10.3.7) 





0-9. 





we Re 
—_R-x = 2A Ke Ry 
Ree RR GACT Ry sin py Sin Kiln 
— (1 + K,KY2Kp,) 005 Hy 005 Ky*K pn} 
* exp[— K,Kpp, Foo}, (10.3.8) 





where 
K=e)e,  Ki=Atle, Ke=anlt,  Kn,= RlRe 
Fo,=ait/R;*, Fo, = a:1/R:*- 
If the coefficient Ki*Kp, is @ proper fraction, ie., 
KY*Ky, = B/b, 
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then K}*K pi, = (8/B)4n = nz. Consequently, ft, = bnz/ft = bm. Then 
we should add two more expressions to solutions (10 3.7} and (10 3.8), ic, 


F sok ne sin PES exp[— miss" Fo], (1039) 


2 
oC) 5 
a 2K, S cos mbx med — Bink Bp. Te 
RGR FB) 2, mm AR, SE aa) 


respectively. 

If the cocfficiem Ki"Kp, is an irrational number, serics (10.3,9) and 
(10.3.10) do not appear in the solution, and the roots of characteristic 
equation (10.3.6) still exist.? Using Eq. (10 3.6), we can simplify solutions 
(10.3.7) and (40.3.8) to 
KiRy — Xa 
AA Re + Ri 

wo 2K, (sin? Kp? Kp Hy S10 fy {29} 
= ae) 

= Halk, sin? KYPK pM, 1K 7, sin 7 ri ta ae 
(Ry — 2) Ky 
Kika + Ry 

2 2K,fsin pa sin KY*K pu, sin KY7(Kp, (1 R tal 
Pal K, 819° RE*Kp jt, + Ra Kp, 50" fq) 
+ nee Fo.} (10 3.12) 
In a steady state (Fo = 0a), the temperature distrbuton follows the linear 
Taw. The retative temperatute on the left-hand surface of the plate (x = — Ry) 


as unity and on the opposite surface (x = A,) at is zero On the contact 
surface (x -~ 0) the relative temperature 1s 

















tar 10.313 
00, 3) = een. 40313) 


IE the thermal coefficients of the plates are the same, Ki= J at 
R, = R,{Kp, = 1), then 6(0, co) = 3. 


©. Solution with Boundary Conditions of the Second Kind. In contrast 
to the above problem one surface of a system 1s thermally smsulated, and 


1 Additional roots of the transcendental characteristic equation are alsa possible 1 
other problems (to be discussed) These additional roots are found an a similar #ayi 
accordingly, such cases will not be dealt with here 
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a constant heat fiux is supplicd to the second surface 





43(4, 0) = t4(x, 0) = fo = const. (103.14) 
8t4(Ra, fx = 0 (103.15) 
40,2) = 400, 2) (103.16) 

BOO. M0) (103.17) 
On{— R:, 0) BO 
cana emia Feil (10.3.18) 


The solution for the transform will be 
T(x, 8) — (ols) = -L [K, cosh(s/a,)"*x cosh(s/a,)”*R, 


— K, sinh{s/a,)"*x cosh(s/a,)¥*R,] {{K, cosh(s/a,)"*R, 
X sinh(o/a,)”*R, + K, sinh(s/a,)"*R, cosh(s/a,)"*R,] 





x A(s/a,)}>. (10.3.19) 
mie = 9K, cosh(s/az)""(R, — x) 
Ta(x, 8) — (lols) 5K; eosh(s/a,)"* Ry sinhieya,) I 


+ Kz sinh(s/a,)"*R, cosh(s/a,)"*R,} Ay(s/a,)¥* 

Kz sinh(s/az)"*Re cosh(s/a;)"*Ry} Ar(s/ay (103.20) 
We now use the expansion theorem. From the denominator (expression 
in brackets in formulas (10.3.19) and {10.3.20)), we obtain the character- 
istic equation® 


X, tan w+ X, tan uKj?Kp, = 0. (10.3.21) 
The solution of this problem may be written 
Re 4(x, 7) 
bo 


= 1+ [Ki /(Ky + KiKe {Ki For + A1GKKR, + KG] RP 
= 2K, Kp (x/Rs) — BK PK Kp, + KiKKn y+ 26K Ka, + 4KE] 
* [Kx + KaKpJ*} + 2Kir z feta Pn M(COS finlX/ Ry) COS fen Ka'* Kp, 
s+ (Kal Ky) sin pea(x/R,) sin fe,Kq'*Kx,) CXPI— Ma® Foy}, (103.22) 
* Here, the appearance of additional roots is possible because of the division of the 


denominator of expressions (10,3.19}-{10.3.20) by cos # cos #K27Ky,. Consideration 
of this special case is similar to that given in the previous chapter. 


416 10. Bounpary Connmioxs of TE Fourt# Kinp 


KX a 
1+ Kat kes {Poy + 1K (Kp, — (1R))' — HKGKE, + KK, 


+ EKER, + EK,[Ki + KK} + 2Ki, 5 (fen?) 





X £08 AG"Ky, — (/R,)) exp[— yee* Fo), (10.3,23) 
where 
Fn = (1 + CUR RR*Kp,) COS pty COS fi, KEK g, — (Kx KY" + (1/K Ke) 
X S10 fly 51D fn KIRK, (10,3,24) 
where 


Kishi  Ky=alaz; Kp, = Rely Foy = ayt/Ry's 
Ki, = a RlArto 
If heat transfer between a surface (x = — R,) of the system of plates occurs 
according to the Newton law g — a(t, — (— iy. 2)J, then the temperature 


at this surface (x/R, = — 1) and at the boundary of their contact (x/&,— 0) 
48 found from the diagrams depicted in Figs 10.4 and 10.5, These are 





Eig. 104. O° (8% = 1 — {ye Baia + NL — Ce — DCC, — GI} versus Foy at the 
plane of contact of the plates (x = 0) for various values of st [102] 
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obtained for the casc when the heat conduction coefficient of the second 
plate is infinitely large (2,;—+ co) and for different values of w [v= + 
+ (2 + 1) Bi,] where n= cyysR/eyiR,, and Bi, = @R,/A,. 

In Fig. 10.4 the quantity 


om EB f=] 
te — ta 

is the ordinate, and the Fourier number Fo, = a,7/R,* is the abscissa. 

& 
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Fig. 10.5. Generalized variable 8, 10, = (t% —t)/(1g— %4)} versus Fo, for plate surface 
(= — A) for various values of [102]. 


In Fig. 10.5 the quantity 


= Ris t)—b 


nos — dg 


is the ordinate, and the Fourier aumber Fo, is the abscissa. 


10,4 System of Two Spherical Bodics (Sphere inside Sphere) 


a. Statement of the Problem. At the initial moment a sphere with the 
temperature t, is placed inside a holiow sphere with the same initial temper- 
ature. Both are in perfect thermal contact, The temperature of the external 
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surface of the outside sphere is maintained equal to zero during the whole 
process of heating. The temperature distribution at any moment in the system 
“sphere inside a sphere” (Fig. 106) is 10 he found. 





Fig. 10.6, System of rao bodies (sphere mside sphere). 


We have 


eho M4, Fine Ol Goroocr<R), (WAt) 
A Or, Pe i 


Sterle OM 9, O fete eM (P>0, <r <k), (1942) 


47,0) = fay (7,0) = fan (10.4.3) 
WR DR Dy Ky GD — BEY, Goss 
BRe) = 0, 1,0, 1) xe. (104) 


b. Solution of the Problem. The solution 1s found by the operations) 
method with conditions (10.4.3)-(10.4.5). The solution for the transform 
is to be obtained. 
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Red, 1 : R,Rag sinh gyr 
fo s — Fsfpe(Ra} sink qR; + Kyps(R;) sinh g(Re — By)" 
(10.4.6) 
Tis) _ 1 _ _ Ralytr) sinh Ry + Kiyi(Rs) sink gr — R,)] 
fy = rslya(Re) sink ¢,R, 4° Kapi(Ri) sinh g.(Re — Fi) * 
(10.4.7) 
where 


wil) = 9, R, cosh qr — sinh gy, 
ya(r) = 92R, cosh ga(r — Ry) + sinh g.(r — Ry), 
=(siay", 92 = (s/a;)"*. 

Assuming the denominator to be zero, we find the roots s = 0, and s, 
which is an infinite set of the roots, determined from the characteristic 
equation 

[Ki?p cot KY*(Kp, — Ie + 13+ Kile cot xe — 1] =0, (10.4.8) 
where 
K,~=afaz, Kp, = Rf. 


Beside these roots, the additional roots of the equations will be found 
from the equation 


sin zp = 0, sin KY*(Kp, — Ie = 0. 


If Ki(Kp,— |) isan irrational number, the last equations have no roots 
and the solutions will be 





a= fe 2) 
=72 5 S ay Sin pF 8 ty KY ND 
x exp{— 43? Fo), (20.4.9) 
2k, S sin? Up 
B= 2M in vf x, 4. exp[— KeK}td, Fos), 
sleet ed (Ka Ri a) Ht ad *Gi0.4.10) 
where 
btn) = Kefty Sin KY pig(Kip,— 1) te KY" Kg Jt S08 Ho 
— Kit 
+ GEES sine fy Si0® KY Kp, Uta 


Fo, =: ar/R?, Fo, = at/Ry*- (10.4.1) 
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If the quantity X3"(Kp, — 1) is a ratio of integers A/b, then (B/b)s = at 
or # = 5mm. The following expresston should be added to the first solution 





2 2 1a 
— ager E, (De sin = exp[— m'B%? Fo,) 


(104.12) 
and to the second solution the expression 


ORK, ft ysin{fmBr(Kg,—r/R)) 


i a Ki | expl—mto* Fo, K,Kb,- 


(104.13) 





10.5 System of Two Cylindrical Bodies 


a. Statement of the Problems, There is an infinue cylinder surrounded by a 
chin shell. At che wutial cme instant the system of twa cylinders whick have 
the same tnitial temperature ty 1s placed into a medium with the temperature 
f4<y Heat transfer between the shell and medium occurs according to 
Newton's law of cooling. Find a temperature distribution for the system of 
two cylindrical bodies (Fig. 10.7). 


= const, 





Fig. 10.7. System of two cylindewa! bodies. 


10.5 System of Two Cylindrical Bodies 4 


To the first approximation the thin shell may be considered flat. The 
problem is formulated as follows 


ug (G44 &) (>0;0<r<R), (10.8.1) 
te Fy 
FereRe (HU RSrSR, (10.5.2) 
flr, 0) = f(r, 0) = fy = const, (10,53) 
a , aR, 
A(R, = AR Ds AGL 7, En asay 
aides 





40,1) <00; — + alt, — t£(R:, 1] = 0. (10.5.5) 


4. Solution of the Problem. Application of the Laplace transformation 
yields 





z A,Jo(uat i Ry) exp[— fin Fo), (10.5.6) 


i,(, T) = fo 
la— te 





1 = E Ajab) costed ~ 0) 
— Kaen) singeyKY"(°/R, — 1} expl— 12 Fo] (10.5.7) 


where 1, are roots of the characteristic equation 


JfuNBi cos KY*(Kp, — Ve — KYAK ye sin Ki*(Kp, — Del 
= K(p)[Bi sin KY"(Kp, ~ Ve + KEK nye 608 KY, — Ve] = 
2Bi K,[KY(Kq, — Va + Bi tan KY(Kq, — Vita) 
Baden) sit Ky"(Kr— Dita 

x {i= 14,2 + Bi] cot KE"(Kp,— Oita 
2K, K, 6 31 OK 3, 
ee 

+ 2K,KY(Kq,— 1) Bi + K# Bit] tan KY%™(Kp,— Vite 

+ KK (Kp De? + 2K AKA (Kn, Den Bi 


= ef y—- KBP 10.5.8) 
2K" (Ka,— Dp, BI — }} ‘ te 
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In the limiting case where Bi oo, the second statement (10.5.5) is 
replaced by the condition 
4(Rz, t) = fe (10.5.9) 


Here the form of cquation (10.5.6) remains as before, and equation 
(10.5.7) becomes of the form 


tar, t) — To 
q~ bo 


= 2 sin[KM%(Ka, — r/R Dit) exp(~ sr Fo) 
Sint KY (Kg, Dig ~ 580 242" (KL 
(105.10) 


where b= K4(Ky,~ 1) + /K, (for Curther details, see Luikov and 
Mikhailov [73]). 





10.6 Infinite Plate 


a, Statement of the Problem. Consider an infinite plate with temperature 
ty At the wutial moment, ut ts placed into @ meduun with the temperature 
fa < fe. The plate ts coaled by heat conduction The temperature distribution 
at any moment is to be Jound 





= 
Fig. 108. Cooling a plate im an infimte medium. 
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We place the origin of the coordinates in the center of the plate (Fig. 
10.8); subscript 1 refers to the plate and subscript 2 to the medium 


209) 4, Poles) (t>0; —R<x<+R), (106.1) 


PH) 9, PUD ao; R<x co), (10.6.2) 
4,0 =%, 4(%,0)=4,, (10.6.3) 

1K, ARES) 4 PER), (10.6.4) 

HAR D=12(+8,0, (10.6.5) 

OE =0, 2te2) eas 2) 9, (10.6.6) 


b. Solution of the Problem. The transformed solution of Eqs. (10.6.1) 
and (10.6.2), taking into account Eqs. (10.6.3) and (10.6.6), may be written 
10%, 5) Cols) = A cosh(s/ay)x = A, [exp {(s/a,)"*x]+-exp[—(s/a,)'*x]], 
(10.6.7) 


Te(x, 5) — (t/8) = B, exp] — (s/as)**x]. (10.6.8) 
The constants A, and B, are determined from boundary conditions (10.6.4) 
and (10.6.5); then solutions (10.6.7) and (10.6.8) will be of the form 


(to— te) f_1 exp[(s/a,)¥"x] + exp[— (s/a)*2x] 
G 7K) expl(s/a)R] + h exp[— (sfay)*A]” 
10.6.9) 
fe _ lo = tx) (_K exp[(s/a:)¥2R] — exp[~ (sfa)”2R] 
TG Ng (i + x) expiGla, PRT + hexpl= Gla] 
x exp{— (s/a)"*(x — R)], (10.6,10) 


iy 
T(x, 9) = 2 — Oe 








where K, = 4/s, is the criterion of the thermal activity of the plate; 
h~(i— K){(l + K,) is a dimensionless number, the absolute value of 
which is always less than unity (|) <1). 
After the following manipulations 
1 _ exp l= (s/ar)*R] 
explG/a,)"*R] + hexpl--(sfay@R] 1 f hexp[~ 2(s/a)"*R] 


=F (Wy texp[— Qn = lf)" R} (10.6.11) 
nt 





the series obtained converges rapidly for || <1. 
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Thus, the solutions may be rewrilten as 


CH 





* {exp[— (s/a,)*[Q2n — IR — x]] 

A exp{— (s/a,)¥*[Qn — (R+x)}}, (0.6.12) 
fa _ Wo — OK, 
ie : 





Ea texpl— Ga ~ 2)RG10,)*) 
= expl~ 2nRG/a)”N expt (sfes)**(x — RD] 

= GE {eect — Ian Eo 
x exp[— (2mR(@,/a,)¥* + x — nya)". (10 6.13) 


Using the table of transforms, we obtain the solution in the following 
form 





62583 _ Yr-% 
nS Se eit Ga aoe Qa~ Rte 
VOTER ZO a tte eee + el ae aa } 
(106.14) 
— ben - 
lo te 

K, x- K+) & ai x— R+2nK(a,/a,)* 
TK ea as IS So Sa iad ary 


(106.15) 


Solutions (106 14) and (10615) satisfy the appropriate equations, the 
initial conditions (since Y224(— AY = 1/(1 + 4) = (1+ K)Q) and 
boundary conditions. 

Let K,—+ 0 (;— 1) then the thermal activity of the plate ss infinitesimal 
compared to that of the medium; the process of heat transfer from the 
infinite plate is accompamed by a rapid fall of the plate surface temperature 
to that of the medwm. Further, sf K,=0(4 = 1) 3s assumed, then 
0,(x, x) = 0, and the solution (10 6.14) will become of the following form 


= Qn —WR— (Qa—-DR+*% 
=F e- [ee a = + ete |. 


(106.16) 


10.6 Infinite Plate 425 


Equation (10,6,16) is the solution of the problem of cooling an infinite 
Plate when the temperature on its surface instantaneously falls to that of 
the medium remaining constant during the entire cooling process (bound- 
ary condition of the first kind). This solution was obtained in Chapter 4, 
Section 3, 

The temperature on the surface of contact in the case of finite values 
of X, is 


6,= 2K S (— hyerfo 8 


+R, (4K Caxy" 

Thus, 0(R, t) continuously decreases; its maximum value corresponds 
to the initial moment (at r—> 0 the function erfe{nR/(a, r)”*} approaches 
zero), i.t., 





(106.17) 


9,9= KJ +X). (10.6.18) 


This is precisely the same relative temperature which scts in on the contact 
surface of two semi-infinite bodies (sce Section 10.1). The quantity 


1 = [K/(1 +] — 1 — 6(R, 0) = ¥ (10,6.19) 


is referred to as a cooling eflect. The rate of change of 9, depends on the 
thermal diffusivity and the thickness of the plate. With small values of 
Fo, — a;7/R®, 0,9 changes slightly. 

Analysis of solution (10.6.15} shows that the temperature al any point 
of the medium first increases, then reaches its maximum, and then dimin- 
ishes. The highest possible temperature on the contact surface (x = R) 
sets in instantancously, and the time required for reaching the maximum 
temperature increases with x (x > R). 

When the values of Fo, = a;1/R® are small, we need use only the first 
term of the whole scries of solution (10.6.15); it is then possible to write 
the approximate equality 
G/RY— 12K IR) — 1 + 2K 

1+K, 2(Fo,)"* (1+ K,? 2(Fo,)¥* (10.6.20) 
If the derivative 49,/2 Fog is assumed to be zero, then an equation is 


obtained which can be used for determining (Fo.)mx Which is the value of 
the Fourier number corresponding to the maximum temperature 


(Pode = (106.21) 
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Relation (10 6.21) shows that the relative time required for the maximum 
temperature to set in increases with the relative coordinate; for x = R, 
(Fos)mar = 0. 


e. The Same Problem as (a) but with Heat Source w = const. The problem 
is complicated by the introduction of a positive heat source with the strength 
w keal/m? hr, The differential equation for the medium remains the same 
as in the previous case, and for a plate it is of the form 


Ot, 2) _ a, Fike ) ord =. (106.22) 


Boundary conditions remain the same (conditions (10.6 3)-(10.6 6)). 
The transformed solutions are obtained in the form (a method for the 
solution of such problems 1s described in detail in the previous chapter) 
a fe fo~ te —! F(a? 
Tiny Be (Ao Se) pe Ee 
x {exp[— (22 — DR — xXs/a)'*) 


4 expl— Gla)"4Qn — DR +91), 0623) 
Tw $= (454+ 3) {rt Be ete ware IN 
— BEEPS Chr eapl-Golax — B+ mance} 


(106 24) 
For the inversion of the transform, we use relations (55) and (56) of 
Appendix 5. 


4G, =) — fe 





A= 





late 
=14PoTo ~ EE Ee ay 
Qa-DF GIR) (2n — 1) F (IR) 
™ derfe + 4Po Fo, serie r * 
{ 2Fo,j* FO, a eH 
0, = 2&7) — fe 





4a 





IR) GIR) — K+ ay 
my (ee HBS + aro Fo, exte Pa) - [Ee 
S ¢— pyr tl erte 20M GIR) = 1 
«Be eae 
2nK-¥t + (x/R) (10 6.26) 


* iaeet | 
+ 4Po Fo,i*erfe Ea |. 
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where Po is the Pomerantsey criterion 


RE wR? 
Bowe 5 ES PR Y 
8" We) ae— ie ee 


Here the notation ~ OF z) ~ — @(— 2) ~ D(+ 2) is introduced. 


d. The Same Problem as (a) but with an Instantaneous Heat Source. The 
statement of the problem is following. An infinite plate placed in an infinite 
medium receives at the initial moment a heating pulse from an instantan- 
eous source located in the center of the plate (x, = 0). The strength of 
the instantancous heat source is @ = Scy (kcal/m*). The initial temperature 
of the plate and the medium is zero. 

Differential equations for the plate and the medium as well as boundary 
conditions are the same as in the previous case [Eqs. (10.6.1) and (10.6.2) 
and conditions (10.6.4)-(10.6.6)). The initial condition is 


AG, 0) = A(x, 0) = 0 


The problem is solved by the method which is discussed in detail in Chapter 
9, Section 2. i solution for the transform 7(x, s) is obtained in the form 


TiS, 8) = Tae P[— Gay)*x} 








Gy sy 
_ bh _ expl— {s/a,7(R — x)] + expl— (s/a MXR + 2)] 
a= expl(s/a,)7R] + hexp[— (s]a,)"*R] 
= aie (ex lated Sas 
X {expl— (5/a,)82nR — x)] + expl— (s/ay)"*2nk + on), 
601 ~ A) one 
Gs 9) = Taeeexp (Gla =R} + hexplGlad= RV 


x exp[— (S/a:)*(x — R= - nS Scart 


x exp{— (s/a,)#[x — R + Qu— WlelayR]}.  (80.6.29) 
Solutions (10.6.28) and (10.6.29) are taken from the table of transforms 
and the inversion is fulfilled directly: 
eG jhe ae oe BO pha ee 
R@ Fo) {e[ aR Fo,|—* Be ie 


«(oD + of BEIM conn 





hey = 
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2bK, I ise 
6G) ™ ERE RG Fey 2 Ot 


(G(R) — 1+ Gr — DAME 
a Sema b (10.631) 


* exp = 

The analysis of solutions (10,6.30) and (10.6.31) shows that when the 
valucs of Fo are small, we may use a single term of the whole series aod 
then the calculation formulas become simple. 

‘The temperature 44(x, t) at any point of the infinite medium first increases, 
reaches a certain maximum valuc, and then decreases. If the derivative 
81,(x, t)/Ar is assumed to be zero, then for an approximate solution (in 
case when only the first term may be taken of the whole series (10.6.31) 
which is valid for rather low values of Fo) we obtain the relation 


(Fox)max = 3[G/R) — 1 + AEF (10 6.32) 


1e., the plot of (Fo,)Vz, versus (x — R)/Ris a strarght line which intercepts 
the ordinate at (2K,)-**. Thus, the shorter the relative coordinate (x ~ R)/R 
the less the time required for the maximum temperature to set in. 


10.7 Sphere (Symmetrical Problem) 


a, Statement of the Problem. A spherical body at the temperature 4 is 
considered. At the tnitfal moment the sphere is placed into an infinite meduom 
with temperature tg <te The sphere is cooled by heat conduction. The 
temperature distribution at any moment is to be found. 

We bave 


Ste ON 9, Mele, M1 {e>0;0<r<R), (1071) 


Meise OV — 4g, MVE NM Ge 0; R<r<eo), (10-72) 


LO=G6, 46,0=4, (10.7.3) 

- 5D re. Baa (30.7.4) 
A(R. 1) = (8, 2), (10.7.5) 

Mf. OHO 9, yOnze. — 10-78) 


(subscript 1 refers to the sphere; subscript 2 to the medium). 
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5, Solution of the Problem. The transformed solution can be written 


Gols) — T(r, 5) = (A/r) sinh(s/a)Y*r , 0.7.7) 
Ter, 8) — (als) = (By jr) expl— (sfa,)""r], (10.7.8) 

where 

B, — (Uo — te) R/s) exp[(s/az¥**R] — A sinh(s/a,)"*R exp [(s/az)"*R], 

30.7.9) 
Fas a oe (1+ Gle)"*R), (40.7.10) 
Pls) = K,{sja,)""R cosh(s/a,)R + (1 — Kz + (sfaz)¥*R) sink(s/a,)*R. 
(10.7.1) 


An approximate solution will be found. For this purpose we shal! write 
approximate expressions for 7,(r, s) and 7,(r, s), which are valid for small 
values of Fo or large values of (s/a)“*R. We have 


(tofs) — T(r, 5) » [Alte — t2)/rs]fexp[(s/a,)¥*r] — exp[— (s/a,)"*r]], 


(0.7.12) 
Ter. 8) — Cals) ~ Kibo — fedis} CRIN) — (Arf Mexpisiag YR) 
— exp[— (s/a,)*R)} exp[~ (s/a2)"* — RY], (10,7.13) 
where 
Ay = ERASER + Ke) net GofagR}. (10.714) 


Kxsfa)*R0 + K) + KA — K) 


The approximate solutions obtained are tabulated transforms. Hence, 
for the inyersion, we may write 


Ojfes fo = a6 2) 





ie 
-# ye L) FAS Ki = exp[ant Fo — (1 =-E)] 
x erfe o( | om mFo,y) — ot MI, (10.7.15) 
6,= t(7, T) — ta 
to Ta 


R (r{R) — (r/R) —1 
as forte “Fo. = + a1 aro 
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Kem 1K py PE? Fos — /R) — 1) 


RK) — 1 1 ‘7 eailg 
x erte( = M6041") — rte ED zt $28 





Ey ets Fo, — Mh (e1 8) — 1 4 2K279) 





R) — $f 2K pu 
x ete = 11,F09"*)} 7 07.16) 

where 
OT eh wg tll as hint 
ai Rimy? SA Ge STR 
(107.17) 


and the notation DF 2) = O{— =) ~ &(+ =) as introdaced, These et+ 
Pressions are only valid for small values of the Founer number. 








Te 


Pee A RTE 
it 





Fig. 10.9. 6 [0 = (t4 = t4)/Mta — fe) versus Fo, for various values of R* = r/R from 
1 te 5 (102), 


Figure 10,9 comprises diagrams of the relative excess temperature at 
different pomts of the medium for the case when the temperature in the 
plane of contact is maintained constant during the entire process of heating 
4(R, t) = 1,(R, 1) = f= const when f, > %. 


10.8 Infinite Cylinder 431 
10.8 Infinite Cylinder 


a. Statement of the Problem. An infinite cylinder of radius R at the tem- 
perature t is considered. At the initial moment it is placed into an infinite 
medium with a temperature te < to. Heat transfer between the cylindrical 
surface and the medium follows the heat conduction law. The temperature 
distribution inside the cylinder and over the medium at any moment is io be 
obtained. 





We have 
On (r, x) O%,(r, t) 1 Ot,{r, x) 3 
or =a( get ar ) (t>0;0<r<R), 


(30.8.1) 


Bt) vr) ei ( Sith 1) sf: 4 out) (e>0; Rer<eo), 


(10.8.2) 
4 Os, t,0)=%, (10.8.3) 
60.9) 0, 40,7) 400, (10.8.4) 
Atf00, 1) 
MED 0, (10.8.5) 
n(R, 2) = 1B), 5D ae ae 10.8.6) 


5. Solution of the Problem. The transformed solution with conditions 
(10.8.3)-(10.8.5) are obtained as 


bo 





Tix, 8) — Gls) = [1 - 3 urasr 2610"), 
(10.8.7) 


Tax, 8) — Gals) = Anne KGa RKAfa.)"), (108.8) 


where K,(z) and Ko(z) are modified Bessel functions of the sccond kind 
and the first and the zeroth order respectively: 


Bs) = KYAT slay?R)K (Gs ]asPAR) + Ki ((s/ay)*R)Kol (5/02)'7R)- 
(10.8.9) 


Using the inverse Laplace transformation and transforming the integral 
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in the complex plane into the integral of the substantia! variable Gives us 


6 oD 
fy le 





Ju-Ee) Jee) 
4 RK 
ork Am ip Ga poor PH Foul dies (10.8 10) 


0, = alr » te 





Jo| 2 Karte) 09 — v5! Z) wad} 





- 2h sea Nias 
ava are) + FE 
x exp[— pt Fo] du, (0.8.11) 


where 
Ue) = KSC) Yo Ka) — K3'* Joe) ¥i (KI) » 


(20,8.12) 
CH) = KF.) Jo R34) — Kale) JAY *p). 

Figures 10 10 and 10 11 represent the diagrams for the change in the relative 

excess temperature of the medium at different points and the Founer 

number (Fo, = a,+/R*) for the case when the temperature of the boundary 

of contact is maintained constant during the entire process of heating, i.e, 

t(R. 1) = 4(R, t) = ft, = const 





Fig. 10.10, 0 [0 = (ta — t0)/ {ta — 4] versus Fog for R* 52 (102) 
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Big. 1.11. 6 (8 ~ (te — to)/y — 66) versus Fo, for R* > 2 {£02}. 


ce. The Same Problem as (a) but with a Heat Source w = const. The 
problem is complicated by the introduction of a positive heat source with 
the strength w (keal/m* br). 

The differential equation for the medium remains the same and for the 
cylinder it will be of the form 


aula) Far, 1 anlrD 
Oe =a( oe te 





w 
+ + 10.8.1, 
) ays pea!) 


Boundary canditions will be the same [Eqs. (10,8.4)-(10.8,6)] and the initial 
temperature of the medium and the cylinder is assumed to be zero: 


407, 0) = fe(¢, 0) = fo = fa = 0. (10.8.14) 
‘Then the solution for the transform will be of the form 


aw 


Tr) = fis Tey K(s/ag2R)ol(s/a,)"r),, (10.8.15) 


warh((s/as)¥*R) 
4 P(s) 


The quantity @(s) is determined from formula (10.8.9). 


Tr, 8) = Kel(sias)""*). (10.8.16) 
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The solution for the inversion may be written 


. 
Id AR) Ge) de 
nr, oot ld -expl— Fo. 4) eee. 0.8.17) 


a ee ete Jil) 
tar, 4) laVa fra expl— Fo. 4°) SaieeGay 7) 


% (AHORA) — YRRC/D~O de, — (10.8.18) 
where g(u) and (4) are defined by forniulas (10.8.12). 


10.9 Heat Transfer between a Body and a Liquid Flow 


Tn these concluding sections of this chapter we shall consider the problem 
of a semi-infinite body in a fluid flow, i.e., that of unstendy-state convective 
heat transfer 


a. Statement of the Problem. Consider a tiqutd flowing through @ rectam- 
gular tube The liquid 1s an incompressible fluld in steady lanunar motion. 
In the lower wall of the tube there is a hole, into which a finite rod Is in- 
troduced, whose open surface is a part of the tube surface (see Fig 10.12) 





Fig. 10.12, Fluid flow around a semrinfimte body. 


All the remainng surfaces of the rod are thermally insulated. The rod wes 
preliminarily heated to a constant temperature t(0) = to = const. At the 
initial time instant, the rod is miroduced into the hydodynamie tube and 
cooled by a hquid flow, whose temperature is fg = const. The specific heat 
flux in unsteady-state heat transfer is to be found. 

The temperatute of the flowing liquid is taken as the reference temper 
ature, The rod fength in the x direction is / and the thickness is R (see 
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Fig. 10.2). The resulting transfer between the rod and liquid flow is de- 
scribed by the system of differential equations (10.1) and (10.2) given in the 
introduction to this chapter. 

Boundary and initial conditions may be written as 


40% 0 =%4=0; — &(x, ¥, 0) = tp = consi, (10.9.1) 


hl, co, = 6-0; 40,3, =4=0, (30.9.2) 
4G; 0, r) = 4, 0, 2), (10.9.3) 

4, 946@,9,0) _ _ 4 Atsfx, 0, 2) 
er eee ee ae (10.9.4) 


If the rod length is small or when //w < R*/a,, formula (1.9.11) for aver- 
aging a temperature along x may be used. Then we shall have 


Fa. iia ad 7 Dn, THD 





+ wQ) ee (10.9.5) 
ag. 2) g, OH.) Hy) 408.6) 


The temperature f,(x, », 7) is not a monotonically decreasing function of x 
for the quantity 4,(/, y, t) may be expressed through 7,(y, 7) with the help 
of the theorem on a mean value 


40.7) = 4%» OO — (/)) (10.9.7) 


where /* is some parameter. 
We introduce some value of the effective velocity 1 according to the 
ratio 


wy = wl — (*/D) (10.9.8) 


and take it as a constant quantity as in the case of solution of heat transfer 
problems by the Krischer method [67]. Equation (10.9.5) may be written 


0, 2 FEO. 1) 
0, 24 Min yaa PED : (10.9.5a) 


The solution of Eqs. (10.9.Sa) and (10.9.6), averaged with respect to x 
under boundary conditions (10.9.1)-(10.9/ ss will be of the form 


ve — 2) 
4(&, 1) = —— cx] Yo d&*, (10.9.9) 
Kye vai = a VF 
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where 
& = wt/l = (Djl) Pe Fo,, (20.9,10) 


4 = Onjadyy = [(Pey?)(DN"y, (209.11) 


Pe = w,D/a, is the Peclet number; Fo, = a;t/R? is the Fourier number, 
and D is the equivalent tube drameter, K, = 2,/?,, yi£) is the dimensiontess 
heat flux near the body surface determined by the rano 


es x 200.0) Theat es = 98), (109.12) 


A similar ratio may be also written for #.(é, ) 
The following expression for a heat flux y(4) is obtained 


tN iat 
v6) =2K, SS (fh — 2) expl— w,tE] (NK — p50? 
o 
+ Fad = ty + 1d — wt het 
is a 


Vu exp[— fu) du 
* Ca ecee eS Oa, 


where jt, ate the roots of the characteristic equation 
jetan pN = KG — yyy, (0.9.14) 


Intermediate manipulations are omitted since they may be found (Luikov 
[67]) The numerical value of the charactenstic numbers of 44, is given in 
Table 10.1. 

For small values of & (€ = yr/<@1) the last term plays an essential 
role in formula (10 9.13). y(é) decreases proportionally to Wve with an 
increasc in € and the terms entering into the sum become main terms. 

Tn the limit at great values of €(€ > 1/¢,7) only one term as left from 
the whole sum. The approximate ratio ts obtamed 

VEE)» 2K CL — geo)? expl— wo®E INKL — 405)" 
Rust 4 (yd ~ ed} 09.19) 


+ kg- 








The value of fg 13 determined from Table 10.1, In a number of cases it is 
possible to obtain simple formulas for calculating #f For example, with 
small K,, ot KN <4 

Be = NIK,. (10,9.16) 
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If N is small and K, is an arbitrary quantity, then 





Be = MKINSY( + 4(N/K FP? — 1). (10.9,17) 
We now find the specific heat flux as 
— 3, %@,*) . Poy? wer 
Koa 47) “ey. (10.9.18) 


If formula (10.9.16) is used for xo, then from ratio (10.9.15) we have 
Pe\v* Pey\** = 
a(t) = asl Fe) exo - 4{ 5) ser] tos.) 


Consequently, the specific heat flux decreases with time according to an 
exponential law, 

From solutions (10.9.9) and (10.9.13), it follows that with unsteady 
convective heat transfer, the Nusselt number é 


ae 


Ne= TOS (10,9,20) 


will be a variable quantity dependent upon time and the parametric numbers 
K,, K,, Kas well as upon the Peclet number. It is therefore advisable that 
with unsteady heat transfer the gencralized variable Nu‘{rx) should be in- 
troduced 


No'(z) = are ‘ (10.9.21) 





) 


where some constant characteristic temperature cqual to the initial tem- 
perature of the body is introduced instead of the variable temperature of 
the body surface 7(0, x). 

In this case Nu’(r) will be directly proportional to y(). By analogy 
with the Stanton number, it is possible to introduce a number equal to 
the ratio of the specific heat flux from the body to the liquid related to the 
unit temperature difference At = I(t — t = 1), to the enthalpy heat flux 
transferred by the liquid flow and recorded with respect to 


_ a) 
PO) = a" (10.9.22) 





In addition, it is possible to introduce an integral generalized variable 
characterizing unsteady convective heat transfer 
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O°) = fF ged delearateRs, 


where R, = ¥/S is the ratio of the body volume to the surface area through 
which heat transfer occurs. 

‘The function Q*(x) ranges from 0 to 1, it shaws what fraction of the 
whole amount of heat has been already transferred, 


10.10 Symmetrical System of Bodies Consisting of Three 
Infinite Plates 


a. Statement of the Problem. Consider a plate 2R thick (2R == 2h) which 
is in contact with two plates, each 4, thick. Ther thermal properties of the 
exireme plates are identical but they differ from the properties of the middle 
plate (sce Fig. 10.13). Ir ts necessary to find the temperature field of the 





Fig. 10.13, System of three bodies an contact 


system of three contacting plates. We have (sec Fig. 10.13) 
41x, 0) = 6(x, 0) — fy = const, (10.10 1) 
Hh. = nhs); — 94(0, 1)/dx = 0, (20.10.2) 
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OH, 2) Ott, 2) 
Ox Beat 


OtA1, 2) 
ae Ox 


4, (10.10.3) 





+ alt 2) — 6 





(10.10.4) 


6. Solution of the Problem. Using the Laplacc transform we obtain the 
solution in the form 






to 


=tH = a Posie exp[— p,2KPK;*Fo,}, (10.0.5) 











ikas 





1+ #5) sin 


ven [(1 + KmiKG 


+ K,K,Kz") cos ra cos p,.KKg ¥* + {@ KK KM + 


Bn t ba 





1+k P 
+t _ 0S fin — Be iat G+ KKK?) sin | 
x Pe sin ,.%Kz¥, (10.10.7) 


Hy, are the roots of the characteristic equation 
K + (1 + Kp tan(pk,Ko"2) = 1 — a (1 +X) tan pe 
— K, tan p tan(uKiKy"), — (10.10.8) 
Bi= all; Kp= ils Fo; =art/l3; Ka = y/aq. (1010.9) 
If Bi < co, boundary condition (10.10.4) takes the form 


fall, t) = fe = const. (10.10.4a) 
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In this case the general solution remains but 
yn = (+ KKK UM) sin pe, cos KK? 
+ KO + KAR KEY) cos pty sin 1,.K)K2¥*, (10.10.10) 
where yt, are determined from the equation 
K, tan pe tan(¢XjKz™) = 1. (30.10.11) 


The general case of the system of three plates with a heat source 1«,(x, 1) 
where f= 1, 2, 3, is discussed by Luikov and Mikhailov [73]. Here the 
general solution 1s presented for a multi-layer plate. 


CHAPTER 
11 





TEMPERATURE FIELD OF BODY WITH 
CHANGING STATE OF AGGREGATION 


A number of heat transfer processes are associated with changes in the 
state of aggregation or in the physical-chemical nature of the material. 
Here the thermodynamic coefficients of a body change discontinuously and 
the phase transitions may involve heat of meiting (sorption and evaporation) 
or of chemical reactions, Such problems are of importance in metallurgy, 
thermal structure, and other applied sciences. As an example of this class 
of problem, and since it is the simplest, we shail deal in this section with 
the problem of freezing wet ground. 


11.1 Freezing of Wet Ground 


@, Statement of the Problem. A moist ground is characterized by a certain 
assigned temperature distribution f(x). At the initial moment, on the ground 
surface a certain temperature instantaneously sets in, 1{0, t) = g(t), which 
is always lower than the freezing temperature t;. This results in formation 
of @ frozen layer of a variable thickness & = f(r}. The temperature of its 
lower moving boundary is always that of freezing. On this boundary a trans- 
ition from one state of aggregation to another takes place which requires a 
heat of transformation @ (kcal/kg). Thus, the upper boundary (x = &) of the 
wet region has a constant freezing temperature, and the lower boundary 
(x=), assumed to be at a great depth, has some constant temperature. 
Often the lower boundary of the freezing region is assumed to Iie at an infinite 
depth (J = 00). The thermal coefficients of the freezing and the wet regions 


a3 
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are different, Heat transfer through the ground is assumed to be transferred 
by heat conduction alone, 
Thus the problem may be mathematically formulated as follows (see 





Fig. 11.1. Freezing moist ground 


Fig. 11.1; subscript 1 refers to the freezing region; subsenpt 2 to the un- 
frozen or wet region} 


G1,(x, =) __ # FH(x, 1) 
oe 


= @>0,0<x<8, Q1.4.1) 





BED gM) oo, 8<x<e), (12) 
f(x, 0) = f(x) [since (0) = 0], (11.1.3) 
1(0, t) = ¢(e). (ay 
46, t) = 48, t) = f= const, (11.1.5) 
Gt,(co, t)jax = 0 (11.1.6) 
On the interface 
a, 20G.2) _ 4, 262) = ely. HE, GL.) 


where IF" is the moisture content of the ground (kefkg; the weight of 
moisture in a unit weight of absolutely dry ground)’ y 38 the density of 
the ground (kg/m). In the frozen ground there are two regions (that of 
the frozen and the moist ground), the temperature change? m which arc 


4 The moisture 1 assumed to freeze at the temperature fy, 1.8, it i free moisture 
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governed by heat conduction equations (11.1.1) and (11.1.2) coupled with 
boundary conditions (11.1.5) and (11.1.6). Thus, the problem of ground 
freezing may be formulated as that of the conjugation of two temperature 
fields with the special condition of a moving boundary, 

The problem is simplified to some extent if the temperature of the melting 
region is assumed to be uniform throughout, to remain the same during 
the whole heat transfer process, and to be equal to f = f. Physically, this 
means that the wet region contains a liquid ia which the temperature is 
constant because of perfect convection. In this case, the problem of ground 
freezing reduces to that of ice formation in stagnant water. 

The condition (11.1.7) becomes of the form 

4 AED = gy, S (11.18) 

The main difficulty 10 the solution is the fact that it becomes one of the 
class of nonlinear problems by condition (11.1.7) or (11.1.8), i-c., of those 
with nonlinear houndary conditions, Its solution is discusscd in more than 
50 original works reported during the Jast century, The opinion is widely 
held that in its simplest form, the problem of ground freezing was primarily 
solved by the Austrian mathematician, Stefan. However, this same problem 
was treated in 1831 by Lameand Clapeyron, Members of the Russian Acad- 
emy of Sciences [70]. For the solution, they assumed f(x, 0} = f = const 
{the initial condition) and 1,(0, t) = 0 (the surface temperature is a refer~ 
ence onc). 

4. Solution of Lame and Clapeyran. These workers solved the problem 
with the simplified boundary condition (11.1.8) assuming the temperature 
of the water to be at the freezing point, ie., 


4G, =) = t2(x, 0) = te = fy = const. (1.19) 


Assuming 4,(x, 1) = (x), where w= x/V/F, and substituting it into 


Eg. (11.1.1) gives 
au dd 
aoe + aa? (1.1.10) 





We denote 
dPfdu = z- (1... 


Then Eq. (1J.1.J0) may be written as 


a1 
——+t— =0. 111.12) 
ra ea GLE) 
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The solution of Eq. (11.1.12) is of the form 
2 = Aexp[— u*/4a,], L113) 


where A is the integration constant, 
Then, from Eq (11.1.1) 


hea ad fe eepl— wifey) du + 2 


1s obtained. It follows from the condition 1,(0, +) = 0 that B= 0, 
Thus 


ne =A [2 Fexpl— w*/4a,) de (Lata) 


Using boundary condition (11.1 8) and assuming € == 84/7 yields 
AG ley) expl— 67/4a,] = 48. (1.115) 
It follows from the condition on the interface (x = €) that 
Yared f expl— ut/4ay) da (1.1.16) 


Then from relations (I! 1 15) and (11 1.16), the constants A and # may 
be found Thus, the final solution of the problem will be of the form 
Gt) _ erf{x/2(a.t)**} (4.iy 
et anVa} 


Avoerwi= Fital _ oa ae (11.18) 

Va exfiB/2fa, ) 
¢. Stefan's Solution The problem 1s solvec with the boundary con- 
ditions (11.1 3)-(11.17) and with the assumption f(x) = fo. (t) = te 

= amt (Eig 14.2}, i., 

tax, 0) = JAX) = fos (AS.4.193 
40, t) = fy (41.1.20) 
If the value & = f(z) is sufficiently large, the problem to be solved will 


be similar to that of cooling 2 body system (compound semi-infiane rod), 
the temperature on the contact hne of the bodies is maintained constant 
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telex) 





Fig. 11.2. Temperature distribution along the ground depth during freezing process. 


and there is a negative heat source at the contact surface. Then the solutions 
of differential equations (11.1.1) and (11.1.2) will be found of the form 
t(%, t) = A, + By erf{x/2(a,t)*}, (EL1.21) 
6%, t) = Ay + Berl {x/2(@,t)*}. (111.22) 
The constants A, and A, are found from boundary conditions (11.1.19) 
and (11.1.20) to be 
A\~= fe,  As= lo — Ba 


Hence 
4%, 2) = fe + By erf{x/2(ayr)7} (11.1.23) 


1,(x, T) = to — BAL — erf{x/2(a,7)"*}. (111,24) 
It follows from condition (11.1.5) that 
fo + B, erf{E/2(a,t)**} = t¢ — B, erfe{E/2(a,r)¥?} = t = const. 
Since B, and By are constants irrespective of the value of r, the quantity 
£//= should obviously be constant, Le, 
f=pyr, (1.1.25) 
where f is the proportionality factor characterizing the propagation velocity 


of the freezing region. 
Thus we have 


eS. ee 
et(B2/a } erte(f/2 as } 
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Hence, the solution of our problem is of the form 
4G, t) ta + Uy — tedlertfx/2(ayr)"*}fexf (6/2 a, }}, (1.1.26) 


(o— x 
tx, 1) = tp - 2) ere 2, Qian 
eteppvay = a 


The coefficient is determined from boundary condition (11.1.7), ie, 
from the characteristic equation 


Aulty = fa) exp[- £| 
7 








Alfa~ i) exr{- £ | 
is 


VG af Pre } Va, exfo(B/2+/a, } 
- n= . (11.28) 


d. Analysis of the Solution, We assume that fy = f. This corresponds 
to the formation of ace im stagnant water If the functrans exp z* and ef: 
are expanded in senes and only the first term is taken of the series, we get 


B= (2Asersy — 4)", (1.2.29) 


i.e., the coefficient § 1s independent of the ice heat capacity and depends 
only on the cocfficient A,, density 7,, heat of melting and temperature 
difference (t, ~ tf) 

If sn the series expansion of exp 2? two terms are taken, and in the expan- 
sion of erfz the first term is taken, then 


{Ayer Mts — 2)? (0.1.30) 


PTS eanG ~ werd 


‘Thus an the second approximation, the coefficient f also depends on the 
heat capacity of ice. 

In general, Eq. (11 1.28) for determining thz coeficient & may be written 
in a enterial form as 





u SOAS = Va Kody. (130 
'e 





exp[— K,?] { 
aro a rammed Ws 
where Ky = £/24/2) 38 2 entenon relating the propagation velocity of the 
feozen region through the ground and the range of ground cooling, onthe 
relative ability of the ground to freeze; K, = tale, = Cateye/ reins)" 8 
the paramcter relating the thermal activity of the moist ground to that 
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the frozen region; Kg == a-/a, is the ratio of thermal diffusitivites of the wet 
ground to the frozen one; and Ko = gI¥y./eyyy(1; — fq) is the Kessovich 
criterion. The Kossovich criterion is the ratio of the amount of heat re- 
leased in freezing a unit volume of the ground to that required for cooling 
the same unit volume of frozen ground from the freezing temperature to 
that of the medium, 

The characteristic equation (11.1.31) in @ criterial form may be solved 
graphically for the criterion Kz (Fig. 11.3). If the left-hand side of Eq. 





Fig. 11.3. Graphical method for determining X, from the characteristic equation 
Qn.3). 


(11.1.1) is denoted by »,, and the right-hand side by yz, the value Kj is 
determined by the intersection of the curve y, with the straight line y,. 
The slope of the straight line y2 is4/a Ko. Thus, the larger the Kossovich 
criterion, the smaller the value of Kz; this physically represents a decrease 
in the velocity of propagation of the frozen region because of the increase 
in the portion of heat absorbed compared to that of cooling the frozen 
region, 

The criterion Ky also depends on the relative thermal activity of the wet 
gtound K,, the relative thermal diffusivity K,, and the temperature param~ 
eter Ky. 

Ky = (to — ty — te) (11.132) 


The temperature parameter K; relates the initial temperature of the ground 

to that of the frozen surface where the reference temperature is taken to 

be the freezing temperature. ‘ 
Solutions (1.1.26) and (1.1.27) in criterial form may be written as 





g, — a te _ erf{U/2(Fog)) (1.1.33) 
: Gm be erf Ks 


1x, 1) __erfe{1/2(Fos Ke)*} (1.1.34) 
i; Skee 
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§/x = 2K(Fo.)™*. (1.1.35) 


where Fo, = a,t/x* is the Fourier number for the definite coordinate x, 
If we assume € = const and df/de = 0 (no heat absorption) our problem 
becames similar to that in Chapter 10, Section 2 (coolng the system of 
two bodses~ a finite rod with the length £:n contact with a semi-infinite rod) 
The solution of such a problem may be written (see Chapter 10, Sec 
tron 2) 


_, fiG%s T) = fe 
% to te 
nS © 
rhe 28E = * 2n$ +x 


3 s 
mel og cyie — hE, ot (erfe SESE — eve Festi), (1.1.36) 


6, mw = 2) 
te— be 


2K 84 On ela 
apr Et ente( 58 ee), antsn 


where 
Koa, ha B+ B 


Solutions (11 136) and (11 1 37) show that for large values of € or small 
values of ume, approtmate relations may be whiten as 


6, = exf{x/2(at)"*}, tahoe (U1,1 38) 
2 x— €+ (lays 
0, ~ Tee ert 5 SEG). 


Hence at small values of Fo, heat propagates in a rod with the finite length 
£ in 2 way steilar to heat distribution im 2 semi-infinite body. It may be 
showa that solutions (11 1.21) and (1.1.22) are epprowmate for a plate 
of finite size and valid for small values of Fo of for high values of & ie, 
for large values of Ky. 

In these very simple examples, the temperature on the ground surface 
10, t) =f, was assumed to be constant in time and always below the 
freezing, point If the temperature 1(0, r) can alternate above and below 
the freezing pomnt f,, then alternating melted and frozen layers may sti 
leading to a further complication of the problem. In this cuse, even the 
simplest problems ean be solved only approumately Tather than analytically 
in a closed form. 
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Some of the more complex heat conduction problems involving changes 
in the state of aggregation have only been solved as a result of the develop- 
ment of approximate methods. Among methods for the solution of such 
problems, two of the most important should be mentioned: the methods 
developed by L.S. Leibenzon which enable us to obtain simple solutions for 
a large number of problems of practical importance and the method of 
hydraulic analogies by Lukianov allowing solutions of practically important 
but complex problems (including tvo-dimensional effects} with the aid of 
the hydraulic integrator, 


11.2 Approximate Solutions of Problems of Solidification 
of a Semi-Infinite Body, an Infinite Plate, a Sphere, and 
an Infinite Cylinder 


In 1931, Leibenzon [62} proposed an approximate method for the solu- 
tion of problems on freezing; this is usually referred to as the first method 
of Leibenzon. In 1939, he developed another method for the solution of 
such problems [63]. Both methods have found widespread industrial accept- 
ance and were experimentally verified. The first method will be considered 
here in detail. 

The method of approximate solution involves selecting the functions 
4x, t) and tx, x) in such a way that they satisfy initial and boundary 
conditions. These temperature functions are substituted into the condition 
of conjugation on the interface and the differcntial cquation obtained is 
solved with respect to & 


@. Solidification of a Semi-Infinite Body (Freezing of Ground). First, the 
problem of ground freezing will be considered. Boundary conditions are 
the same as in the Stefan problem. 

‘The temperature distribution in the frozen ground is assumed linear: 


Aly) = fe + My — te, (1.2.4) 


(this corresponds to the steady state) and the Gauss law is applied for the 
wei portion of the ground: 


£366, 1) = ty + (to — tp rte — $)/2(0:0)'*} (11,22) 


The chosen functions s(x, 7) and t,(x, 7) satisfy the initial and boundary 
conditions. 
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‘The temperature gradient on the interface will be 
BE) bo ty 





ant) 


ax EF Ox Gaye 
Then, fram the boundary condition (11.1.7) 
Aty—t) — Alo-y) _ dt 
wee ea = nw. (11.2.3) 


The solution of Eq. (11.2.3) with respect to € and with the initial con- 
dition (0) =0 is F =A4/r. The constant f is determined from the 
characteristic equation 


Ay to) AEE? = torr, (1124) 


which in a criterial form is 
(12K) — (al FIKK: = Ko Ky. (11.2.5) 


‘Thus the number X, depends solely on the cnterion Ko, KX, and 4;,. Equa+ 
tion (1125) does not contams a A, criterion. This is explamed by the 
assumed lncar temperature distribution in the frozen region of the ground 
which corresponds to a steady state. 


b. Solidification of a Cylinder. An infinite cylinder of ftuid at a tem- 
perature t will be considered At the initial moment, the temperature of 
the surface falls instantaneously to some temperature f, < ty which is 
maintained constant during the whole cooling process. Beginning fram the 
cylinder surface, a frozen liquid layer 1s formed with the thickness K — 9 = € 
where 7 18 the distance from the cylinder axis to the freezing boundary 
(Fig. 11.4). To simptify the problem, the fluid temperature s assumed to 
be uniform throughout and cqual to the freezng temperature, it. 


tax, 4) = ty = ty = const. 1.2.6) 





Fig. 18.4. Solidification of an infinite cylioder. 
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Then the problem is mathematically formulated as 
O1,(r, T) (Ae rt), 1 Ons, 2) 
So =, (— + 


ar or af: or 
(tr >0;R>r>y; 9» =fir)), (11.2.7) 
t(y, t) = t) = const, (11.28) 
ICR, t) = f, = const, CL.2.9) 
hy Sula) - eth. (11.2.10) 


The temperature distribution in the frozen region (the ice region) is 
assumed to follow the temperature distribution law for 2 hollow cylinder 
in a@ steady state, i.e, 





(ty — f,) 10 





tging — tin R 
In(R/n) 4 


Solution (11.2.11) satisfies the boundary conditions (11.2.8) and (41.2.9) 
Substituting solution (1.2.11) into boundary condition (11.2.10) 


nt) = — 1211) 








=a th + (1.2.12) 
h— 
Sra) 
and integrating gives us 
7 oR 2 
Fin ne iR? — 93) 5 (11.2.13) 





which allows us to obtain the relation between 4 and the time t. 4 
The time of complete pipeline freezing (when t = Tmax» 7 = 0) is 


1.2.14) 





¢. Solidification of a Sphere. The problem is similar to the previous one 
and was solved by Kovner [58]. Initial and boundary conditions remain 
the same. 

‘The temperature distribution in a hollow ice sphere is assumed to obey 
the law of a steady-state temperature distribution, i.¢., 





ae.) = ZE% Reale} — Dt (11.215) 


Solution (1}.2.15) satisfies initial and boundary conditions. 
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Substitution of equation (11.215) into boundary condition (11.210) 
gives, after integratimg the equation for determining r, 


= LY — ayn +R) 





thi; (112,16) 
The tume for complex sohdification of a sphere rye, is 
Re = 
ors ea; Ke. (1.2.17) 


reer Gy — he) 


The relations obtained (11.2 13)-(11 2.17) are approximate; experiments 
by Pomerantsev [94] showed their accuracy to be about 15 to 20%. To 
improve the accuracy, Pomerantsev introduced mtg (11.2,14) and (11.2,17) 
a correction factor accounting for the effect of the water heat capacity, the 
value of which is 


An1+ a = (to — ts (11 2.18) 


where fq ts the mutial water temperature (when fy = t,, d= 1) 

In the equations for tmgg, the appropnate expression in the right-hand 
side should be multiplied by 4 im order to obtain the relations of Pomes 
rantsev for the time required for complete solidification of a sphere or a 
cylinder. 

In the engineenng hterature, a considerable number of works 1s published 
‘on the approximate solution of these problems. In most works, the problem 
of the ground solidification is considerably simplified (usually the ground 
heat capacity 1s assumed to be zero), solutions are to be found for the 
cases of solidifying a half-plane, cylinder, cte. Letbenzon’s method, 1n which 
the expressions corresponding ta a steady state are taken for the functions 
4, and ¢,, represents such an approach. 

d. Solidification of an Infinite Plate. In the second method of Lerbenzon, 
the condition of conjugation 1s replaced by an integral condition of sohd- 
ification, This condition 1s a direct result of 2 thermal balance equation 

We shall compose a hear balance equation for solidification First, the 
enthalpy of the whole body 1s estimated, by means of the enthalpy of the 
body in a liquid state at the temperature fy. 

The enthalpy of the hqurd phase is 


Q= Siva colt — ar, (2 15) 


where Vy is the liquid phase volume changing in time. 
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The enthalpy of the solid phase is equal to 
Q=eWnlst fy, cnte—1)d, (11.220) 


where ¥, is the variable volume of the solid phase, With the aid of the 
equality 
(d/dtX{Q, + QO; + Qin) = 0, (1.2.21) 


where Q;, is the amount of heat transferred from the fixed volume 
¥ = V,-+ ¥,=const. Taking the limit of the integral terms, we can easily 
obtain condition (11.1.7) for a small volume near the interphase, i.e., the 
ordinary condition of solidification, which is of the form 


. andé, 
4, HED — 3, EME) — ory, (11.2.2) 


Using this calculation method, Leihcnzon obtained the following for- 
mula for complete solidification (t = twax) of an infinite plate with thick- 
ness 2R, the opposite surfaces of which are cooled and maintained at the 
temperature f, which is lower than the freezing temperature 





— Fey. +4) 
Tas igh)? {11,2.23) 
where 
B= beayalts — ty) + tepalty — te). (1.2.24) 


Similar formulas were obtained by Leibenzon for a cylinder and a sphere; 
they differ from Eqs. (11.2.14) and (11,2.17) by additional terms accounting 
for the heat content effect of the liquid and ice in the solidification process? 

The problem of ground solidification is that of coupling two temperature 
tields with a special condition on the interface, A different approximate 
method for the solution of this problem is possible only when the temper- 
ature field in the frozen portion of the ground is considered and the effect 
of the wet region is accounted for by introducing a heat flow below the 
solidification front. This method is applied for the calculation of seasonal 
ground freezing, Practice has shown that the effect of the lower (wet re- 
gion) temperature field on the upper (frozen) one is small, and therefore 
an approximate value of the heat flow may be used for calculation which 


It should be noted that a large change of y in a phase transition may give rise to 
shift and strain in both phases. In this case, the problem is complicated since convective 
terms appear in the equations. 
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is in addition averaged for the whole period of freezing, In the fundamental 
work by Lukianov [74] a calculation formula is proposed for determining 
the freezing depth which was used by Golovko [70] for compilation of a 
nomogram. This formula is sufficiently simple and gives good agreement 
between the predicted values and empirical data. 


11.3 Metal Solidification with the Heat Conduction Coefficient 
and Heat Capacity as Functions of Temperature 


Propagation velocities of the crystalhzation front in a metal ingot or of 
the freezing ground front are usually calculated with constant values of 
all thermal properties of the material. The accuracy of the results obtained 
may be cstimated only from the more general solutions. Such a solution 
was obtained by Lyubov [76] for a lmear relation between the coefficients 
and the temperature. The scrics method used by Lyubov is sufficiently simple 
and may be applied not only to transfer problems with moving boundaries 
but also to problems with more gencral boundary conditions; the method 
may also be used in the case when the relation between the coefficients and 
the temperature is nonlinear. 

No heating of the material undergoing the phase change 1s assumed, 
and the material temperature 1s further assumed to depend solely on the 
location of the phase transformation surface and ume In thes case, the 
equation describing the temperature in the region under phase transform- 
ation (say, i a solid metal crust) 1s of the form 


Ho + vA) Ost) = GAx) Ao + x1)(G1/ax)], (3.1) 

Kx, O)=i,, tx >O0, Or =h, (11.3.2) 

where fg 18 the metal surface temperature (°C), and #,, is the temperature 

corresponding to a phase transformation; specifically for ingot solidifica- 
tion, this 1s the temperature of metal crystallization, 

At the phase transformation front, x = _(r) Where p(x) as the coordinate 

of the phase transformation fro it 
thr), +) = tha. (113.3) 


From the condition of the heat balance, the law of change of phase trans- 
formation front is 
dy _ ot xtyr [2t) i 
Be ee ebay” A 


where @ is the phase transformaticn heat. 
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a) = 3 (4), ee (113.16) 


Values of d"6/di" when € = f and m > 1 will be found by successive dif- 
ferentiation of equation (11 3.11), and when a = I, from condition (11.3.13). 





(2), a te oo (11.7.17) 
wo le. 
(3), - -elatee fel trea (13.18) 
cid l+a ( +2,)* 
(a) - eae to eee For , 
a a pest +Uatar an - aie). (1.3.19) 


@O\ pf Hite | 6a + Saytte — Dey 
Be) 8 Feat ae 
= pf ted, 4 Ct evtlte, § Fa — too 
Gaye? a+ay 
a(25z, + 1Bayts ~ 7a,) 
+a, 


a+ 


p+ . 
+ reat a). (11 3.20) 


and so on From the first condition of (1.3.12) 


-1-5cem(st) & 
1- Zen (3). (1321 


at 
Substituting into equation (11.3 21) the expresstons obtained for (d"0/d")eug 
and after some manipulations, we obtain 2 series for determining A> 


2 l+a % (1 + @)* 
Fateras +6 (ates tases a+ Sees 


Sey + Aanyery — Or at (i +a, 
+“Doa J+ ates #] +e lpsane 
4 WedStar422¢.04=900) 5 2y(I9244 15 — 429) 
ey + u)* 3001 + a) 


a EE 113.22) 
taper lt wee 
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It may be shown that when a, = a, = 9, series (11.3.22) become a series 
which may be obtained from (11.3.13) [76]. When # is known, values of 
6(¢) may be obtained for various magnitudes of £ from expression (11.3.16) 
and the resulting plot of #(€) versus — allows us to obtain temperature 
changes in time for various coordinate points. The propagation velocity 
of the phase transformation front is found from the formula 


dylde = BJ ah/2~ (11.3.23) 


Among other mctheds of solution of the similar equations, the integral 
method [39] has been widely used recently. 


CHAPTER 
12 





TWO-DIMENSIONAL TEMPERATURE FIELD: 
PARTICULAR PROBLEMS 


Solution of problems of unsteady heat conduction, when the temperature 
is a function of time and two coordinates, 1s extremely difficult. Some 
specific problems may be solved by the methods discussed 1n this book. 
Particularly, in Chapter 6, the problems of heating a finite cylinder and 
three-dimenstonal plate are considered with the condition of symmetry of 
the temperature field with respect to the body center (symmetrical prob- 
lems) These solutions are obtained as generalization of solutions for an 
infinite cylinder and infinite plate. 

In the present chapter, some partrcular problems of a two-dimensional 
temperature field are considered wherein the solution may be obtained by 
the integral transform methods. 


12.1 Semi-Infinite Plate 


a. Statement of the Problem A semi-mfinte plate wuth the thickness | is 
considered; its temperature is unform throughout and equal 10 0°C At the 
initial moment, one of the bounding surfaces instantaneously acquires the 
temperature of the medium t, which remains constant during the entire heat 
ing process The other bounding surfaces are maintained at the inutal tem 
perature (Fig 12.1). The temperature distribution inside the plate is to be 
Sound We have: 

Ox. yt) _ B(x, y, 2), Hel, 2) 
Sept «(AE ee (i241) 


450 
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(>0;0<x<h 0<y<co), 
1% y,0)=0, 10, y, 7) =0, 
1@,0,7)=0; Why D=4, x,0,7)=0. 
y 


(12.1.2) 


UrorK0 
Fig. 12.1. Semi-infinite plate. 


5. Solution of the Problem. The Laplace transformation with respect 
to the time coordinate and the finite Fourier sine transformation with 
respect to the space coordinate x will be applied. 

The transform and inverse transform for the finite Fourier transform- 
ations are written respectively 


Fen) = f° fa)sinné dz, 2) = 2 = sin nF ,(n), 


ie., the variable £ ranges from 0 to a. To facilitate computation, a new 
variable £ = z(x//) is introduced and the dimensionless tempcrature is 
designated by @ in accordance with the relation 
0 = (ta) — (iD. (12.1.3) 
Then the boundary-value problems (22.J.1) and (12.1.2) are written 
60 z\ a0 FO 
ra) ge tea 
The initial and boundary conditions become of the form 
0(0, §, 9) = — (Use. 12.1.5) 
Oz, 0, ») = 0, Ot, 2,9) =O, G(x, E,co)/Gy= 0, (12.1.6) 
O(z, &, 0) = — (as. (12.1.7) 


(12.1.4) 
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Successive application of the finite Fourier sine transformation and the 
Laplace transformation to (121.4), and taking into account boundary 
conditions (12.1.5)-(12.1.7), yields for the function Opy 

POs) _ [ s =_y (- 1" 

sO [54 (Fa) Jory -, rast.) 


with the conditions 








Ops(0) = c oa Z ’ Suet =0. (12.1.9) 

The solution of Eq. (12.1.8) with condition (12.1.9) becomes of the form 
(— 1" (— 1" (a/Dan 
9180) = Tey Tea al * sie (ealdnyal 

x ev[— + (F ny)» (12.1.10) 


For inversion of the Laplace transform, we use the relation 


os = exp[— {(2/Dn}fer). 


‘orremarat 


The second term of Eq (12.1 10) 1s inverted by the Fourier sie inversion 
formuls. 
We have 


L 
s(Z + e)) 
~ solr cian) ool E+ eo8)"] can 
Further, 
i 
ery el (G+ YT] 


y . 
Dar) * 


wfpenl- 45+)" 


=F feptexommerte [zap + Fn"] 


exp[- = + oewir})"] 





cca 
P 





= exp[— ntat(ar/P)] erfe 





+ expt mxGiN) erfe ons — “Ftan*]} 121.12) 
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The inversion of the Fourier sine transform should now be carried out. 
Returning to the initial variables, we find the final form of solution of this 
problem to be 


p= 1629 





s cy sin na expl~ n®x%(ar]?)) 
1 











+22 sine fexpinaoinyertel oe aert z F (axy| 
+ exp[— nx(y/!)] ert xem - > (ary) 
— 2exp{— ntxt(ar/tt)) exfe <2 ik (12.1.43) 


Thus, by means of two successive integral Laplace transformations, the 
solution of a two-dimensional problem on heat propagation in a semi- 
infinite plate is obtained. 


12.2 Two-Dimensional Plate 
a, Statement of the Problem. Consider a two-dimensional problem for a 
rectangle, the sides of which have a temperature distribution which is con- 


trolled to change with time in an assigned way: 


KLUae, Tees +3) (© >0; 05x <h; O<y<a), (12.21) 


a a 
with the initial condition 
1x, ¥, 0) = fix, »), (12.2.2) 
and boundary conditions 
10,%7)= 90.0; ts y, 1) = 0, (12.2.3) 
1(x,0, 1) 0; (x, 4,7) = 0. (12.2.4) 


5. Solution of the Problem. This may be obtained by combining the 
integral Fourier sine transformation 


Tp = Tp(m, n, 2) 


= fi ff, cero sin 


sin ee dx dy, (32.2.5) 
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with the inversion formula 


ae Be en 
Gs, 42) = Gy EE Tol n, x)sin met sin =P. (12.2.6) 





Application of transformation (12.2.5) to Eq. (12.2.1) and using boundary 
conditions (12.2.3) and (12.3.4) gives us 





Fe ant (Me + A) 7, — 2 fl oy, x) sin 2 dy = 0, 
with the condition 
Teleaa = f° ff Mx. 9) sintamajt) sintanyfd) dx dy 
The solution of the last equation is of the form 
Tp = expl— aor) { JL FE st 99 sinamaiiy sintanyldy de dy 
+ (amar) f° [© explaar’) ots, +) sinteanytt) dy de'] 
Finally, from mversion formula (12.2.6), we obtain 
ten z = exp[— aor] sin(amx/h) stn(xeny/d) 
x { Jo FE esptaoe 90%, 01) sinGany’ja) dy ae" 
+f. fi ney yy snteume jh) infamy id) de dy}, 02.2.7) 
where 


coat + . (12.2.8) 


The solutions presented by Sneddon [109] and Grinberg, [41] are particular 
cases of solution (12.2.7). 
For a semi-infinite plate, d = co; in this case, it may be shown that for 
the following conditions 
(x, ¥,0)=0, ly T= tas 
10, y, +) = r(x, 0, 7) = tx, d, x) = 0, (12.2.9) 
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solution (12.2.7) may be rewritten as 








3 Ee ae fool 2 la 7) 
we 2) ot ape“ 
=2 ew[-" - 2 an] ete naa 22.2.10) 


which is the same as solution (12.1.3). 


12.3 Semi-Infinite Cylinder 


a, Statement of the Problem. A semi-infinite cylinder of diameter 2R is at 
the temperature ty. At the initial moment, its surface experiences a constant 
temperature t, which is maintained constant during the whole heating process, 
The temperature of the base remains constant and equal to the initital tem- 
perature, The temperature distribution inside the cylinder is to be found, 
We have 


ih ), (Fue Dy 4 Bie 2 Dy Paes 2) 
{x >0; 0<r<R;0<z<co), (12.3.1) 

tr, 2z,0)=t, 070 =%, WMRAD=%, (12.3.2) 
10,2, 1) 400, 90,2, 1)/Or=0, At(r, 00, 1)/@z=0. (12.3.3) 


5. Solution of the Problem. The transformed solution of Eq. (12.3.1) 
with conditions (12.3.2)-(12.3,3) is of the form 


ce-taid(2)") 
ey" 


weeds 


1, 2, 3) ~ = 





Ee) (ta— fe) 2\us 
R = oy, 
34 ae + Fe) neo) el 43 ‘ i) 4 


where jt, are the roots of the characteristic equation Jo(#) = 0. 
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With the aid of the transform table it is found; 





tr, = 1) = be S Jot (c/R)} 
0- Mee Oat 1) — 5 ZHI {2expI- pe Fo} erf 


+ exp[ite =] exte( Tae 


s+ exp —e-Fe] exten ~ rato}, 
(12.3.5) 


Pxc 








7 + (Foy!) 


where Fo = ar/R* 1s the Fourier number. 

A related problem wall be now considered. At the initial moment the 
base of the cylinder instantaneously acquires a temperature fg which 15 
maintained constant, Heat from the eyhnder surface 18 transferred by 
convection into the surrounding medium with the medium temperature 
equal to the mitral cylinder temperature fe 

The differentia! equation and the initial condition remain the same, The 
other boundary condition may be written as 


cit r) 






7,0, t) = ba, + HICK, 27) — fo] 0, (12.36) 


ir 


1(0, z, t) #00, 0.2.9) 9 (123.7) 


The solution of the problem 1s obtaimed in a similar way and the result 1s 


r,t) — fo _—  _2BiJofsn(r/R)} sing 
ear = e = Teun BF ¥ int) aa a zl 





exfe(u9(Fo)"* — xa) (12.3 8) 
where py are the roots of the charactensstic equation 
4) LN (12.39) 


A) BrP 


The same method may be used for the solution of three-dimenssonal 


problems in stationary temperature ficld 
Thus, the Laplace method may be used for the solution of a large number 
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of problems; some approximate solutions result (e.g., special formulas for 
Jerge and small values of Fo), which represent the main advantage of the 
operational method, 
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The differential heat conduction equation for a circular three-dimen- 
sional cylindrical region in cylindrical coordinates r, z, 9, 7, is of the form: 
ag 


=) + + wr, Zz, 9 7)» 


ot (3 1 oO xa 1 
Salar toed ede ee 
OF °F O oF FF age 124.) 


rs 


If there is symmetry with respect to the axis z, then the operator G/dg is 
identically equal to zero, and we obtain 








wr, z, Tt). (12.4.2) 


ae (3 1 a ae 
or Var or ee) 


oy 


In addition, if the cylinder of interest is sufficiently long and the initial and 
boundary conditions are such that parallel cylinder sections normal to its 
axis have the same transfer potential distribution, then the operator d/dz 
is also identically equal to zero. 


a, Axisymmetrical Cylinder. Here the solution of Eq. (12.4.2) will be 
considered with boundary conditions of the first, second, and the third kind. 

The solution of such a problem is necessary for the study of various 
engineering problems, e.g., for simulation of thermal processes in a reactor 
corc, for studying heat transfer from fuel elements of a reactor, heat trans- 
fer between a pipe-line and the ground, mass transfer involving chemical 
teansformations, mass transfer through a porous medium, etc, 


(1) First of all we shall consider the solution of an equation for a finite 
cylinder, ! in length, with Boundary conditions of the second kind on its surface. 
It is assumed that one of the cylindrical bases (= ~ 0) is thermally insulated, 
while the potential of the other is a function of time and the radial coordi- 
nate, ie., the solution of Eg. (12.4.2) is to be found with the boundary 
conditions 


1(0, 2, 1) + 00; 0,2.) = 0; Bh 5.x) __ 7 2, 05 
Gtr, 0, 2) 


Wz OS LD =eD; Hr, 2,0) — flr, 2). 
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The solution of this problem may be obtained by various methods, in 
particular, by the combined usage of finite integral Fourier and Hankel 
transformatians. 

For simplicity in subsequent calculations, Eq. (12.4.2) and conditions 
(12.4 3) are written in a dimensionless form as 

ot te (x) + 2 oo + Po(X, Z, Fo); (12.44) 


UFo ~ ¥ ax 
6(X, 2, 0) = FLX, Z); (124.5) 
204), 7 Fo) _ itz, Fo), (124.6) 
G0(%,0, FO) 9 gy 2, Fo) = D(X,Fo) (124.7) 


oz 
where 0 — (¢ — ¢*)/:* is a dimensionless temperature (f* ts some initial 
temperature value, fixed for a definite point of the cylinder), ¥ = ¢/R, 
Z=xnzji are dimensionless coordinates, FX, Z) = Ur, =) — t*)/e*: 
D(X, Fo) — (g(r, t) — 17", & — ARiI, PolX, Z, Fo) = [R20] w(r, 2, 5) 
13 the Pomerantsev eriterion, and Ki(Z, Fo) = (R/At*)q(z, t) is the Kur- 
pichev criterion. 
‘We shall use the finite integral Hankel transformation with respect to the 
variable X to obtain 


{9(X, Z, Fo) br = (hy = fi KUelpXV(%, Z, Fo)dX (12.4.8) 





with the inversion formula 


06%, Z, Foy 2 & 2M) x, z, Fo) by (12.49) 
7 





EAD) 


where gt 15 the positive root of the charactenstic equation Ig) = 0), and 
finite Fourier cosine transformation with respect to the variable Z 


{O(X, Z, Fo) ye = (hc — f£ @}ycos(a+ HZdZ, (12.4 10) 
with the inversion formula 


(HX, Z, FY} = 2 EF woot + NZ 2AM 


The ahove transformations allow us to obtain the solution of the problme 
in the following form: 
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01%, Z, Fo) = SS Ae 1S conte + HZ 


x [expt bed +0 + DA FOIA, Z)}uo 





+ fo expl— bed + 81 + HYGo — For)} 
% (Jolie d{KIZ, Foro + (— VBA + AO, For) 
+ {Po(X, Z, Fot)}0) aro}. (12.4.12) 


If it is assumed in (32.4.52) that f(r, z) = yr, t) = fo and *#= 1%, we 
shall find 





ai’ 
ty 
4S Me 1S ae epi Z 
= $3 ee) {Ecosse fMexmt— (eu? + dun Fo — Fot)) 


% [2nd f° Kitz, FO") 008 1,2 dz 


a 
+ [0 cos wz Ji XitnX) POX, Z, Fo*) ax] az} aro}, 
(12.4.12a) 
where fi, = (2n + 1)/2 (2 = 0, 1, 2, ...). 

(2) The solution of Eq. (12.4.4) will be now considered with boundary 
conditions of the third kind on the cylindrical surface. Let the boundary 
conditions have the form 

SAR no) oe [42 z, 7) — 4] 0, 


x(x, 0, 20) = 
es =0, Wh4d=4, 4290=% 
or a nondimensional form 

6(X, Z, 0) =O, (2.4.13) 


0.2, Fo) + BiO(s, Z, Fo) = 0, (2.4.14) 


200, Fo) =0;  6(X,m, Fo) =9. (124.15) 
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In equation (12.4.4) and conditions (12.4.13}-(12.4 15) sm contradiction 
to the previous problem the dimensionless potential 0 is of the form: 
WX, 2, Fo) = (1 — te)/ty- 
In addition, 
Oy = (fo — ed/tei «= Bi = RA. 

Successive application of transformations (12.4.8) and (12 4.10) to Eq, 
(12.4.4) and conditions (12 4 13}+-(12.4.15) yrelds an ordinary nonuniform 
transformed differential equation Solution of this equation and inversion 
of (124.11) and (12.4.9) after some manipulations gives us the final so- 
luton 


O(N, Z, Fo) = Bi a, f" o(= i (© eo) az 
3 exp[— pen? Fo} JalttmX) 

at Bm + BI Jolin) 
4S Het Solttm¥) 


x 


+234 ee {3 Econ mz [P" WoX, Z, For ne 
x exp[— (4,7 + Ai4,*)(Fo — Fo*)] aro"), (12 4 16) 
where 


(POX Z, Foyiro = J. | fi 7m) PolX, Z, Fo) ax] 605 Zaz, 
and fy, are positive roots of the characteristic equation 
Toledo) == — (Bie: fi ARI) (2 = 0, 1,23...) 
Expansion of the theta-function ®, 1 introduced into (12.4.16) 


a(Z 4 i Fo) a = (= 1yrexpl— Bx, Fo) sin ,Z 


Some particular cases of solution (12.4.16) will be considered next. 
For some heat transfer processes of high rate, a heat source (the Pomcrant- 
sev criterion) may be approximated by the following expression 


Po(X, Z, Fo) = Po,{t ~ exp[— Fo]WoGnX}sinZ, (12.4.7) 


where fi, is the smallest positive root of the Bessel function of the zeroth 


order 
Toles) = 0, pr = 2.405. 
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From relation (12.4.16) taking into account (12.4.17) and the Poisson 
summation formula for the condition y.," > 8 we obtain [89] 


cx, Z, Fo) = Bio, f° 0,( ZL, iF ro) axe 


SRE See f 2P On aie) 
i Sette) { 1 
mas Un? + BEE = mm “hid Vi EE 
5 cosh(nn/b)(a — &  cosh(pm/b)(2% — Z) _ 
‘i [ Hm ace ~ 2 Sak uafbe z| 
sxp[—f Fo} b cosh {(jtn? — A)" \a ~ Z) 
Kn + B ca B® — sinh(Ge? — A) "/b}x 
6 cosh{(st,? — B)Y2/b}Qx — Z) ‘ 28 
BE a ya ay sc ea 





xd 

















_ e exp(— 5*u,° Fo] cos #,Z 
< elma Fol E Gage ac BaP ea ET 
(124.18) 


If w,2 <P, then in (124.18) (2 — fi"? should be replaced by 
iB — y,,*)¥? throughout. 

Some other solutions for boundary conditions simpler than (12.4.13)- 
(12.4.15) will be shown, 

If the transfer through the cylinder bases may be neglected compared to 
that through its surface, then (12.4.15) is of the form 


a8(X, 2. Fe). Ma PO, (124.9) 


and the solution similar to (124.16) may be found by the formula 


expl= fm? Fo] JolitaX) 
Vat + Bi Jon) 


Sp? Sot X os eee: 
* =z Har ait Bi HUen) PE Pe al[ I emnlst For] 


x { f ( [. 4.G1n4) POU, Z, Fo") ax) az} dFo* 


+ = exp[— b%n? Fo] cos 2Z Je exten? + B'n*) Fo*} 
= 


O(X, Z, Fo) = 2Bi fy Dy 


x { fig ( J, XdtnX) PU, Z, Fo") dx ) cos nZ coe 
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If the dimensionless temperature on the bases is zero OY, 0, Fo) = 
O(X, x, Fo) = 0, the problem solution can be obtained using the finite 
Fourier sine transformation 








wo) . ABig [2 of Fer , 48% = ewl—s.t Fo] 
(4, 2, Fe) = Ho, f° (=, 1S Fo) aror & Aa Fol 
Ieitn®) 4 Stat JelitaX) 
Wlin) SR Bes Pint BF Siig) PE Hm? Fo] 





x 
x [ = expt bnt Fo] sin(nZ) f”expltdrnt + b'nt) Fo*} 


x { 1 ( fi 204.%) Pox, 2, Fot) ax) sin nzaz} dFot]. 
(12.4 21) 


Some other solutions for the cylinder with source of the kind (12.4.17) 
are presented in the work of Perelman [89] Particular solutions of Eq. 
(12.4.2) or (12.44) with no source are given in monographs [10, 70] It 
should be noted here that solutions for the case without sources may be 
obtained by superposition of particular solutions. For example, the solution 
for a finite cylinder is a superposition of solutions for the infimte one- 
dimensional cylinder and the infinite plate. 

Methods for obtaining nonstationary tempersiure ficlds of a hollow axi- 
symmetrical cylinder are the same as those for a solid cylinder. In this case, 
however, other variations of the Hankel finste integral transformation should 
be used instead of the (12.48) If, for example, boundary conditions of the 
third kind are preseribed, then on the internal and external cylinder sur- 
faces, the following transformation should be used~ 


Oe es AE ed (12.422) 
where 


Citar Ry) — [oltre + ih teadilltmd] Yen Bd 
By 
= [72600 + Ge tend |selnae RD, 


and yy, are the roots of the equation 


UeGited YB Gy 
aS a Te (me 12a 





12.4 Heat Transfer in Cylindrical Regions 473 
Walon Rs) = [Jeltn) + 82 “ah en YsGtariRi) 
— | Yt) + Gi taYiltin) [YC Bs 
ef a BR eB (12423) 


The inversion of (12.4.22) is 





Hey) = E 2m ARR Ue] + (BEY) 


> — [: af (Sy {8 : (124.24) 


Here, we will present only the final solution for the problem with the 
boundary conditions 


(r, z, 0) = fy; (12.4.25) 
OUR, 27) & Gt(Re , z, 0) 
Ra 2) 05 St HR, 2) = 
or 2 or = (12.4 oH 
317.0%) _ 9, are) 1.) =0 
Iz Iz a 
(RQ, Sr Sk, —I1SzS0. (12.4.27) 


It may be written as [91] 


Geille 


at 
=1= EF AgdgUeltinr/R,) 005 (2/0) ext (ttn? + BYpy*) Fou, 

me (2.4.28) 

2 (Bi, Uc pm) -1- 2/x) (12,4.29) 





Aas POM tin Min? + Binle)*) — GPP BID m+ BEY 


2 Ri(Bi? + 2,2) . af 
aie Vas ete me 124.30) 
An = (— NY a Ft 2)” 7 « ) 
With the same values of transfer coefficients on the external and internal 
surfaces (a; = cy =u), the coefficient 4,, becomes of the form 


chee Sole BR es 12.4.31 
An = Gare Bees) — GBI C25)) 
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‘The infinite sum in sotution (22.4 28) converges rapidly, so for practical 
calculations only one or two terms of the series sre often sufficient. For 
convenience for the case a, = a, Plyat [91] presented plots for the first 
1wo roots um of Eq (124.23) and coefficients 4, as well as functions 
U,(t 2.) for the values of the Brot criterion Bi, == @R,/A = 1-10 and for 
the ratio x = R,/R, = 15-40, These are shown in Figs 12.2-12.4. 


40 35 30 #25 20 15 





Fig. 12.2. Roots js, and jt of the charactenstie equation for various Bi versus 
x = RJR, Gnfinte cylinder) 





Fig. 12.3. Expansion coefficients 4; and A, for various Br, versus x = Ky/R, (enfinte 
evlunder). 
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13-20-25 30 eR /Ry 


Big. 124. Functions U,(<y:,) (solid lines), UeGe4) (broken lines) and Us(yt, rmin/Ri) 
for various Bi, versus ¥ = R,/R, (infinite cylinder), 


Other solutions for a hollow axisymmetrical cylinder for both constant 
and variable ambient temperature can be found in the above meationed 
work by Plyat {91}, as well as in works of Danilova [18], Plyatsko [92]. 


6. Axiasymmetric Cylinder. We conclude the chapter with a discussion 
of the general solution method of the axiasymmetric differential equation 
(22.4.1). According to Gayrilova and Prudnikev [35), Eq. (12.4.1) with 
general boundary conditions will be 


Hr, QZ, 0) =f, % 2) (12.4.32) 
HE 99 =~.9.0, (12.4.3) 


917) = 20% 0), 
a SAR Be) +R, G7) =0. (12.4.34) 
“The sotvtion will be found in the form of the Fourier series 


tm + | {e? sin mp + 1® cos me}. (12.435) 
= 
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Suitable representations of the functions w, f; y and x reduce the problem 
of intcrest to the solution of the differential equation 

bene! i on oe 

Bt eee Selsey 





with boundary conditions 


0,29 =S2C2). A2AS73 
“ 
ae A %7) _ wen, (12.4,38) 


WD = AD). 
PRC + 12(R, 2,20 (= 1,2) (124.39) 


Further solution of the problem may be carried out i different ways 
One way 1s by ustng finite Hanke! transformations particularly surted to 
the problem (as Ehstratova [29]), in this casc, the solution 1s obtained in 
the senes form with respect to eigenfunctions of the corresponding Stucm— 
Liouville problem Another method 1s by using the Dini-Bessel series ex- 
panston of the functions entermg (12.4.37)-(12.4.39)- 


(2 = ES aie 1B), (12440) 
= 
where 
12 Imma /Ride, 124.41) 





z 
wor fe 
and fy are the roots of the equation 


¥xIm(2) + RI oAX) 9 02442) 
x” 


Equation (12 436) and conditions (12.4.37)-(12.4 39) are then reduced to 
a new problem 





are, _ (Baal? wo] 1 ow 

> (44) ] +o wes (12443) 
HE(e, 0) = FANG). 

HOD yey: ALD = XO (124.44) 
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The solution of the new problem is not very difficult. The methods are 
similar to those used for the solution of ordinary transfer equations with 
boundary conditions of the second kind and the solution may be carried 
out by means of combined application of the Fourier and Laplace trans- 
formations. As the result, we obtain 


sono nf -aleeyIEMta BeS 8)) 


x $B) de + i f Ze Ee S A ]serae 





of Ae tee 
brteveanrer 
x une wt) dé a}, (2.4.45) 


where 


Palx, t) = 2 expl— a(n + $)*r] cos. x(2n + Ix. (12.4.46) 
ps 


A number of particular problems for an axiasymmetric cylinder is dis- 
cussed in the well-known monographs by Carslaw and Jaeger [8] and we 
shall not therefore consider them in detail here. 

Consideration of more complex problems of two-dimensional and three- 
dimensional temperature fields is not the aini in this book. ‘The interested 
readers may be referred to original works and special monographs [8, 57, 
109, 122}. 


CHAPTER 


13 


HEAT CONDUCTION WITH VARIABLE 
TRANSFER COEFFICIENTS 


Generally speaking, the values of the various transfer coefficients and 
thermodynamic properties of the maternal or medium may differ from point 
lo point Sometimes they change drastically with varying transfer potentials, 
A large number of scientific and technological problems may be solved 
with greater accuracy with the aid of correction factors, taking into account 
the vanable nature of the coefficrents. Present-day applications of high-rate 
transfer processes on a large scale in many branches of modern technology 
Tequire us to take property vanations into account. 

Tt should also be mentioned that suttable substitutions reduce many 
problems on convective diffusion, heat conduction, fluid dynamics of 
viscous liquid, etc. to differential equations of the heat conduction type 
with yariable coefficients, This provides additional motivation for the 
accumulation and generalization of solutions of the nonuniform and 
nonlinear heat conduction equations’ it further suggests that we should 
continue to develop improved methods of dealing wath such nonlinear 
equations. 

As a heat transfer process occurs, the material changes 1s structural 
Properties to some extent. With random or insigmficant changes of body 
properties along the coordinate, st is permissible, when studying transfer 
phenomena, to assume thermodynamic properties and transfer coefficients 
constant and equal ta their mean effective values In a number of cases, 
however, the nonuniformity of physical properties become so significant 
and their change along the coordinate so regular, that tt ss possible to 


am 
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neglect this nonuniformity. Thea, instead of solving the transfer differential 
equations with constant coefficients, we must solve an equation where some 
or all of the coefficients are functions of the coordipates. 

The solution of the resulting differential transfer equations with variable 
coefficients involves great difficulties, Exact analytical solutions are currently 
available for a limited range of problems. Often we are forced to restrict 
ourselves to various approximations or numerical methods. In this connec- 
tion, the main problem to be solved by the analytical heat transfer theory 
is the development of methods for the solution of differential transfer equa- 
tion systems with variable coefficients. 


13.1 Semi-Infinite Body, Heat Conductivity, and Heat 
Capacity as Power Functions of Coordinates 


In this section, solution methods for the following one-dimensional dif- 
ferential heat conduction equation will be discussed: 


(13,1.1) 





Solutions of Eq. {13.1.1.) will be considered with the boundary con- 
ditions 


i, 0)=0 <x <0o), 3.1.2) 
Koo, t)=0, 10, 1) = Ge 3.1,3) 


(a) Let ey = const; the thermal conductivity A is assumed to depend on 
the coordinate as 


2=Ax". (3.1.4) 


Applying the Laplace transformation to Eq. (13.1.1) and taking into 
account (13.1.2) and (13.1.4) gives us 


xT" (x, 8) + nx" T(x, 8) — (S/ae) Tix, 8) = 9, (13.1.5) 


where a, = A,/cy. 
Substitution of x = ké™ reduces Eq. (13.1.5) to 


mikaxtnen-(@eTjdé2) + mOn +n — Wkx" "(dT dé) — (s/aa)T = 0. 
(13.1.6) 
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In the substitution, A and m were chosen arbitrarily. We now make them 
conform to the conditions 


2m+n—-2=0, k=1. 
Equation (13.1.6) is then transformed into one of the Bessel type a5 


1 dP et Be Sg 
FF” Gn a 





Its particular solutions are 


ee(rgse (Sy) mt ee(t 2s (4)")- 


where 7, and X, are the Bessel functions of the imaginary vth-order argu- 
ment of the first and second kind, » = (1 — n)/(2 — 2), where m1 18 any 
number except two. Using the relation € = x'*-"3, we retarn to the imal 


Satay ene ses (a). 


(31.7) 





ait, (= 


In the majorty of cases m 1s Jess than unity (0 <1 <1) 
The first soluuon does not conform to the first condition (13 1.3) and 
the solution of Eq. (13.1 5) 1s therefore taken in the form 


Tix, ) = Axt4-™K, (- — (<)) . 


where A 15a constant with respect to x determined from the second boundary 
condition (13.1 3); when x —+ 0, 7(x, 8) + 42/s, and when z—+ 0, 2°K, 
2°-L(v) where » > O and J() 1s the gamma function. The constant 4 3s 
therefore defined os 





A-spgtcar (a) 


Hence, the transformed solution will be of the form 


rem gis (2) (SES ZI") ee 


Using the table of transforms, we obtain from (13.1.8) the solution for 
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the original function as 


9-1 _ I, 4) 


i — tye! 
a Toy [2 ete dum 
where 
X = x**/(2 — n)agr. 


TG, X) is a gamma function. 

Problems with zero initial conditions and for a finite body (0 <x = R) 
may be solved in a similar way. For the case = 2, the solution of Eq. 
(13.1.5) will be 

xi Beier 


(b) If the beat capacities and thermal conductivities depend on the 
coordinate raised to the power n, then 


e=egx", 24=4x", y=const, (13.1.9) 


then, applying the Laplace transformation and accounting for the initial 
condition (13.1.2) and the variable coefficients (13.1.9) gives us 


TG, 8) + @/x)T'G, 5) — (s/ao) T(x, 8) = 0, 
where 
Gy = dofcoy. 


The solutions of this equation are 


XT (slayyx) and XK{(s/a)**x), (131.10) 


where 
y= Hl —n). 


Taking into account the first boundary condition (13.1.3) as we did in the 
previous problem, we obtain 


Ts s) = AxK((5/a0)""x)- (B.L11) 


Combining (13.1.11) with the second boundary condition (13.1.3), we find 





Hence the solution of Eq. (13.1.10) will be 
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Ted wanes (3) *((Z))- 
The inversion of this solution is 


pn HD 
fe 





where 
x= 
(c) If heat capacity and thermal conductivities obey the power laws 
emer, Le Ax®, ysconst (m>— 1), 


then application of the Laplace transformation yields the transformed 
solution 


Mas) +2Te@o- 2 eT) <0 


The solution of this cquation is similar to that of problem (a)- 


ceeunl gases (a) beefs aaee S)) 
where 


l—a 
m~nt2> 


v= 


It should be noted that the solutions for cylindrical and spherical shapes 
with the coefficients ¢, 4, and y, which are power functions of the coordi- 
nates, are similar to the problems just discussed For example, the trans- 
formed solution for a sphere is of the form 

Si Be ies cas. Wl 
4 AT ~ 2 aT HO, 
1e., in this case the constants » and rz are two units greater than before 

‘The physical meaning of the condition a <I les in the absence of in- 
finitely large thermal reststance of the anfinitesimal section at x = 0, Other+ 
wise, it would be impossible to satisfy boundary conditions at x = 0 Quite 
similarly, for m < — L, st 18 impossible to satisfy boundary conditions at 
x = 0 because of the infinitely large heat capacity of this section. 

Particular eases of the problem previously considered are those in which 
the coefficients change with the coordinate following the linear law. Su:table 
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substitution reduces them to a specific form of the solutions just discussed. 
Thus, in the case cy = const, 2 = 2,(1 + ex) the new variable € = { + ax 
is introduced. In this case, we obtain the equation 


@T 1 aT s 
So fo OE a eee Oh, 

at ae ag 9 
which is identical with Eq. (13.1.5), when n = 1. Its solutions will be 


rotten (4)"] and x [2 Crew (£)"), 


9% ay 


In the same way, we may show that jn the case c= ep(] + ax), 
=Ao(1 + ex), y = const, the solutions of the transformed equation arc 


if 1 fas (£)"] and j= ta)": 


In a more general case, when 





c=e(l tax and 2=A(l tery", 
introduction of the new variables 
E= (lpixye mae, ng = (Pafac)m—n+2)*, $= (1—n)(m—n4-2), 
reduces Eq. (13.1.1) to the equation 
yE-*@1/0n) = 2 (e-*@1/08). 


The remaining procedure is the same as for the first problem. A number 
of specific problems of this type is given in Chudnovsky’s monograph [15}. 
Pasticularly, in this work as well as in that of Koreney [56] and Luikov 
and Mikhailov [73], solutions for a number of problems on thermal waves 
are presented, These problems are also discussed in detail in works by 
Koreney [56] and other authors. 


13.2 Finite Plate. ‘Thermal Conductivity as an Exponential 
Function of the Coordinate 


The solution of equation (13.1.1) with boundary conditions of the first kind 
will be considered when the thermal conductivity is an exponential function of 
the coordinate: 
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A=Agexp[— xx], cy const O@<xSRix>O) (13.21) 


(x, 0) =0, (13.2.2) 
10,7) = ¢r), CR, tr) = p(s). (13.2.3) 


Applying the Laplace transformation to Eq. (13.1.1) and conditions 
(13,2.1)-(13.2.3) we find 


T(x, 3) — xT"(x, 3) — (sfag) eap[— xx}T(x, 5) = 0, (13.2.4) 
TO,s)=%, TR, s)= ¥. (13.2.5) 


The substitution € = (2/x)(s/ao)¥* exp(xx/2) transforms (13 24) into the 
equation 


TG, 2) ~-ET'G,3)— TE) =0 


whose solutron 1s 
TUE, s) = AEE) + BEK,(E) (13.2 6) 


For the coordinate representation x, Eq. (13 2 6) will be written 
rosa (2) } 2 (2) 
end (eyo 2 (S)"ek FT] 29 


Constants A and R will be found using boundary conditions (1325) 
After some manspulations we obtain 


roy ff Baw 2(2)") = a 
wf oof 212) ool SACS) 
+ [Beco Fool ACEI 


= ane CS) Pool] stool 2] a) 














offs SABIE 
x KZ exe] (2)"}] - ars ew EP. 3.28 


Expression (13.2.8) is the solution of the problem considered in transform- 
ation form. The inversion (13.2.8) may be obtained from the inversion 
formula 





1 =a [22 Te sy expise] ds, (13.2.9) 


where the integration is carried out along any straight line parallel to the 
imaginary axis of the plane of the complex variable s passing to the right 
of all the singularities of the integrand. 
The contour integral (13.2.9) is to be evaluated subject to the conditions 
(Eq. (13.2.5)] 
@=0 and Yass, (13.2.10) 


which correspond to the boundary conditions 
0,r)=0; AR, =f. (3.2.11) 


After a few manipulations and taking into account (13.2.10), we can rewrile 
Eq. (13.2.9) in the form 


[. nf 5] (AZ) ")a(S(G) ert] 
ae «(2 (2) (ZG) “exp[xR/2}) 
es (ae) Wise (&)"en| =a) explse] 4. 


% 
“Ey mS (Z) eter) ‘ (13.2412) 


Calculation of this integral yields 








= cae ee — mexplix(x — RY] 
SendSalts exp[d4R]} 


2 Tit) = Alin expiry Walt exPlFll 
% Yaeen) — Atta) Yalta exp [dex]]} expl— daoryn't] , (13.213) 
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where yw, are the roots of the characteristic equation 


Alu explixR]}  YabeexpldxR)) 3 
aa 4G) Sor 


In the steady state (x -+ 00), solution (13.2.13) becomes of the form 


— 7, Seplxx] —1 

A(x, oO} = t apkkl—r- (13.2.15) 
Several solutions for other problems with the exponential relation between. 

the transfer cocfficients and the coordinate, particularly for thermal waves, 

have been collected [15, $6]. 


13.3 Nonstationary Temperature Fields in Nonlinear 
Temperature 


In high-rate processes, the heat transfer potential can significantly change 
dunng short time intervals. This situation is encountered m problems con- 
cerned with diffusion processes, gas filtration in a porous medium, thermal 
explosions, chemical transformations, etc. A vahd description of transfer 
phenomena involving a wide range of temperature must take into account 
the variations of the transport coefficients with temperature. Under these 
conditions, mass and heat flows become nonkmear, and determining the 
transfer potential fields involves the solution of the nonlinear differential 


equation 
ey) (G1]92) = div[2(0) grad #}. (33.1) 


The solution of Eq. (13.3.1) with the appropriate boundary conditions 
gives rise to greater difficulties than those of the previously discussed prob- 
Jems in which the coefficients depended on the coordinates, for its solu- 
tion, various approumate methods are widely used. A complete review of 
the state of the art is ven by Fnedman [33] and Crank [17] to whose 
Works the interested reader is referred. 

To solve the problems of a nonknear transfer, a number of methods 15 
currently used. The linearization method based on approumating the non- 
linear coefficient involves matching a special relation for the coefficient 
which Lnearizes Eq. (13.3.1) [42] The method of various substitutions 
demands the introduction of new variables allowing us to reduce nonlinear 
partial equation (13.3.1) to an ordinary nonlinear total equation, the so- 
lution of which is a simpler problem. There are some other methods for 
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the solution of a nonlinear transfer equation (sec, c.g., Luikov and Mikhai- 
Jov [73]). Some methods of procedure used for the solution of a nonlinear 
transfer problem will be discussed next. 


a. Linearization of the Nonlinear Differential Transfer Equation 


Usually, the heat conduction coefficient is plotted as the slightly sloping 
curve A = A(t) which may be correlated with sufficient accuracy by a linear 
or exponential relation. Charny [13] proposed for this case two lineariza- 
tion methods of the transfer equation for the condition cy — const. 

Equation (13.3.1) may be rewritten in the form 


cy(O1]8A)(GAJOx) = div[A(D(6t/82) grad 2). (13.3.2) 
If we assume in Eq. (13.3.2) that 


ar on 
a “a7 A = const and a= B=const, (13.3.3) 


then a linear equation with constant coefficients will be obtained. The first 
condition (13.3.3) corresponds to the exponential form of the curve A(f) 


A= (6 — fe) {lo Gaito)} 
and the second to its linear approximation 
B= (t — te) — 40)- 


It is easy to sec that conditions (13.3.3) are contradictory excluding the 
case A = const. It may be therefore supposed that cither is rigorously ful- 
filled, but in the latter the quantity 4 or B should be replaced by its mean 
value in the temperature range considered. 

Another Sinearization method involves introduction of the new function 


. " 
G= te Ht’) de’, 
which transforms Eq. (13.3.1) into 


ot WG _ ing, (13.3.4) 


If we assume in Equation (13.3.4) that 
01/8G = const, 
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then a linear equation is also obtained. This approximation suggests that 
a certain section of the curve G = G(¢) is replaced by an appropriately 
plotted chard. 

AS proved by Storm [111], it is possible to knearize a one-dimensional 
transfer equation for the case where the rate of heat or mass transfer throuph 
the boundary surface (x = 0) is a known function of time ¢(z), and the 
thermal conductivity is described by the relation 


AV = BML + alt — 4) 1- (13.3.5) 


In this case, relation (13.3 5) is the approvimation for problems with an 
exponential relation between coefficient 2 and the temperature 


A= Asexp[— 2alta— a] 


where @ = const and 4, corresponds to the value of the conductivity of 
the potential fg The substitutions 


At dx! = "ye? git 
Fa flava, a= fi, awmer, 
transform one-dimensional equation (133.1) into the hnear equation 


aw Fw a ( Ges 
OS = ae ye) aE 
where 


logo = — (a/¥3*)n 


Storm applied this method to the solution of the problem on a nonstationary 
temperature distribution in a scmrinfinite medium, the transfer rate across 
the surface x = 0 being constant. 

We conclude the section by discussing one more method for linearzing 
the nonknear transfer equation developed by Wiedenburg [131}- 

The one-dimensional equation (13.3 1) will be considered provided thst 
the relation between the heat conduction coefficient and the temperature 
18 linear A= Ag(t + at). In this ease, Eq. (13.3.1) may be written 


a 
Ha FZ [att +an 3] (13.3.6) 
or, equivalently 
a a SO (3.3.62) 


where a = Jefey = const, 
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The boundary conditions will be written in the form 
4x,0) =f O<x<+00), 0,7) =0, dtlco, jax = 0. 


When the value of the thermal diffusivity a{#} = ap (a = 9) is constant, 
the solution of this equation is known and determined by the relation 


{then = fof) — erfe(x/2(a,r)'")]- (13.3.7) 


To linearize Eq. (13.3.6), Wiedenburg suggested that we chose, for the 
term of the cquation containing a, a value of the temperature which would 
conform to the appropriate expression if « = 0 [i.e., to solution (13.3.7). 
This substitution makes the nonlinear equation (13.3.6) a linear differential 
equation with a source dependent on the space coordinate and on time: 


a a at? oF x is 
Fem tog te [er e*5m) | A (13.3.8) 


If a new variable, § = x/2(aot)”*, the argument of the Gauss function, is 
introduced into Eq. (13.3.8), we obtain an ordinary differential equation 


at dt ate dt 


with the conditions 
t=0 at §=0 and fh at F=+o00, (13.3.9) 
The solution of the latter is to be found in the form 
t= a6) + 926) OE), 


wherein for abbreviation, we denote @(£) = erfo(é). After the substitution, 
it becomes apparent that the functions p, and gy, are determined by cqua- 
tions 


dp, d® ate 1 — oF 


iF 
(13.3.10) 
The solution of Eq. (13.3.10) yields 
GE) = A + atgED + at? H1 — &)— (att HE exp FY} — at D* 
= ate? HL — B) + 2ate(@/ x VE exp[— E] 


+ SE U1 — expl— 2611 + Hendy, 
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We have 
ule ---h $--r £4 
ir aye 2e dt 





£08)-£0-£ 


Substituting the relations obtained into Eq. (13.3.11), we find the total 
equation for f to be 


Se MET: ah 

reve LF [un ae (13.3.15) 

Boundary conditrons (13.3.2) and (13.3.13) will then become of the form 
fey=n, M)=t, 


If finding the function f 1s difficult or impossible analytically, it may be 
obtained by numencal integration 

‘The substitution f = x/24/ rt 1s sometimes referred to as the Boltzmann 
transformation as it was first used by Boltzmann [4] in 1894 for the so- 
lution of Eq. (13.3 11) Substitution (13 3 14) may be applied to Eq (13.3.1) 
when transfer phenomena take place tn an infinite or semi-infinite medium 
In this case, the independent varable must be specified so that the boundary 
condition depends solely on the variable € In particular, substrtuuion 
(13.3.14) cannot be used for a finite body, R in thickness, and with the 
boundary condition 


tO, tr) = te. RT) = hae 
since upon transformation of (13.3.14), the argument in the second con 
dition becomes different from zero and depends on both — and t. 
As a patticular example of using the Boltzmann substitution, we shall 


solve Eq (133.11) for a scm-anfimte body (x > 0, 0 <x < co) with the 
boundary conditions 


1, O=f, (1) = te. Stor, r)/Ae =O (13.3.16) 


Let k= 1/4/73 an this case & = xf4/%. Then the heat conduction equa- 


tion will be 
far ope Mec Om ped 13.317, 
Va (2 3) ( ) 
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We denote 1/2 = t'. Then Eq. (13.3.17) may be written 


£@ age) 
a Vig ear 7 


Hence we shall have 


In(ar') = — ep ir (€ db/2a) + nA 


or 
ae = Acso|— cy f, azn ae]. 


Further integration yields 
1a fi esol cy f& ce/2%y at] (ata) + 2. 


The constants A and B are determined from boundary conditions (13.3.16). 
The final solution is of the form 


ada ee[—er ff cane a] cay 


eto fe exe[— er fF i249 a8] (azn) 





~ (13.3.18) 


Since its right-hand side contains f, relation (13.3.18) is a nonlinear integral 
equation and not an explicit expression for the solutions. One possible 
method for such a calculation of a nonstationary temperature field 0 is the 
so-called iteration method. The essence of the iteration method is in the 
fact that, if the first approximate solution of the equation 


8= 9 


equal to 0, is known, then substituting it into the initial equation yields 
the second approximation 0, = ¢(8,). The substitution of 6, gives the third 
approximation 9,, and so on. This operation repeated several times allows 
us to obtain the solution with any prescribed accuracy. 

For simplification, we assume that cy = const. Then (13.3.18) may be 
rewritten as 


6 fn) uf exe[— ff ent an] SUE). asi) 
© SP exp|— [2 are) an] any 
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where 
a* = df, = 3°0). (13,3.20) 


Here 9 = x/2(agt)™, ay = Agfey where 2, corresponds to the initial vatue 
of the temperature ¢. 

With a constant value of thermal conductivity 2 = 2, = canst, relation 
(13.3.19) becomes the solution 


6—erf(y), (3.3.21) 


which we use as the first approximation for the calculation. 

Using (13.3.21) for equal intervals of change in n, we shall find the 
approximate values of 0, It should be remembered that even when 9 = 3.0, 
with the accuracy to the fifth decimal place, etf = | and consequently, 
@ stationary potential distribution sets in through the matenal. 

For each of the obtained 05, the values of 4* are estimated by formula 
(13.3.20). Substituting these values into (13.3.19) allows us ta determine 
new valucs of 0, for the chosen ») using any convenient numerical integration 
formula af the integration is not exact. The calculation procedure is then 
repeated to obtain the approumations 9,, 8;, and so on, till the difference 
between the successive approximatrons 1s of the desired accuracy. This 
corresponds to approximate mtegration by the trapezordal method Ap- 
pheation of other methods is similar 

(2) For numencal calculations of the nonlinear transfer equation (13.3.11) 
on electronic computers or analog models, Eq. (13 3 11) may be cansenient- 
ly handled in another form In this case, the substitution 


G= fi {2Ur)12nfte)} 2? 43322) 
is advisable, 
Substitution (13.3 22) reduces Eq. (15.3.11) to the equation 
8G/ar = oG) FC, (13 3.23) 


where 2(G) = AG)/cCGYAG). It should be noted here that Eq. (13.3.23) 
is of considernble stgnificance m fluid dynamics Its solutton with appro- 
priate boundary conditions is obtained ns the relation between the function 
G, the coordinates, and time. The function and the temperature fare related 
by (13,3.22), which may be expressed either mm an explicit form (when 
integration of the expression is possible) or by 2 plot (when numencal 
integration is necessary). 
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For a number of materials or fluids, the relation between the integral 
thermal conductivity and the volume heat capacity with temperature found 
by formula (13.3.22) is well approximated by the exponential law 


J, Cerna ae am ff (rete iyeca de = Be, 3.3.24) 


wherein 2o , os Co, & 7, 8, and mm are constants. For example, integral thermal 
conductivities and volume heat capacities for pure aluminum and iron in 
a wide range of temperature arc described by relations (13.3.24) and have 
the following constants of the values: 
aluminum; uw = 1,57; n = 0.905; 8B = 0.871; m = 1.03; 
iron: a@ = 2.04; n= 0.84; 8 = 0.561; m= 1.125. 
Transformation (13.3.22) may also be extended to a variable heat ca- 


pacity coefficient. Then the transformation of transfer equation (13.3.11) 
will be of the form 


at 2) wig F pt MO on 
zh a ae =aze fi rm 
Friedman {32, 33] solved this equation with conditions 
(x, 0) = (oo, 7) = 0, 10,7) = 4, 
using relation (13.3.24). For the approximation of the sccond order, the 
solution will be of the form 
leggy" = erfe F — 4s{3 * — Ey(erfe £)* — (1/24/H) exp[— E*}[2E erfe F 
— Ua) expl-- BY) + steric E+ (1 + erle EU) a) 
x exp[— $4] — Gerfe£ + HQ + 2 perles — A/V aE 


x exp[— €]}] — {4 + (1/2a)} erfe é}, (13.3.25) 
where 
x m Lt 
ar 


Maximum divergence of the result obtained by formula (13.3.25) from that 
obtained by the subsequent third approximation was not greater than 3% 
(5°C). 
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Sinular solations were also obtained for a linear change of the coefficients 
Zand ¢ with the tempersture # for both a semi-infinite and finite medium 
{10, 32]. Comparison of the results with exact solutions shows good agree- 
ment in all cases. 

(3) Consider now a number of special substitutions used for the solution 
of nonlinear heat conduction equations when the relations between the 
thermal conductivities and the temperature are linear or exponential. If we 
assume that ¢y = const, Eq. (13.3.11) may be rewritten 


& = - at) | hs (13.3.25) 
where 


a(t) = (ey). 


{a) An infimte medimm will be considered. Let the temperature sausfy 
the initial conditions 


1%, 0)=4,, atx<0, (13.3 27) 
(x, 0)=4,, wx>d, (53328) 
and the thermal diffusivity a(¢) be a Linear function of the temperature 
a= all + tal, + 4) — ar) 


Here & corresponds to a valuc of the coefficient ¢ with average value of the 
temperature ¢ — 4(¢, + ¢,). The substitution 


ee ee z= 
L+ dalt, — 42) 











x 
2 + dae, — Pee 
transforms Eq. (13.3.26) into 
_ 2 de (13 3.29) 





with the boundary conditions 
pHi aimto, pe nl=—-@o 


where 





The numerical solution of Eq (13.3.29) was obtained by Stokes [110] 
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The same case of a linear relation for the temperature diffusivity 
= anf t/t) 


was considered by Polubarinova-Kochina [93]. Indeed, for a semi-infinite 
medium with the conditions 


10,t)=t, x, 0)=0, 
the substitution 
& = x/2(aqr)* 


transforms Eq. (13.3.26) into 


d de® 


Here 6 == t{fp. The equation may be farther simplified by the substitution 
¥ = 6*, Then (13.3.30) hecomes 


ay 
de? 


28 4 * (4) 4.0 eh, (13.3.30) 





with boundary conditions 
v=1 at&=0, v=0 at f=co. 
(b) Consider a semi-infinite medium with the condition 
%,O—%, 10,7)=4 G3,3.31) 
where the thermal diffusivity @ follows the exponential Jaw 
a= a, exp[pe — 4)] 


and where the subscript s characterizes the value of the parameter on the 
surface. Then, after transformation we obtain 


(eG) shee 


where 


x 
faag f= At~ (13.3.32) 


Because of conditions (13.3.31) and (13.3.32) integration in this case 
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should be carried ont beginning from 5 = 0 and = 0. A more detailed 
procedure of numerical calculation znd its results sre presented by Crank 
17]. Jn the same monograph, other transformations are given which are 
used shen the relation between the thermal diffusivity and ¢ is exponential. 

(4) We now consider the Newton-Kantorovich iteration method. Meth- 
ods of solution of general nonlinear problems are numerous and we shall 
only discuss very briefly the Newton-Kantorovich iteration method, r= 
ferring the interested reader to the original literature for details [$2]. 

We have an approximate solution of the nanlinear equation 


ule, y, -**, rd. (633.33) 


The follawing approvimation in the form u + @ dy is substituted into 
the equation (boundary, initial, and other conditions) and expanded yn 
senes With respect to «, with only the linear terms being conserved. Then 
@ new equation is obtarned with respect to a du Where the coefficients only’ 
depend on independent variables. 

Upon the solution of this equation, we shall take (u + @ du) as the initial 
appratimation and repeat this process. Very rapid comvengence tn particular 
Cases 1s 3 peculiarity of Newton's method, so that no more than two or 
three aterations are usually uscd. The error estimation im this case us of the 
form ~q™ with some | q| <I eather than ¢.¢ with usual iterations. Con- 
sequently, convergence ts very rapid. Jn this case, estimation of q amvolves 
the second denyatives of the coefficients in the equation and boundary 
conditions with respect to the unknown quantity and the estumanon for 
the general solution of linear problems to intermediate approumatons. 
Accuracy is actueved by a new, more exact problem slych ts stated sn each 
Step. 

In the case when the second denvatives of the coefficients do not eust 
(or they are very Jarge), Newton's method loses sts advantaces. 

Te should be noted that in the solution of general linear problems obtained 
in cach step of Newton's method, different approximate methods should be 
used. Therefore, application of the methnd to unsteady-state problems 15 
Not always reasonable since approwimate step-by-step solution allows correc~ 
tions of nonhnearity in each step. Newton's method is the most promising 
one for the solution of boundary valve problems, e.g., those of steady-state 
and quoststationary nonlmesr transfer, including problems in multidimen- 
sional regions especially sith solution by electronic digital computers. 

Asan example, we shall write the procedure of application of Newton's 
method to Eq. (13.315) with cy = const. We have a certain (iniwal or 
Previous) appromation fxs. Let 
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Se =Sfrr tao. (13.3.34) 


Substitution of f; into the equation and conservation of the terms in power 
and a in the Taylor series expansion give the equation for correction as 


nope MOH) 4-4 = [asm aout) 4 4 i AU) 


= poe Go ‘ta 4 +7 $-1¢4,-@) Ae Hiss (13.3.35) 





with end conditions 
(@ Ofeo = to — Ses), @ Slo = fe — fra). (13.3.36) 


Further, upon the solution of problem (13.3,35)-(13.3.36), the same pro- 
cedure should be carried out for transition from fy to fiyx =Si + @ Yiaty 
and so on, The detailed description is presented by Kantorovich and Aki- 
mov [52]. 


¢. Some Solutions of the Nonlinear Heat Conduction Equation 


By studying solutions of the nonlinear differential heat conduction equa- 
tions, the effects of the nonlinearity of the transfer coeflicients on the 
tempcratere distribution will be shown. 


(1) Semi-infinite medium 
a(t) = a,/(1 — At) (@, 4 are constants). (13.3.37) 

Boundary conditions are of the form 
i(,0)—0; 10,7) =%. (3.3.38) 

With the introduction of new variables 
O= tfty, AO) alfa, F=x/Aagr)"*, — (13.3.39) 

Eq. (13.3.26) reduces to the ordinary differential cquation 
-1 $$ (00 4] 


and boundary conditions (13.3.38) and (13.3.39) become 
6=0 withé—co, 9=1 with F=0. 
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In addition 
AQ) =U — a0) @~ 2). (3.3.40) 
Introduction of the new variable 
r= fi A(8") /f At) 20 3.3.41) 
into (13.3.40) gives as 
in{) — aD)fin{i —2) = g. (033.42) 


The new variable (13.3 41) transforms the previously obtained differential 
equation and boundary conditions into the equation 


— 25 e-M(dg/d5) = d°g/ds* (13.3.43) 
with the conditions 
g=0 at f= 00, (13.3 44) 
g=l aré=0 (13 3,45) 
# = —In(1 — a) relates 8 and @ For the present solution, 2 and @ are 


assumed positive and O <a < 1, Hence, 8 >0 
Then we introduce some substitutrons defined by the relations 


dgld=— 9,  expl—fellB=4 (13.3 46) 
In this case, Eq (133.43) will become of the form 
ad pldg*) — — 2/6p 
Integration of the last equation yields 
Ing t= — [PY + Et UA Inzy tds, (13347) 
where C, and Cy are the integratron constants. 

It follows from (133.44) and (13.3.46) that g +0 as g—» 1/8 This 
condition allows us to determine C, in Eq (13.3.47) If we account for the 
resulting expression for C,, we obtain Eq. (13.3.47) in the form 

In gf mm — SOY (C + bs? — (4/8) In sy de (13.3 48) 
e 
From condition (13.3.45), it follows that 
dgjdg=0; g= ep. 
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Substituting the above conditions into (13.3.48) and making some manipu- 
lation give us 


C= AB) Ine; © = GIN Dewey 


and we can write Eq. (13.3.48) after accounting for C, as 


Innes — f (ut — pin ny¥* dey, (133.49) 
where 


r= (BY; u=gieVq); 2 =8/(Ber) 


are new variables. 

This equation is used for obtaining #, and consequently, the unknown 
parameter e as the function of the known parameter f defined by the re- 
lation 


pa2 f (a? — pin u*)-¥* du, (1.3.50) 


Relation (13.3.55) is obtained from Eg. (13.3.43) accounting for the con- 
dition g/4/q = © when gq = e~*/f. Integral (13.3.50) relates parameters 8 
and y. To determine j« for a prescribed f, the numerical solution of (13.3.55) 
is necessary, ¢.g., by approximate integration. 

The expression for ¢ relating it to w and r is obtaincd from cquation 
(13.3.43) and the subsequent conditions 


toa (F448) 


Eliminating r from this equation, we obtain with the aid of (13.3.43) 


{Qt = pein wy? — nu} exp| fi t= pinay uy}. 
(3.3.51) 


t- ar 
On the other hand, a combination of the second relation (13.3.46), Eq. 
(13,3.49), and r = (9B)"? yields the expression 

r= = f (ut — pln 4.2)? diy. 
Accounting for relation (13.3.41), we obtain the final expression for @ as 


6 ~ poaecay {1 a exp{ 2 fiat —zinngy au,}}. (133.52) 
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Trt should be noted that the quantity w in the above equation is related to 
the assigned parameter £ by (13 3.50). 

The above solution was obtained by Fujita [34] who showed that the 
solution for a constant value of the coefficient (a = £f = 4 = 0) becomes 
the well-known probability function. The soluton method for assigned 
values of y is as follows: 

(i) fis calculated by numerical integration of Eq. (13.3.50) and hence & 
is obtained from the relation 8 = — In(t — a). 

(ii) Gand are found by numerical integration of (13.3.51) and (13.3.52), 
respectively. 

The relation between @ and Inj is presented by (13.3.50) and 
B= — In(I — a), It is plotted in Fig. 13.1. If the value of c is found, this 
plot allows direct determination of In yz, Calculation results are shown in 
Fig. 13.2. 





Fig. 13.2. Plot of a versus In # 


(2) Semu-mfinite medium 
a(t) = a/(. ~ 28%. 
Here, the boundary conditions remain the same. The substitution 
O=tlo, E=x[Uax)*, eH td 
allows us to obtain the ordinary differential equation with the vanables & 
and 6 as 
Speers id { 1 
“ae “ds Let EI 
with the boundary conditions 
0=0, at Emoco, (13.354) 
O=1, rad. 433.55) 


(33.53) 
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o 70 20 e 
Fig. 13.2. Dimensionless temperature 0 = t/t, versus & = x/(4ayz)"* for a(0) = 


@,/( a0) (the numbers on the curves represent 1/1 —a) and constitute the ratio a(8) 
when 6 = 0. to ay when 6 = 0). 


The solution of Eq. (13.3.53) with boundary conditions (13.3.54)- 
(13.3.55) gives a relation between 8 and &. 

The final result obtained by Fujita will be presented here; detailed calcul- 
ation and the analysis of the obtained results are given by Fujita [34]. The 
solution may be presented in the following form: 


-4 vl, 6) 
=a et ve AT’ Sars 


{fl —a + y(, Au — exp — u*)}}, (13.357) 





where y(w, 8) is determined from the relation 
yl, B) =m BLL — erf(fu)) exp] 


and f is the constant obtained as a function of the parameter from the 
equation 
vl, ~)=« <2 <1). 
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Equations (13.3.56) and (13.3 57) give the solution with the parameter u 
changing within the range 1 <u < co. The solution of the problem is 
shown in Fig. 13.3. 










CNW 
We 
A | 
aa\\\\ae 
TASS 
O'R Oke oe S 


Fig. 13.3, Temperature @ ploticd versus ¢ for a(6) = a4/(1 — o8)* (the numbers on 
the curves represent 1/(1 — a)" and constitute the ratio of a(f) at 0 =0, 10 a at 0 = 0) 








(3) Semi-wfinite medium 


00 = eae & and # are constants) 
Roundary conditions again remain the same. 

The assumed relation between the thermal diffusivity and the temperature 
includes the previous problems as particular cases. Moreover, this relation 
allows consideration of problems for the conditions when the thermal 
diffusivty has a meumam or maumum with changing temperature So- 
lutions for this problem have also been obtamed by Fupta. 

The substitutions 


O= My, E=x/Aaor)*, c= xl, A= ret 


transform Eq. (13.3.1) into the ordinary differential equation 


~2Geag + leer ral 
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with the boundary conditions 
6=0 aE=oo, G=1 at e=0. 


Following Fujits, we shall consider the case when a(t) passes through a 
maximum value in the range between t = 0 and f <= fo. The latter corre- 
sponds to the condition when the function f(8) defined by the expression 


S(O) = 1 1-208 4- 6 
bas its maximum between 6 = 0 and 6 = 1. It is easy to show that this 
condition is determined by the inequalities 
0<-—af<l, (13,3.58) 
B>0. (13.3.59) 


It follows from (13.3.58) and (13.3.59) that 
2<d. (13,3.60) 


Physically, any maximum a({¢) in the region of the temperature change 
should be always finite; the latter demands that the approximate minimum 
£8) be positive which is equivalent to the condition 


0 <a <1. (13.3.61) 


Relations (13.3.58}-(13.3.59) correspond to the conditions when the 
coefficient @ passes through the maximum. 
For the convenience, we denote « = — y and the above equalities can 
be written 
O<yh<1, O<p/P<1. 


A finite solution of the problem may be given in the following form: 


£9 = (B — y*)¥7 tan[F(u, 2) — tank] +y, O<6<h, (13.3.62) 
£0 = (8 — 7°)"* tan ftan- m — Flu, 2) — Flt, DI ty, & <9<1, 

(13.3.63) 
where 


8, = B — 7°)" tan[F(I, €) — tank] + y. 

Besides, 
ve 
i= lags] few | Q—ut— en"), 
—k<z<4, (13.3.64) 
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vn 
t= lass] feu— (ute lau, 


u<i<m, (13.3,65) 
where 
tan-? 2, = FU, e) — tank, 
tan-tz = Flu, e) sank, —kaor<z;, 
and 


tant = tan? m — Flu, 2) + Flim 2), << 


Auxntary vanables in these equations are determined from the relations 
ke goa ome wor (I~ 2), 13.3 66) 


where y = — @ and f ore constant quantitics entering the expressions for 
the thermal diffusities In addition, ¢ and uy are related to & and am by 
the expressions 
ein ty + (m+ Dug? = 1 (13 367) 
and 
tank $ tan-? m= 2FU1, e-) — Flan. 6). (13.3 68) 


where 
Fue) = f* d=? ~ ein da, 
Estumation of (13.3.62) and (13.3.63) with respect to u allows us to notice 


that in relation (13.3.62) u changes from 0 to 1, and in Eq, {13.3 63), it 1s 
limited by vu, <u< 1, 


13.4 Boundary-Value Problems for the Heat Conduction 
Equation with the Cocficients Dependent upon the Coordinate 


The above solutions may be generalized and obtained from a more 
general solution. First, consider the results of Barenblat [133] 21d Baren- 
blatt and Lesitan [£34] for the equation of the form: 


Rome Oulx, 1) =z (neo ane 2)), (34D 


13.4 Boundary-Value Problems 
(1) Following Barenblatt [133], we inteoduce a new variable 
z= i dx/K(x). 
Then Eq. (13.4.1) assumes the form? 
az, t) 1 H(z, x) 


where 


Gz) = e(x)y¥@)KG)- 


807 


(13.4.2) 


(13.4.3) 


(13.4.4) 


It is assumed that the function g(z) satisfies the following conditions 


within the range 0 <z < co. 


{a) The function g(z) does not take on negative values and may become 


zero only at z= 0. 


(b) The function g{z) bas a continuous sccond derivative everywhere, 


with the possible exception at z = 0. 


(c) Near the origin of the coordinates, the function 9(z) has the form 


a) = 2(i + p@)), 
where p(0) = 0, s> 0. 
(d) The integral 
Ji aeons ae 


diverges with z— co. 
{e) The modulus 








decreases rather quickly since the integral 








ire 5 9@) _ 4"@) jg 
o 116 gz) 4g**(=) 


converges. 


“With new variables dy = (q(z))"? dz, Ey. (13.4.3) assumes the form of the heat 
conduction equation for rod with variable heat capacity and conductivity, whereas 
the constant thermal diffusivity is equal to unity. Following Barenblat [133], such & 


rod will be called an “equivalent” rod. 
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(2) For constructing the solutions of the boundary-value problems of 
Eq (13.4.3) with the function q(z) satisfying boundary conditions, we shall 
summarize the results for the problems on the eigenvalues of the equation 


(@ufd=*) + H***q(z)u = 0, (13.4.5) 
which 15 obtained from Eq (13.4.3) af it is assumed 
t(z, t) = we, 2) exp[— 2**r] (13.4.6) 


The proof of the results and the details considering the Sturm-Liouville 
problem for Eq. (13.4.5) on a semi-infinite mterval may be found in Ba- 
renblatt [133] as well as in other works (135, 136]. 
Consider the solution of Eq (13.4.5) satisfying the conditions 
0,0,)=sne, 202 cose O<Sa<x/2) (13.42) 
Introducing the new dependent and independent variables according to the 
relations 
VE, A) = EMtg¢Yz)u(z, A) 


and 
ae: 
t= (4 +2) f. @ena)”, (13.48) 
we transform Eq (13.1.5) to 
a 4 atEe = RW, (1349) 
where 
Re) = s (} - 1) (13.4 10) 





If the right-hand side of Eq. (13.49) 1s known and condition (13 4 7) 15 
‘used, then we obtain by the method of vanation of the atbatrary constant 


¥(E, A) = GA(EMAE)*T arcsrn (2H + NOS AT 
+ BED Lyarnl2ie + WAM}. 13.4) 
where 


: 7 a . tos], dn. 
AQ) = sina — (6/2) i: Qn) Yyvenll2Me + 2G9) } sab trad a 
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B(E) = — (cos a/A) + (a/a) fi nF sees 2Hs + 2))An)47] 
x Rinw(n) dn, 
and 





aa Gt WG+D} — _ FUNs +25 


Sr b= ee 08413) 


(3) We now present the asymptotic expression for the function v(¢, A) 
from formula (13.4.[1) at z—» oe. Using the property (e) of the function 
(z) and the known properties of the Bessel functions, it is possible to show 
that in the expression for A(é), and B(€), the integrals of (13.4.12) converge 
at co, hence on the basis of the property (d) of the function g(z) and 
the asymptotic behavior of the Bessel functions (see Appendix 1) we 
obtain 


wes (252) ae 
x freee cos{ 2 sar fF a@y* az} +N) sin(aueve f (aey"*ae)} ‘ 





(13.414) 
where 
+4 st4 
M(2) = aA(co) sin ae ween z) + 6B(e2) eos ae ey x). ar 
4 _f st+4 Aes 
(A) = aA(oo) cn aes x) + bB(eo) sin( ey 


Passing to the initial function u,(z, 2) we obtain the asymptotic representa- 
tion for it at z > co as 
UgCe A) & [fs -|- 2)faeyAg- MA) 
x {seca cos(ameent f° (a(2))' dz)-+N(A) sin(areesn2 1K caceyyae)}. 
(3.4.16) 


From formula (3.4.11) and (13.4.12) it is also casy to obtain the asymp- 
totic behavior for the eigenvalue function u,{z, 4) at 2+ oo in the following 
form (at @0): 


Male AY > Us + 2)pn}4q- (za 


2 { P(A) costar f* (g(e))" dz) +902) sin(arm f Gan a} ; 
13.4.17) 
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where 
P(A) = asin ee sin(s-+ 4)/4(s +2), OA) = asinacos(s + 4)/4(s + 2). 
(13.4 18) 
For the denvative du,(z, a)/dz at A co we have (2340) 
Md) = ((s + 2fayMequyzyzersia {- P(A) singaseen if {gf2))"" dz) 
+ OCA) costar” f° ateyrr aay}. (134.19) 
Similanly, at a = 0 and 4—= co we have for ua(z, 4) and dup(s, a)/dz 
ule, A) = — (C5 + ay/myerg mayer Ka) cos(aven f* (g(2))" de) 
+ LA) sin(een? G (9(2))" a} * (13.4.20) 


du{z, A) 





2 e+ Dlayratncenee{— KAY sncaee™™ [Gace 4d) 


+ Lycos (anes f cacen'* aah, (13.421) 
where 
a s+4 s+4 
KG) = bee GS e  LAp= bon Sa (1422) 


(4) In the previous section, some information of the propertics of the 
eigenfunctions of Eq (13 4.5) are given. The problem on the possibility of 
of the expansion of the functions into the eigenfunctions of Eq. (13 4 5) 
over the semi-nfinite range 0 < 2 < oo may be studied when consider:ng 
the Sturm-Liouville problem for Eq. (13.4.5) over a finte range OSS! 
with the boundary conditions 


u(0, Aleosa — u'(0,A)sina-20 (OSaS2/2), (13423) 

Wi, Neosp— Ww, Ay sinP=O0 WSPSAW (134248) 
‘The above solutions of w,(z, A) already satisfy condition (13 1 23) and the 
eigenvalues of a, ate determined from condition (13 1.24) 


{is known that for any continuous function f{z) over the range (0, 
the following equalty is valid: 


fi Penta = J Par deta, (3.4.25) 
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where 
af 
FQ) = f, az)flz\u.(2, 2) dz, (13.4,26) 
a 

e—= (fh atest tn) de). (13.4.27) 
oszca \10 

It is possible to show [134, 136] that a monotonically nondecreasing 
function o(2) exists which is the limit of the function 9,(A) [sec Eq. (13.4.27)] 
with 1+ co. Further, in formulas (13.4.25) and (13.4.26), it is possible to 
pass to the limit /—+ oo if JF f*(z)q(z) dz exists. Thus, relations (13.4.25) 
and (13.4.26) are also valid for the case of a semi-infinite interval (/ = o0). 

From equality (13.4.25) at 1 = oo, it is easy to show that 


Ste) = J FA, 2) deta), (134.28) 


provided that the last integral uniformly converges in any finite interval. 

To complete the discussion of the Sturm-Liouville problem for a scmi- 
infinite interval, we present the method of construction and the expression 
for the function (2), Using asymptotic expression (13.4.16) for the function, 
it is not difficult to show that at /—> co 


fi aemcte, 2 de = (6-1 Dine AGAE) + HG) [) (Ale) de, 
2 (134.29) 


where M(A) and N(4) are determined according to formulas (13.4:15). 
From the known properties of the cigenvalues of 2, , from the determination 
of (13.4.27), and the estimation of (13.4.29) it follows that 


i 
pats 22, A,) d: 
J, aide, 49) de 


~ pre 3 dh 
bee i MRA) + N72)” 


au(2 1. A) — of} = 


(13.4,30) 


where in the Jast equality (asymptotic) the sum is transformed into the 
integral. 
Hence, we finally have for the function 
Bedi. 


a4 
(A + A)- of) = Ty FC OESCO (13.431) 

and 
et ee 4.32; 
408) = Ray NAGY 3452). 
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We also present the asymptotic estimations for the function ¢(2) at 2 —~ co, 
If in condition (13 4.23), a + 0, then from formulas (13.4.15) and (13 4.14) 
we have 

APA) + NA) = a? sintu, 


ie 
do(2) = # dija* sinta (3.4.33) 


or 
ofA) ~ AY (s + Ie? sinta. (13.434) 


Similarly, at ¢ = 0 we have 
ea) = v/s + 3)5%. (3.4.35) 


From these results (in particular, from formula (13.532), it directly 
follows that the spcetrum of the operator (1/q(=))\(d*/dz*) (see equation 
(1345), under conditions (13 4.1)-(13.4 5) smposed upon the function 
(=), 18 continuous, re, the exgenvalues of 2 cover the whole sems-infinite 
straght ine (©, 02) Regarding the spectrum cont:nuity, property (4) plays 
a spceial role for the function q{z) since the integral f>° (g(=)"?) d= serves 
as the length of an “ equivalent“ rod Therefore, when satisfying property 
(a) when the “equivalent ™ rod ss infinite, boundary condition (13 4 24) 
appears to be unimportant In case of the convergence of the integral 
Ie (a(=))'? dz, we would have the problems of the finite interval for an 
ordinary heat conduction equation, the spectrnm of the ergenvalues would 
be discrete, and condition (13424) would also be smportant after the 
transition J+ co. 

(5) Before studying the boundary-value problems for heat conduction 
equation (13.43), we present the generalization of the Poisson formula 
confirming that 


fia-=2" if (ey SE ( — FA ON 


or als Go 

0, if x lies outside [a,b], 

Fle(a+0)), fx=a, 

tir@—%), wx—d, 

B¢(x + 0) + ¢(e —0)), af x bes inside (a, 5) 





The generalized Poisson formula [134] confirms that if g(x) is a bounded 
function, piccewise continuous with respect to x, and continuous with 
respect to 4, then (0S a <b S00) 
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lim f ; I, Tq’) dx! i exp[— A(z — O)|ua(x, A)u,('A) do(a) 
0, if x lies outside [a, 5], 
tfta+0,1), atx=a, 


=~) 276-02), at x= (13-4.36) 


41M +0, 2) fe —0, 2)] if x lies inside (@, 6). 
(6) We shall now discuss the main subject of the present section, i.¢., 
boundary-value problems of Eg. (13.4.3). 
(a) Let 
10, t) cos a — (@1(0, 2)/8z) sing =0 @<a<2/2), (134.37) 
tz, 0) = fl). (13.4.38) 
It is a direct result of the generalized Poisson formula (13.4.36) that the 
Solution of this boundary-value problem is of the form 
Hey 1) = JP Re duCG) at [> expl— a'r lug(s, ArulG, A) de(A), (134.39) 


where u,(z, 2) are eigenfunctions of the boundary-value problem for the 
ordinary equation (13.4.5) with the condition (13.4.23). 

(b) With the original initial condition (13.4.38), let the nonhomogeneous 
boundary condition of the first kind be prescribed as 


40, t) = 9(r). (334.40) 


1(z, t) will be sought as the sum ¢(z, t) = Uz, t) + V(z, t) where U and 
V satisfy Eq. (13.4.3) and the conditions 
UO, 1) = p(t), Utz, 0) =0, (3.4.41) 
VO,r)=0, Vz, 0) = fez). (3.4.42) 
Consideration of the boundary-value problem (13.4.37)-(13.4.38) allows us 
to conclude that the function V(z, 7) is the particular casc when a = 0 in 


condition (13.4.37). Thus the function V(z, 1) is defined by the formula 
similar to (13.4.39): 


oe bd — ye -, 2) daglA), 
Mee, 2) = J epate) at [> enpl— Pr Iusle, AnelEs 2) ae 


where 1(z, 2) is an eigenfunction of Eq. (13.4.5) such that 1(0, 4) -- 0, 
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Gu{0, N/dz = 1, and (2) is the function u,(z, 2) corresponding to @(4) 
{see (13 4.27)). 

We need only to determine the function U(s, 1) It will be shown that 
it may be determined by the formula 


UG, x) = fs (0) 40 J expl— 2**( — Bylus(=, 2) dog(A). (13.444) 


For the proof, it is sufficient to see that first, the function U satisfies Eq. 
(13.4.3). It may be easily checked by direct substitution of formula (13.4.44) 
into (13.4 3), Secand, it is evident from (13.4.44) that U(e,t) = 0 when 
t— 0 (<0), and consequently, the second condition (13.4 41) is fulfilled. 

Now it must be shown that the integral :n the nght-hand side of formala 
(13.4 44), with =~ 0, has the het g(r). With z+ 0, formulas (13.411) 
and (13.4.8) yield 

2 
s+2 





gyn) tone, 


tes 2) =, MCLE Fien y 
(43.4 45) 


where the chpses denote the terms of higher order with respect to =. 

Further, since it 18 evident from (13.4.45) that only high values of A 
contribute to the integral in the nght-hand side of Eq (13.46.44), asymp- 
totic formula (13435) may be used for da(), 1e., the substitution im 
(13.4.44) should be made 


shes a (3446) 

doa) = (Fr +--)aa, ; 
where the elipses in the parentheses denote the terms of asymptotic expansion 
which increases not more than 2¢+4 when A—+ oc Thus asymptotic relations 


(13 4,45) and (13 446) are substituted into the integral Then with z 0 
integral (13.4.44) takes the form 


Qeyrmiere " G) d@ 


fg expl—A¥8(2—ON AE sere 28+ 2M REVEM ALI a? + +> - 
% 134.47) 








Tt was rigorously proved by Barenblatt and Levitan [134] that all the 
following terms of asymptotic expansion which are denoted in formuls 
(13.4.47) by elipses vanish when z— 0. It must be therefore shown that 
when z—+0, integral (13.4.47) appears to be equal to ¢{r) Note what, 
when 20, the factor g-¥'(z)f*" approaches uty; this follows from 
property (c) of the function g(=) and the second formula of (13.4 8). 
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Integration over 2 in (13,4.47) may be carricd out, yielding Eq. (13.4.44) 
in the form 


é a = E48(s 4 2% ~ 8 
ter pn f (4) se er 


It will be shown that the function 


é exp{— F4/(s + 2)*r} 
Flr, 8) =} Bey Deere yeas ' 
0, with t <0, 

(13.1.49) 
has the limit d(x — 0) at + 0 (+ 0) in a sense of a generalized function. 
For this, it must be shown [137] that first, with any real t, and 7, (rt, < 7), 
the integral f't Fx, €) dr is limited above by a constant, independent of 
1, 7, and &. Indeed, since the function F(x, €) is not negative, then 


JF, ade < [TRG 8) de 
& 





with 7>9, 


expl— S7)/(5+ 2] 
agg ibeeene: [eee Sa, 
Second, with any t, and r, different from 0 
0 with r<7,<0, 
lim f™ F(x, 8) de -{ o O<1y<t, 
bata 1 with 1 <O<4. 
This may be easily checked. : 
Thus, it is proved that formula (13.4.44) is indeed the solution of Eq. 


(13.4.3) with conditions (13.4.41). , 
(c) Consider the boundery-value problem of the second kind 


(0, x)/8z = (x) (3.4.50) 


and initial condition (13.4.38). Then ¢(z, r) will be sought in the form 
42, t) = Ul, r) + Vz, 2), where U and V now satisfy the conditions 
AUC, r)/dz = y(t), UG, = 0, (13.4.51) 
aV(O, r)/dz=0, V@,0)=f@). (13.4.52) 
as well as Eq. (13.4.3). 


The function V(z, r) is a particular case of the solution (13.5.43) with 
@ = x/2. Then V{z, x) is of the form 
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Wz, th J MAG) a J exp atte dusals, Dewall, A) doaretA) 
i i (13.4.3) 


where tqr(z, A) is a solution of Eq. (13.4.5) such that du,)-(0, 4)/dz = 0, 
and @,/2(4) is the function (A) corresponding to wy/a(z, 2). 

Similarly 10 case (b), it may be shown that the function U is defined by 
the formula (see (13 4 44)): 


UG, 1) = in (0) co Slew BEA = O) Wy ralZ 2) dened). (13 4.54) 


which satsfics Eq. (13.4.3) and conditions (13,4.51). 
(d) We shall now construct the solution of Eq. (13 4.3) with the non- 
homogeneous equation 


#(0, t) cosa ~ (84(0, r)/z) sina = g(r) (20 or a # a/2) (13 4.55) 
and inital condition (13 438) For this, (z, t) will be expressed as the sum 


Xz, r) = U(z, t) + V(z, 7) where U and Y satisfy Eq. (13.4.3) and the 
conditions 


UO, =) cosa ~ (Gu(0, 1)/9z)sima=0, Uz, 0) = f(z), (13-4 56 


VO, t) cosa -~ (AV(0, z)/Az) sina = g(r), 
Vz,0)=0, AV (co, r)/Az + 0. 


(13.4 57) 
The function U(z, 1) 1s expressed by formula (13.4.39), For determination 
of the function Vz, t), the unknown function 

P(r) = — OV(0, =)/Az (134 58) 


will be introduced. If the function @(r) were known, the function V(z, t) 
could be determined by formula (13 4.54), 1¢» 


Hee, 2) =f" OO) dd fP expl— 2% — Mevales deal) (13.4 59) 


Assuming in the last formula z = 0 and using the fact that ta(0, 2) = | 
Permits us to obtain 


FQ, 1) = f° (0) 49 [expt 2 — 1 dons() (13-4 60) 


Substituting Eq. (13 460) in the first condition of (13.4 $7) gives for the 
function the integral Volterra equation of the second kind, 
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De) +h f° Ke — 000) dd = 212), 


Ka) =~ expl— #2] donald), (13.461) 
where 
h=cota, (x) = o(z)/sina, (13.4.62) 
Equation (13.4.61) may be solved in an explicit form by the Laplace trans- 
formation for particular kinds of the kernel K(r) or by the method of suc- 
cessive approximations. Then, as already mentioned, the function V(z, r) 
will be determined by formula (13.4.54). 
(e) Consider the boundary-value problem for the equation with the 
source 


a Ft 
a=) a oat Qe. r) (13.4.63) 
with boundary conditions (13.4.38) and (13.4.55). 
We express ¢(z, x) in the form 
4G, 1) = Uz, 1) + VED), 
where U satisfics equation (13.4.3) with boundary conditions (13.4.38) and 
(13.4.55) and the function V is the solution of Eq. (13.4.63) with the con- 
ditions 
¥(O, t) cosa — @V(0, r)/Sz) sina =0, Vz,0)=0. (13.4.64) 
The function U(z, z) coincides with the solution of the problem considered 


in (d) [Eg. (13.4.61)]. 
The function V(z, x) may be expressed in the form 


Ve, x) = f* dol” O68) dt J” expl— 2G — Ayu, Duale, d 40 


To prove this statement, it should be shown that the function V satisfies 
Eq. (13.4.63) and conditions (13.4.64). 
Estimation of the derivatives 


avis = [* ad J” OC, 0) de [expt ae%(x — 0) ude, 29/02") 
x un(G, 2) dol) 


=~ fF a fP oc, 0) at 
x i 2? exp[— a(x — 8) ]ualz, Adua(S, 4) dot), 
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av jor lim [ OC, 6dr [~ expt— Ar ~ O)Ju,(, 2) 
x ult, 9) doa) ~ f° a0 J” Oc. 0 az 
x [Pane expl— Ce — BIG, Duel 2) do). 


and assuming that the denstty of the source Q(z, r) satisfies the condition 
of validity of the generalized Poisson formula [ic., Q(z, r} is bounded, 
piecewise continuous with respect to = and continuous with respect to tJ, 
yield the first summiand in the expression for d¢/dr equal to g—(z)Q(z,4). 
Companson of the derivatives O¥/Oz and d*VJ42? shows that V satisfies 
Eq. (13,463), Verification of the fact that Eq (13.4,64) are satisfied is 
even more simple, 

Consequently, for construction of solutions of the boundary-value prob- 
lems for Eq (13.4.3) [or (13.4.63)], knowledge of the solution of ordinary 
equation (134 5) 1s necessary. 

(7) We conclude the chapter by an tllustration of the application of the 
general theory developed for Eq (13.4 3) to the particular case 


az) = = (13.4 66) 


considered in the previous section. 
For example, we shall take the boundary-value problem when 


10, r= ot), #z,0)=0 (13.4 67) 

The eigenfunction 1s easily obtained from the solution of Eq (13.45) 
with g(z) of the form (13.4.66)~ 

Folz A) = (BAYA) *Frreren {2H + WAS" (13.468) 


According to (13.4.15) we have 


1 
APA) + NIQ) = [x4 DPR rts 034) 


Hence, we determine dona) using formula (13 4.32). According to 13444) 
and using the value of the integral, we have 


exp[—2t8/(s+20(7-O1 oy 


Hz, r) ~ GEOG * g(t) ayaa 
(52° FT TSF) S (r — oy (13.470) 
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Similarly, with the boundary condition 
AKO, 1/82 = — vz), fz, 0) = 0, (13.4.71) 
we may obtain 


Pareles 2) == a(AZ)*T_speen( {2s + 2)}Qz)**), (134.72) 


1 +1 
MQ) + NO) = Tome PES), 3479 


and according to (13.4.54) 
ni 1 ig exp[—2'##/(s+-2)"(7—9)] 
16.) = Gramm ETDT J. YO eaayesnns 
(3.4.74) 
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FUNDAMENTALS OF THE INTEGRAL 
TRANSFORMS 
v 


The solution of heat conduction equations for some problems (those 
with variable boundary conditions, systems af nonhomogencous bodies, 
etc.) can be very difficult Solutions are often obtained in the form of in- 
tegrals or sertes scarcely surtable for practical application, and further 
transformations are therefore necessary In recent years, operational cal- 
culus methods have been widely and successfully used yielding not only the 
rigorous solution but also a number of approximate ones with considerable 
accuracy Operational calculus methods also permit us to successfully solve 
problems in which the desired function is discontinuous, this ts a great 
advantage, since such problems are encountered in thermal physics rather 
frequently. 

Operational methods have been used for a very long tume as 2 supple 
Mentary mathematical tool to facilitate solution Further development of 
the methods has shown that they are useful mathematically and possess 
certain advantages mn companson with the classical methods when they are 
applied to the solution of partial differentia! equations. 

Symbolic or operational calculus as an independent mathematical method 
was originally developed by M. Vashchenko-Zakharchenko, Professor of 
the Kiev University [124] In this monograph, Vashchenko-Zakharchenko 
presented a systematic development of operational calculus and derived 
basic relations and their appheation to the solution of differential equations 
with constant and variable coefficients 

He was the first 10 derive the expansion theorem, including the case of 


520 
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taultiple roots, which is usually ascribed to Heaviside, and to consider the 
case of multiple roots. 

Vashchenko-Zakharchenko’s expansion theorems are formulated in the 
following way: if f(D) is an integral rational function of the differentiation 
operator D, then 


PO = hs (Days + he (Daa) ie toot phe (Daas 


Fa 1) S'@) F@,) (4.2) 


where @ ,@2,@3,*'*,@, ate the roots of the equation f(x) = 0 (the case 
of simple roots). 

In the same monograph, the eautdoa theorem for multiple roots is 
also deduced. Thus, Vashchenko-Zakharchenko may be rightfully consider- 
ed the originator of operational calculus. =. 

At the end of the last century, Heaviside applied the operational caloulus 
to the solution of some engineering problems. He introduced the operator 
p the function of which is defined by 


2°S Bafx*/n!}) = & Bafa" in — a) 1}. (14.2) 


In this definition, the quantity under the factorial sign (we denote it by m) 
satisfies the functional equation 


fn) = mflm—-I), #0) = 1. (14.3) 
In the case where m is a fraction (0 << m <1) 
mi=I(m+1), (14.4) 
where J\(m + 1) is a gamma function. If m is a positive integer 


Dot $1) = mt = 1-2-3. 


For example, 


rmay=p(S) 





If @ is an integer (positive or negative), the effect of operator p is the 
same as D, Heaviside presented no mathematical arguments for this method. 
It should be noted that the idea of fractional differentiation is associated 
with Letnikov who in his work [64a] (published in 1868 considerably be- 
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fore Heaviside) applied the fractional differentiation method to the solution 
of differential equations. 

The operational method of solving a differential equation consists of the 
fact that m the equation 


antmu(x, r) 


3 em Geng =o (14.5) 





differentiation with respect to time is replaced by operator p, and the equa- 
tion acquires the form 


E ana Sete) =0, (14.6) 


This equation 1s considered an ordinary differential equation with respect 
to the variable x with the parameter p. 

Strict mathematical support of the operational culculus was presented 
much later, when the relation between the functional Laplace transformation 
S$ fle? de and the operational calculus was found, When the Laplace 
transformation 1s applied, the differentiation operator ts replaced by mul- 
Upheation procedure involving a certain complet quantity Strrct_ mathe~ 
mancal arguments were presented by Efros and Danilevsky [28] in their 
monograph They ¢stablished a number of new relations and rules for 
operations! enleulus. The theorem proposed by Efros is an effective mean 
for obtaming inttial functions from their transforms. Ditkin contributed 
substantially to operational calculus, when in his fundamental work (21) 
he gave a justification of operational calculus on the basis of modern 
mathematical concepts Thus, operational calculus ts currently a very 
well developed mathematical method 

Operational methods are suvcessfully used because an the majority of 
cases, they are the mast direct methods, considerably reducing calculation 
procedure In many cases when the solution by classical methods ts extremely 
difficult, a great many problems may be rapidly and effectively solved which 
makes them, therefore, of exceptional value ta the engineer and physicist 

Determination of the temperature field of a solid tn heat conduction 
problems involves the solution ofa differential equation with various bound- 
ary conditions. The solutions of such problems should be in a form suntable 
for prachcal application, We shall consider the Most general and simple 
methods of the Laplace transformation, ie, the functional Laplace trans- 
formation will be apphed: 


1 Ths problem was developed further by Sonin and Neksasov (103d) 
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Fo) = [finde ae. (14.7) 


In many works concerned with the solution of clectrical cagineering 
problems by the operational calculus methods, the functional Laplace- 
Carson transformation is used 


Pp) =p J Sayer de. (14.8) 


The transform of one and the same function is of a different form depen- 
ing on the integral transformation used, The Laplace transform /'(s) corre- 
sponds to the Laplace—Carson transform ®(p)/p. Thisshould be remembered 
when using transform tables presented in various monographs on operational 
calculus. 

Bearing in mind that the present back is intended mainly for enginecrs 
and students, the author has attempted to present the functional Laplace 
transformation method in the simplest form omitting some details, general 
discussions, and generalizations. 


14.1 Definitions 


The Laplace transformation method consists of the fact that it is not the 
Function itself (origina!) that is under consideration, but the transform 
function (transform). This transformation is fulfilled by multiplying a certain 
exponential function and integrating within certain limits. 

Let the function of interest y = f(r) be a piecewise continuous function 
of the independent variable z. A piecewise continuous function is a single- 
valued function having in a finite interval (0 < 1 <8) and a finite number 
of discontinuities at the points r,, T2,-++, T;- In each interval (1,4, T)), 
the function /(r) is continuous and tends to a finite limit when approaching 
the boundary. The function y = f(z) is referred to as an original. 

The Laplace transformation for the function y = f{t) consists in mul- 
tiplying it by e~** and integrating it over the limits between 0 and oo. 


fF fee de = F(s), (4.1.1) 
where 5 = € + iy is some complex quantiy. Integration results in some 
function Fis) which is called a transformed function. Thus the Laplace 
transformation is an integral transformation. This is denoted by /[f()}: 


LU@)) = As) = Jp ner dr. (14.1.2) 
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Tt should be noted here that the transform F(s) exists, if integral (14.1.1) 
converges, 

More detatled discussion of the function s(x) wall be found an Section 14.9 
where the conditions for the existence of the function F(s) are discussed. 

To simplify the main relations, w¢ restrict the classof functions considered. 
The funetion f(r) is assumed to be piecewrse continuous and different from 
zero only when t>O The quantity /(0) is taken as (+0) =hhim,.,0 ft) 
and f{— 0) 15 zero. Then, out of the class of piecewise continuous functions, 
we single out a subclass of functions characterized by the fact that the 
asymptotic valuc of the function f(z) at r —+ co js less than the asymptotic 
value of the function e" where o > 0, i.c., when x is sufficiently large 


[AO] < Ale (9 >0, st > 0) 
or 


[ efx) | < Mentor, 


where o ts a certain finite positive number 

‘With the above restrictions :mposed on the function f(r), integral (14.1.1) 
18 2 regular function of s in a half-plane on the right of the strasght line a 
(see Section 14 9), te, the function F(s) has derivatives of all orders in the 
above region and ail tts singular points lic an a complex plane to the Ieft of 
the straight line o 

In the subsequent sections, we shal! denote the omginal function by smali 
letters, and its transform by capital letters For example. 3(r) is the original 
and Y(s) is sts transform 


L(x] = Y(s) 
We now consider some examples 
Example J, Let the original function be a constant value 
fz) = A=const (tr > 0) 
Then 
LA} = [raer de = — (Als)em vi = djs (fs>0) (14,13) 
Example 2. Let f(x) = Ac. Then 


Liar} = Ae Are" de = Als. asta 


14.1 Definitions 525 
Example 3. Let f(z) =e (x > 0). Then 


Let} = 1 er dr=1f(s—k) (if s>k). (14.1.5) 


Hence 


Le} = f(s +k). (14.1.6) 
Example 4. Let f(t) = \/4/t = 1-™, Then 
Let?) = ie Ue dr. 


We assume 





ee aa te 
a 


= (a/s)"* since Cave fe exp[— x°] dx = 1). (14.1.7) 


Example 5. Let f(t) = t* where k may not only be an integer, but also 
a fraction (k > — 1). Then 


Let] = ips 


if we assume sx = z, then 


de. 





Lick] = fo tes(dzfste*) — Ibs, (14.1.8) 


where [7(k) = I'(k + 1) (see Appendix 1). 
If kis an integer (« = ), then J7(n) = u! and 


Ltt] = nijseet, (4.1.9) 


In the same way, transformations of a number of other functions may be 
found. In Appendix 5, a table is given which presents appropriate trans- 
forms for the function f(r). 

It should be noted that not every function F(s) is a transform. For exam- 
ple, there js no original for the function F(s) = tan s since the poles of this 
function are located on the whole substantial axis € and not only to the 
left of the straight line o (see Sections 14.9 and 14.10). It may be shown 
however that if #(s) is the transform, then the appropriate original will be 
the only one which would be a piecewise continuous function. 
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If the function f(t) grows more rapidiy than e*" then m has no transform. 
For example, the function f(r) = exp[t*] has no transform since tts La- 
place integral diverges However, the discontinuous function f(r) = L/a/% 
{which approaches the infinity when r—-0) has the transform F(s) = (a js)", 
since the Laplace integral converges The function f(z) may be a step func- 
ton; &.2., 

_fO mQ<t<k, 
af) = { Loatr>k, 


Its transform 13 


Lig = fr eesye dr = [Per de ~ — den mets, 





(14.1.10) 
14,2 Laplace Transformation Properties 


a, Linearity Property, If the Laplace transformation is linear, i.e, af 
Aand Bare constant, then from the definition of the Laplace transformation, 
we may write 


LiAflt) + Bale) = ALY] + BLIg()) = AF) + BGS), (142.1) 


where F(s) and G(s) are transforms of the function f(x) and g(r), respec- 
lively. 
Using this property, we may find transforms for a number of functions. 


Example 1. Let f(t) = sinh ke. Then 
Lfsinh kr) = L(keett — gett] = ALI j(s — A) — BUGS + 4D) = Ks — BY 
(142.2) 
ic, 
Example 2. Let fx) = cosh kr. Then 


Lfcosh kr} = (Lie + ety} = Hiss — Kd + 18 + WH) = Bfst— BY 
(14.2.3) 


b. Transform Jor the Derivative. Let L[f(x)] = Fis). We are to find 
LUf'(=)), where f(r) = dtr) fdr. 
We have 


LUO) = fo Ser de = (0 [es Jirietas. 624) 


14.2 Laplace Transformation Properties 527 


Jf f(x) enters the subclass with the above asymptotic property, then 
e**((x) —~ 0 when t+ co, and equals (0) when r— 0, iLe., 


LUf‘(r)] = sF(s) — (0). (14.2.5) 


Thus, differentiation of the original function corresponds to multiplying 
the transformed function by s and subsequently subtracting the constant 
SO), i.e., the value s possesses the operator property. Therefore, using the 
functional Laplace transformation, we replace differentiation of the original 
function by an algebraic operation with the transform. This is the operational 
property of the Laplace transformation, 

If (0) =0, then L{f‘(z)] = sF(s), but the quantity s is not identical to 
the operator D = d/dr, since for the constant A we haye L[A4] = A/s and 
DA=0. 

We are now to find the transform of the derivative of the second order: 


LU"@)] = sLU'@)) — f'O) = sfsLL)] — £0)} — f°) 
= stF(s) — sf0) ~ £0). 
In a similar way, we may find the transform for f”"(x): 
LUf""(z)] = SF(s) — s3f(0) — sf'(0) — FO). 
Tn general 
LU (e)] = s4F(s) — 5°70) — s*2f'(0) — 1 — S(O). (14.2.6) 
Thus for the function f(z) with the imposed asymptotic property, 
there is a transform for the derivative f(r), provided that its continuous 
derivatives exist up to f*—(r). Formula (14.2.6) is of great practical impor- 


tance for obtaining transforms. It allows us to find the transformed functions 
referred to in Section 14.]. 


Example 1. Let f(t) = At, f'(t) = A. Then 
LY = SLUG) — KO), 





ie, 
L[4] = sL[Az]. 


It is known that L{A] = A/s; henee 
L{Ar] = Afs*, (34.2.7) 


i.e, we also obtain the relation (14.1.4). 
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Example 2. Let f(r) = sinkt, f(r) Keoskr, f'(r)= —Atsinkr. 


Then 
LU @I= SF) — fO—F 0), 
~ K#L [sin kx] = s*L fsin kx] — k. 
Hence 
L{sin kr} = &/(s* + A), 


(14.2.8) 


Example 3. Let f(t) = cosks, f(z) =— Ksinks, f(x) =—A* cos kr. 


Then 
L{ KDI = As), 
~ KL [eos kx] = s*L[cos kr] ~ s. 


Hence 
L{cos kr] = s}{s* + A*}. 


Example 4. Let fit) = 4, f(r) = 4. Then 
LU} e-¥?) = shy 
From formuta (141.7), we have E[r-!2] = (2/s)* Thus 
Lit?) = (1/2s)ass* 
Example 5. Let f(r) = ve, f(r) = @ + Pr, 


L°O) = + as b— DR, FE) FD 


(14.2.9) 


(142 10) 


art, 


1-3-5---Qa +) via 


FO) = (9+ Dedeartts SASS 


Lym n(ay) = seL p17] — sO) — 
bferrety me LSS CRO) pee 


Hence, using (14.1 7), we obtain 
1-3-S--Qa+ 1) 3" 


Leeett] = ro Fe 


4.2.1) 


¢. Integration of the Original Function. We are to find the transform of 


the function g(r) = [5 f(0) d9, ve. to determine 


zen =2[ J, roe]. 
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If g(x) satisfies the imposed conditions, then 
s@)=fe), 
Le) = LV) = shdeton = sth J 70) a]. 
Since LL/()] = F(s), then 


Af [5 soa] = Ginn. 42.12) 


Thus integration of the original function f(r) corresponds to dividing 
the transform F(s) by the quantity s, i.c., this quantity s~4 has the integra- 
tion operator property. 

Using the same method, we may show that double iategration of the 
original function corresponds to division of the transform by s*, i.e., 


af f° ff sae co} = a1eyre). (142.13) 


d. Substitution Theorems. We now consider two relations between the 
original function and its transform which are referred to as substitution 
theorems, 


The first theorem, Let F(s) be the transform of the function f(z). After 
substituting ax for t where @ is a constant, we can write 


CUf@ryl= Jo er f(at) de = — | eweny@) dd = (1fa)F(sja), 
Sr ah (4.2.14) 
where @ == ar. 
The substitution of t/a for z gives us 


LUf(z/a)) = fr rxcctay de =a fens ) dt = aPlas), (4.2.15) 
a ° 

where 1 ~ z/a, i.¢., the substitution of ax for the independent variable z in 

the original function corresponds to the substitution of s/a for s in the 


transform and to division of the transform by @. This theorm is often 
referred to as the similarity theorem. 


Example 1, We have L[cos t] = s/(s* + 1). Then 


Leos kel — EGRET = FFE 


ie., the result is the same as in Example 3 [formula (14.2.9)]- 
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The second theorem. The function f(r) satisfies the ordinary conditions. 
Its transform 1s F(s). In the transform, the quantity s will be replaced by 
s— a, where a is a constant. Then 


Foe ~ a) = J energy de 
= ie en etf (x) de = Lief (x), (14 2.16) 


1e., the substitution of (s — a) for s in the transforms corresponds to mul- 
plication of the orginal functton by the quantity e7*. This theorem is 
often referred to as the displacement theorem 


Example 2 It is known that mlj/s™** = L[r™] (5 > 0, m= 1, 2.0++) 
Using the substitution theorem, we obtam 


mif(s — ay"? = L[rre*)] 142.17) 
Example 3. We have Llcos kx] = s/(st + k*) Then 


GHP = He con ee] Pee) 


Simultaneous usage of both theorems allows us to write 
Flas ~ 6) = Flats — {b/a})} = Li(fa)e® {e/a} (14.219) 


e. The Lag Theorem. Let the function f(z), which is different from zero 
only when r > 0, control a certain process (Fig. 14.1). Consider the func 





Fig. 14.1. Curves f(=) and Ayr) 


tion f,(x) controlling a similar process but having the time lag 4 (see Fig. 
14,1): 


0 tO<r<b, 4 2.20) 
WO={ He — 6) atr>b. iS 
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‘We have 
LIf(=)) = fp f@e dr = Fs). (14.2.21) 


We arc to find the transform of the function f,(7): 
Fis) = LUROI = [> Ale dr 
=f amen de + fo Keen de 
= ie S(t — Be de. (14.2.22) 


Introducing the new variable @ = + — 6 and noting that the new integration 
limits are from 0 to co gives us 


As) = f[ Sew?) dP = fF r@e" di) =e~"FXs), — (14.2.23) 


ie, 


LUi(x)] = PFs). (14,2.24) 


SF Inverse Laplace Transformation. The symbol L[fir)] = Fis) denotes 
the transformed function f(z), i.c., we found the transform from the original 
function, This construction is referred to as the direct Laplace transforma- 
tion. In a large number of problems, the function itself has to be obtained 
from its transform F(s). The symbol L~"{F(s)] is used to denote the inversion 
of the Laplace transform (i.¢., it denotes the original function). 

While the direct transformation gives the transform of the function 


L{ fl = Fe), 
the inversion of the transform should give the original function 
LFS] =f). 
For example, 
LAL (s— k= e, LK (st + K*)] = sin kr. 


More strict considerations allow us to conclude that the inverse Laplace 
transformation is not always the original function and only under certain 
conditions gives the original. For example, the inverse transform of the 
function 1/(s — k) is f(r) = e*, since the dircct transformation of e** gives 
the transform 1/(s — k). But we may obtain another function 
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et when O<2 <2 and r>2 
Koa {t when c= 2, 4 


which gives the same transform. It should be noted that /,(r) is disconti- 
uous at t = 2. Any other continuous function for the assigned transform 
is impossible. Therefore, the transform F(s) cannot hase more than one 
original function f(z), which would be continuous for each value of 1. 
In the majority of problems of mathematical physics, the mverse transfor- 
mation is single valued. 

The inverse transformation is Jinear, which follows as a direct result of 
relation (14.2.1), 1.¢., 


LAG) + BG(S)] = Affe) + Bele) = AL“[FR)] + BL-1G(s)]. 
(14.225) 


14.3 Method of Solution for Simplest Differential Equations 


Proceeding from the basic properties of the Laplace transformanon, we 
may solve the simplest ordinary differential equatrons. 
The solution method consists of three steps 


{t) The Laplace transformation 1s applied to the differential equation 
and, instead of the ongnal differential equation, an equation for the trans- 
form 1s obtained. 

Since the Laplace transformation is an integral transformation and pos- 
Sesses operator properties, an algebraic equation with respect to the trans- 
forms obtained instead of the ordinary differential equation for the onginal. 

(2) The algebraic equation obtared ts solved with respect (o the trans- 
form, where s 15 considered a number. Thus the second step ts reduced to 
determining the solution for the transform. 

(3) With the aid of the known telotions between the transform F{s) and 
the orginal f(r), the solution for the inversion is obtained (i.c., the desired 
orginal function). 

Thus, we first use direct transformation and then inversion The advantage 
of the method lies tn the fact that we are not required to solve a differential 
equation for the orginal function, but rather an algebraic equation for the 
transform, 

We illustrate this by several examples. 

Example 1. We have 


(Gzfds*) — ez = 0. 43.0 
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Let the desired function z(t) be equal to A at r=0, i.c., 2(0)< A-=const 
and its derivative 2'(0) = dz(0)/de = D = const. 
The differential equation may be rewritten 


2"(x) — R(x) = 0. 
Application of the direct Laplace transformation results in 


2s) = ivi e-M2(z) de = Liz(n)], 


Liz"(x)] — AL [e(z)} = 0. 
Using formula (14.2.6) gives us 
#2Z(s) - As — D ~ PZ(s)= 0. 


The iatter is a simple algebraic equation with respect to the transform Z(s) 
In the solution of the equation, we consider s as a sample number: 


Ast+D_, 5 k 


20) = Soe ~43o RO eee 





As a result, the solution with respect to the transform is obtained, 

Using relations (14.2.2) and (14.2.3), we can find the solution with re- 
spect to the original function z(r), i.c., using the inverse Laplace transfor- 
mation 





L120) = 4t-| =] + 2 ic Peed 
ence 


2() = A cosh kr 4+ (D/k) sinh kx = Acoshkr + Bsinhkr, (14.3.2) 


where 
B= D/k = const, 


If 2'(0) = dz(0)/dr == D =0, the solution of the differential equation 
will be of the form 
2(t) = A cosh kr. (14.3.3) 


Example 2. We bave 
2") — 22) ~ 6e(z) = 2. 
The desired function conforms to the conditions 2(0) = 1, 2'(0) = 0. 
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The direct Laplace transformation will give 
L"@)) — LG) — 6LEG@)] = £2), 
SZ(s) — 5 — sZ(s) + 1 — 6Z(s) = 2s, 


and the algebraic equation obtained can be solved for Z(s) as 


23) = 





Before applying the inverse Laptace transformation, we can rewrite the 
solution obtained as 
A & Cc peg, & 1 4 1 


20m hgas hae soe hao 





hence 


retain =— 4 [3] 





Example 3, We have 
r(x) — 22"(x) + Sz’) = 0 
=0)=2(0)=0, 2(0)=1 
With the aid of the same method we find 
PZ) — ee > SZ(s) = 0, 
20° EET 5 a eae 
t 2 





and the desired solution is obtained for 


se) = 4 = Lercosar~ Rersn 2 43s) 


For better comprehension of the method of the solution of differential 
equations and hasic relations of the Laplace transfarmation, the reader 15 
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asked to solve the following problems: 
Q) y"@) — By) =0; 
(Answer) y(t) = Cyetr + Cre, 
Q "© — @ + By’) + abylz) = 0; 
(Answer) p(t) == Ce + Ger. 
QG) YG) + BY) = a; 
(Answer) y(t) = C, sin kt + C, cos kt + (ajk?). 
Y" (2) = 2ay!(z) + (a + BY) = 0; yO) = 0, yO) = 1; 
(Answer) p(r) = (1/b)e™ sin br. 
(8) y"@) +9) =e 90) = YO = ¥'"O) = 0; 
(Answer) yr) = — 3 + she — dsin t + Zeus. 
© W'@+y¥@)=t4 2; 9) =4; YO = — 2; 
(Answer) p(t) = 329+ 2e* + 2. 
CY YM) + ¥"(z) = Cos zr; yO) = y'(0) = »'"(0) = 0; yO) = const; 
(Answer) yp) = — 1444+ Ce + 7 + cost — sin tr). 
8) ¥'Cr) — 2'(x) — Aye) + 22(t) = 1-22, yx) — 22'(e) + Wz) =O 
(0) = 2(0) = ¥'(0) = 0); : 
(Answer) y(t) = 2 — 2e* — 2re~*; z(t) = 2 — 2e? — 2te 7 
O) yx) + 2y"(z) + =O, 0) =0; y'O)=1; ¥(0)=2; 
¥"O) = — 3; 
(Answer) (x) = c(sin t -|- cos r). 


@ 


14.4 Other Properties of the Laplace Transformation 


Tn Section 14.2, we considered the change of the transformed function 
caused by the differentiation or integration of the original with respect Lo 
the variable z. In this section, we shall discuss the inverse problem, ic., we 
shail differentiate and integrate with respect to the parameter s of the trans- 
form and determine the corresponding mathematical operation associated 
with the original function. 


4, Differentiation of the Transform. Let F(s) = L[f(z)]. Taking a num- 
ber of derivatives of F(s) with respect to s we have 
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FO) = digi = Je — Ns) de = L- YO), 
F'Q)= Abe err (2) dr = Lief). 


In general, 


FO") = L{(— zyfz))- (14.4.3) 


Thus n-fold differentiation of the transform corresponds to multiplicauion 
of the onginal by (~— tr)", 


Example, It 1s known that 
kU(s* + k*) = LIsin kr) 
Application of the above tule gives 
— 2ks{(s* + ky = L(— rsinkr] 


which yields 
Lr sin kr] = 2ks/(s* + Kk) (14.4.2) 


From formula (14 4.2) a new relation between the new orginal function 
and 11s transform may be obtained, if we bear in mind that division of the 
transform by s corresponds to integration of the onginal: 

te O sin kO GO = (1Jk3)(sin kx — kr cos kt). 
Then we obtain 
L[sin kr — kr cos ke] = 2k5/(s? + k¥)* (1443) 
Using theorem (14 4 1), we may obtain a number of new transformations 


4b, Integration of the Transform. Let the function f(z) satisfy the usual 
conditions and let its transform be F(p’ sc., 


Fp) = JP ers de 
Integraung F{p) from s to 6 we obtain 
fl Aovan = f. [Peevey de dp 
= fT 10 fer epae = fF rcaieyes — de. 
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If the function f(x) is one such that the limit f(x)/r exists at t+ 0, the 
integral uniformly converges with respect to b. If b> 00, then 


Jj ty ap = J (reoyfeyer ae 
f[22). (14.4.4) 


Thus the theorem is obtained that integration of the transform with 
respect to the parameter s from s to co corresponds to division of the 
original by t. 

Example 1. As 

L{sin ke] = kf? + 2), 
then 





k ™ s sin kt 
Far dp = — arctan P= L (=I. (14.4.5) 


If the original of the new function is integrated from 0 to t, the transform 
should be divided by s. 
The assumption that k = | gives us 


f (sin 6/8) dO = Si(x), 


hence 
L{Si(z)] = (1/s) arctan s. 


Example 2. We have 


fs )- sto 


Were yes) e-™ sta 
(s > —aand s > — d). 
At a= 0 and 5 = 1, we have 


x ine }- in(1 +4). (14.4.6) 


¢. Multiplication of Transforms. Let F,(s) and F.{s) be transforms of 
the appropriate functions f,(x) and f,(r), i.c., 





FQ) = LIA@], Fs) = LU@))- 
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Then the product of the transforms Fy(s), Fa(s) is 
Hore =1f J) sone — 0 e0] = of JF ee — 0440) 0]. 


(14.4.7) 

Relation (14.4.7) is known as the multiplication theorem for transforms 

or the Borel theorem. This theorem will be demonstrated in Section 14.9. 
We now introduce the notation 

AOL) = f° Ale — DFO) 2, 


ACL) = f° KF — 9) a0, 


(144.8) 


where 
ACAD =AMA 
Then 
AGA) = LUORN, LF USAAG)] = A"GYAr) (1449) 


Relation (14.4.9) is sometimes formutated using the fact that the product 
of the transforms corresponds to convolution of the onginal. This 1s of 
tremendous importance in operational calculus 


d. The Efros Theorem. Efros has demonstrated an important theorem 
of which the Borel theorem 1s a particular case. If F(s) ts the transform 
of the function f(r), 3.0, 


Fa) = fl fee dr, (144 10) 
then the onginal 
File(s yts) = JF se()en* ad gaan 
18 given by the formulas 
£0) = JP ert. ae, (14412) 


where y(t, 3) 15 the solution of the integral equation 
ecrreny(g) == Ke g(r. De dd. (144.13) 
° 


‘The demonstration of this theorem will be presented in Section 14.9. 
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From the Efros theorem, the following consequence is obtained as a 
particular case. If f(r) is the original of the transform F(s), i.e, 








LUfG@)) = FG), 
then 
FO/5) _ 1 gall 
= L| eae iE exe ao) ar]. (144.14) 
Example 1. 
1 2 
alse - gate f (x — O)e¥ a8 
= Lenk) 
Ir 
AM =f = SO), 
then 
[FP = LUM OA)- 
Example 2. 


ls - cos kr* cos kr 


= fi cos k(r — 0) cos k0 dO 
= (1/2b)[sin kes}. ker cos ke). 


Using the transforms of three functions f;(z), f(t), AC), 
AG) FOES) = LIV OF OL@)- (14.4.15) 


Using relations (14.4.9) and (14.4.15), it may be again shown that inte- 
gration of the original corresponds to division of the transfrom by 5, i.c., 


ifr] = y@= J, sO) a. 
Laps yet) —1* [Oa ~ ff sede a, 


thus, relations (14.2.2) and (14.2.13) are obiained. 
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1 20 
ee =e. et = ererf(r) 
a ab 
2VF (144.16) 





fi exp[— ="] dz. 





Example 4. The inversion of the transform F(s) = UG/s — 1) is to be 
found First of all, we may write 





1 vsti 
a= 1 s-t 
then 
1 
Fics ike ar teller. (14.4.17) 
ae = 


¢. Transforms of Some Particular Functions, We conclude this sectran 
by considering the direct transformations of some particular functions 
which are usually encountered in heat conduction problems. To find the 
transform, relation (14 49) wall be used 


Example 1, Let the function be f(z) = r-¥* exp(— A/41) where k > 0. 
We find the transform of this function to be 


FO) = LIS) =f ee exp[— ke/Aele 9 dr 
= GIR) FP exp(— + G14} 
= (fkjet¥™ i exp[— {0 — (6/0)}*1. 2 
where O—= k/24/% ,b = (K/2)4/F The latter integral equals 4//2 so that 


Fe) = RVR Ik expl— kVSI- 
Thus 


“lager cer[- all ments evel 20.8 7 past) 
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Example 2. If the original in Eq. (4.4.18) is multiplied by (— =), then 
the derivative of the transform with respect to s should be taken as 
uf 1 exp - = epi k VFI. 
Wis 


pad 





If k == 0, the formula desived previously will be obtained: 





Tale 

‘at s 

Example 3. In relation (14.4.18) the original is integrated and the trans- 
form is divided by s: 


i[Z ewt- kV 51] are fl oe[- S]oe a 
a 








2 
=F Fire Fla 
= fete ela fe Snt-e 1a 
x 
ae ens eet ES, (144.19) 
2 


As a result, we obtain one of the most useful relations for heat conduction 
problems: 


L“U(1fs)e#Y7] = 1 — erfk/24/7) = erfe(k/2 vv Da i 


Example 4. In relation (14.4.19) the function is integrated a the 
transform is divided by s with the result 


al ! anl-- Va) ~faerel-Z)]o 














aye r\ve ra 
he (=) exp[—- =] — kerfe is 
k 
=2/r an" o[-4 =) ta 
= 24/7 herfe (14421) 


WF 
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where 
. 1 
ierfe wu — —~e™ —verfou= erfe € de. (14 4,22) 
“ 


Hence the function f erfe w means the integral of the function erfe w inthe 
range from u to oo. 
In 2 similar way, it may be shown that 


espi- kvF1=[r +7] ee ye [- 2] 


~ aff Bae ta § eo - LI 











oe Ve va 
= 4riterfe : (14.423) 
2 
where 
terfew = fl verfe edt = EMU — uy erfew -- (24/% ue~*] 
= Terfeu ~ Qurerfc u) (14 4.24) 


This method applied in succession for obtaining new transforms gives 
the relation 


rar evo - (2)"] = ifens este al (14.4 25) 


where 
erfeuw— ["rterfeeds (9=0,1,2,3,.) (14.426) 
. 
Consequently, 
Perfeu = erfcw. (14427) 
A general recurrent formula for i* erfcu is 
2n i* erfe w= i*-* erfow — Qu itt erfc w (4.4.28) 


It may be demonstrated that z = i* erfc wis the solution of the differential 
equation 


Se + mw — 0. (18429) 


14.5 Solution by Operational Methods 543 
It follows from formula (14.4.28) that 


i* erfe 0 = (14.4.30) 


1 
2PGn + 1) ~ FAG) 
Relations (14.4.25) and (14.4.30) are widely encountered in the solution 
of heat conduction problems. 
All of the relations between the original function and its transform derived 
in the present chapter are compiled in the table in Appendix 5. 


14.5 Solution of the Linear Differential Equation with 
Constant Coefficients by Operational Methods 
We will consider the lincar differential equation with constant coefficients 


d"a(t) d"-!2(r) az(zx) 
ae “ae ae 








Ay + Agz(t) = H(t), 


(04.3.1) 


+ Anos $ret Ay 


which may be rewritten as 
AgzOM(T) Ag aaZ M(H) ooo + An2"(2) + Ace(t) = Cz). (14.5.2) 
For the simplicity of derivation, we assume the initial conditions 
200(0) = 2-0Q) = --- = 2(0) =0. (14.5.3) 


More general initial conditions could have been taken (¢.g., every deriv- 
ative of z at t = 0 is equal to a constant); the method of solution, however, 
will be the same. We shull use the method discussed in Section 14.3. 

Application of the direct Laplace transformation gives an algebraic equa- 
tion of the first power with respect to one unknown: 


AnS*Z(8) + AgayS" Zs) + += + A SZ(S) 4 ApZ(5) = M8) (14.5.4) 


where B(s) = L[p(e)}. The solution of this algebraic equation is of the 
form 
Zs) = P(s)/pls), (14.5.5) 


where y(s) = Ags" + AgasSt? + Ay gS + eee ob AyS + Ap 8 a poly 
nomial of the nth power with respect to s. 

The solution of the considered differential equation is obtained by the 
inverse Laplace transformation 
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2() = ENG) p(s). (14.5.6) 


Inversion of the transform may be carried out rapidly if the transform 
coincides with one of the above transforms. In this case, the relation should 
be known which allows us to obtain the onginal of the function if its trans- 
form is of the form P(s)/p(s) where p(s) is 2 polynomial of the nth power 
with respect tos. The onginal function is usually obtained by means of a 
contour integral in the camplex varmable domain (see Section 14 8). In this 
book, the author has not used this method of inversion, since this would 
require the reader's famiharty with the fundamentals of the theory of 
functions of a complex variable. 

To obtain the inversion of the form (14.5.6), we make use of the Vash- 
chenko-Zakharchenko method Thus, the main difficulty in the solution 
of differential equations with constant coefficients arises when the inverse 
Laplace transformation ts obtained, i.¢., in inversion of the transform, 


14.6 Expansion Theorems 


Expansion theorems were onginally derived by Vashchenko-Zakhar- 
chenko in the form obtained by means of the Laplace transformation 
Heaviside obtained expansion theorems long after Vashchenko-Zakhar- 
chenko, Heaviside’s theorems are of another form since the transformation 
in this case was carned out according to Laplace-Carson The Laplace- 
Carson method appears to be Jess convenient than the Laplace method 

Let the transform F(s) of the function (x) be presented 2s the ratio of 
two polynomials. 

Fs) = Da)/y(s), (14.6.1) 


where 
pls) = Ay + Ays + Agst + +++ + AQS* (14.6.2) 


is the polynomial with respect to 5 in power n, and 
D(x) = Bo + Dys + Byst + os + Bas (146.3) 


is a polynomial :n power m with respect to sand n> m. The case m >A 
is imossible since the original of the function corresponding to the sntegral 
positive power s is some discontinuous function of a special hind 
The polynomial p(s) of the power m may have 7 foots S16 S25 Fay" ** Sar 
Two cases will be considered separately. 
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a. The Case of Simple Roots. Let all the roots s; , S2,..., 5, be different, 
ie. 





v(s) = (s — 4)(s — 5.) +++ (S — 5). (14.6.4) 
‘The relation (14.6.1) may be written 
Gs) GQ oy G 
3G) SaaS ss rar (14.6.5) 


The coefficients C,, C,,---, C, are independent of s and consequently, 
if they ate found, the inversion of series (14.6.5) is not difficult, as it is 
known that 

LAGIG — sl = Cer. 


To find coefficients C,, we multiply both sides of the equality (14.6.5) by 
(s — 5,) to obtain 








P(s\s—s) _ 9) co ning 
a aa a+ (s—s) [- ars, + yore 


Let s+ s,. Then all the terms of the right-hand side of Eq, (14.6.6) 
except the first one will be zero. The lefi-hand side of the equality becomes 
indeterminate, i.¢., equal to 0/0, since both numerator and denominator 
are zero. We determine its value by L'Hospital's rule 


- | Bs\s — 51) 
Ge tn a 
— en (FP OC— + 9O)]_ 96) 
oie se 


Thus to obtain the coefficient C, in the function @(s), the root s; should be 
substituted for s, the derivative of p(s) with respect to s taken, the root 5 
substitated for s in y'(s), and finally, #(s,) divided by y"(s,). 

The coefficient C, is found in a similar way. For this purpose, both sides 
of equality (14.6.5) are multiplied by (s — s,) and s— 5, is assumed: 








P(s)(s — 55) G cy os G. 
= 3 =o,4 6-8) [-4-+5S + +e) 
Hence ~ 
C= fim PE — 8) _ Pls) (4.6.9) 


on 9) vG)" 


546 14, FUNDAMENTALS OF THE INTEGRAL TRANSIORMS 


Similarly, for the cocflicient Cy 
Cy = Plssd/p"Css). 


In general 
Cy = Ol, 9'(Gn)- (146.10) 


Inverse Laplace transformation 1s now applied to series (14.6.5) with 
the result 


S(t) = L“[F(s)} = L“D(s)/yCs)) 
= Cre + Gye tes +f Cyeter 
= {P(s,)/p'(s het + {D(say'G jee" + 0 + (DG, p'(s de" 


= = (P(s.)10' Sad} er (14611) 
Then the expansion theorem of Vashchenko-Zakharchenko is obtained as 
Fle) = EM Earipen = SE {Orie rewr 046 12) 


Relation (14612) 1s different from the Heaviside expansion theorem 
because of the fact that the operator p cnters into the latter instead of 5, 
and the product pyp'(p,) appears instead of p'(s,) Besides, in the Heaviside 
formula there 1s additional term (0)/y(0) which is inconvement to a certain 
extent for practical calculations. 


8. Generalization of the Theorem. The expansion 1s also valid for the 
case when the transform F(s) 1s a ratto of transcendental functions @(s) and 
y(s). In the theory of complex variable functions, it 18 demonstrated that 
such a function expands in a common fraction series of the form (14 6 5) 
As a result, we obtain relation (14 6.12) 


LW = EB (adv ede. (14613) 


Here it is assumed that the function p(s) is 4 generahzed polynomial and. 
has the simple roots 5, 52,--+ +5, only, this function having no zeroth 
Toots (all the roots of F(s) Le on the left of the straight line o See Section 
14.8) If F,(s) and y,(s) are not generalized polynomials, but multipheation 
by AVA] < 1) may reduce them to generalized polynomuals, then the ex- 
pansion theorem may also be used. 


14.6 Expansion Theorems 547 


Let ®,(s)s* = (5), yr(s)s* = y(s), where | k] <1, st 40. Then 


Hs) _ 5 Als) SDs) 


lim Say = Ha tee 7 Ls Lapras Fs Ips) | 


rim 9S) 











If s, is the root of the equation y,(s), 


Ws) Bs) 
ve” ™ we 
If for some root s; = 0, the transform F(s) should be presented as the 


ratio of two converging power series with respect to s of which the exponents 
should be natural numbers, i.e., 


5 Ya(S_) = 0, we obtain 








(14.6.14) 


ys) = ay + a5 + ays? + ++, (14.6.15) 
Ds) = by + bys + BS? + +++, (14.616) 


Such power series of (s) and y(s) may be referred to as generalized poly- 
nomials, or polynomials of infinitcly high power. 

It is necessary condition that the ratio @(s)/y(s) is not equal to a constant 
or to the function s* (where r is any positive integer), since they have no 
inverse transform. 

If the ratio of two integral transcendental functions may be reduced to 
the ratio of two converging power series with exponent in the form of nat- 
ural numbers (generalized polynomials), the above conditions arc also 
imposed on them. Thus, the necessary condition of the expansion theorem 
lies in the fact that the transform F{s) should be presented as the ratio of 
two converging power series in which the exponents arc natural numbers 
and the constant a, should be zero when b, 0. 


c. The Case of Multiple Roots. Let (s) be a polynomial of the nth powcr 
(4 > in) with n roots, of which several are multiple roots {s, = 5:45 = **~ 
= Sy), i.e, 


ys) = (¢ — sis — S2)eee(s — Sy)Pres — 5), 
where & is the multiplicity number of the root s,, (X is an integer which is 
morc than unity). As before, we may write 


D git ou 
hee eae to + Gay 


(146.17) 
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Coefficients C,, Cz, ..., C, are obtained by the conventional method, ic, 
the expansion theorem is applied to the case of simple roots. Thus, the 
original of the transform 14s) is found by relation (14,6.12). Consider the 
transform D/(s — s,)*. We are to determine the coefficient D. For this, 
both sides of equality (14.6.17) are multiplied by (s — s)’, ic., 


DsMs — 5u)*19(8) = D+ (5 — sn) (5). (14.6.18) 


Let s-+s,. Then 
Dea im 26s = 50)" 
hm vl) 





On the other hand, we may write 






€ + Ty Pleated 


1 at : 
== [fa (Derm r}. 
since it is known (see (14.2.17)) that 
Lirttetnt) = (k — UIs — Sa) 





Thus, we obtain 
nor= tg 


H d= 1 Dye —s,.¥ 
~e= tm {Ge vw j} gt 


It should be noted that relation (14 6 19) may be obtained strictly from the 
integral formula for the inverse Laplace transformation, since it 1s (he well- 
known Cauchy formuta for obtaining the residue of the pole = 3, of 
order & (see Section 14.9). 11 k = 1 {a simple root), then relation (14 6.19) 
becomes relation (14 6.18). 

Applying formulas (14 6.12)-(14 6 14) and (14 6.19) to obtan the onginal 
of the function, any differential equation with constant coefficients may be 
solved. 


d. A Particular Case of the Expansion Theorem. The transform £3) 
is restricted by an additiona! condition that it be an analytical function of 
the argument I/s at If] #| <9. Then F(s) may be expanded in a converging 
power serics 
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Fg =P Bee = 2s, (14.6.20) 


The function F{s) should be one such that the series would not contain a 
constant Dp, since it has no inverse transfonm as it is nota Laplace transform 
of some time function. 

Since series (14.6.20) converges uniformly at | 1/s| < g, then termwise 
inverse Laplace transformation leads to 


£@) = LLF)] = z {D,fn — YY. (14.6.21) 


Relation (14.6.21) may be obtaincd as a particular case of the expansion 
theorem (for multiple roots), if we assume that p(s) has an infinite number 
of zeroth roots with various multiplying numbers (from | to 7). 

Most problems on heat transfer may be solved by using formulas (14.6.13} 
and (14.6.19) for obtaining the original. Formulas (14.6.13) and (14.6.19) 
are therefore the main ones for the solution of the differential heat conduc- 
tion equation, 

We shall illustrate the above statements by several cxamples which were 
discussed previously. 

In Example §, Section 14.3, the transform was obtained in the form 


2(8) = ate +D on 


where y(s) = st — k? ~ (s — k)(s +k) is a Sento polynomial. It 
has two simple roots s, = Kk, 5, = -- k; p'{s) = 
Application of formula (14.6.13) yields 


(0) = AEP ete BOP etm A cos be + 2. sinh ke, 


ie., the same relation as (1.43.2). 
In Example 2, Section 14.3, the following relation was obtained in the 
Solution of the differential cquation for the transform 


S—st2 — Gs) 


29) =e 5= 0 ys)" 


where p(s) == s(s* — s — 6) = s(s — 3)(s + 2) is a third-order polynomial. 
it has three roots, s, = 0, 5: = 3, 5, — 2; y'(s) = 38° — 25 — 6. 





550 14, FUNDAMENTALS OF Tit INTEGRAL TRANSFORMS 








Then 
a 
£@) = LZ) = Y H,e'G, New" 
2 O~34+2) 4, G@+24+2) 4 
“Cotman tas 


1 & 4 
Sag tye tae 


ic., the same result is obtained. 


Example 1. Invert the transform, ic., find the original cos kr from the 
transform, 
Formula (14,6 13) yiclds 





Ae ee 2 He) ans 
10 see]- Bp 

where O(s) = 5, p(s) = 5° + kt = (5 + RMS — 1k), y'Q) = 255 5 = ik, 
y= — ik, Hence 


TR Aa ED Sie 
IG) = aE et + Bg OO = oe 


Example 2. Invert L-{C*/s(s + C)}*). 


19-420) lg Seg). t= 0 


Here, y(s) = s(s + Cis a fourth-order polynomial. Its roots are 5, = 0, 
S$, = — C (threefold root) 
_ 20) 1 ee. } 
He oy tae a Lae LEO 
= 1 (L4 Crt Atte Or 
Example 3. The functions y(x) and =(z) are to be found which satisfy 
the following system of differential equations 
ye) = 2") $2) — x) = eT 2, 
2y'(t) — 2x) — 2G) + 20 — Te 





with the initial conditions 
(0) = ¥'(0) = =(0) = 20) = 0. 
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The solution is carried out in the usual way: 
#Y(5) — #Z(s) + 5Z(5) — YS) = [1s ~ 1) — Gis), 
2s*¥(s) — Z{s) — 2sY¥(s) + Z(s) = — 1s? 
These equations are rewritten 


(s + 1)¥(s) — sZ(s) = — (s — 2)/s(s — Y*, 


2s¥(s) — (s + 1)Z(s) = — Iss — 1). 
The solution of two algebraic equation with two unknowns yields 
1 2-1 
YOr Fea) Om REST 


To obtain the original, we use the relation (14.6.19). 
The polynomial ys) = s(s — 1)* bas the roots s, = 0, 5; = 1 (twofold 
root). Then 
; 0). [ad fd Ae eat 
90) = Gey t fim | o> (¢ | 1+ tet—er. 


Similarly we find 





(6) = lim {ie ook e} + lim {t [2 


fest 


«} =rer—t. 


As examples of the use of thc inverse transformation by formulas (14.6.12) 
and (14.6.9) it is suggested that the reader solve the following problems: 
CQ) x") + 3x) + 29) = 4; 90) = 2; 9") = 0: 

(Answer) y{r) = 2. 
QQ) yz) — 2’) + WD) = 1 
(Answer) y(r) = (Cy + Core™ + 1. 
Q) y{r) + yf) = 3 sin tr; 90) = 15 YO) = — fF: 
(Answer) y(t) = (i — 34) cos r. 
4) ¥) + a(x) = a@sin(ert + @), mu; yO) = yO) = 0: 


(Answer) y(t) = {m cosa sin nt 


nn) 
+ nsinacos nt — nsin(mt + a)}. 
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(3) y"() — mye) = ae" + bet": y(0) = y'(0) = 0: 
(Answer) s(t) = (a/2*)(mre™* — sinh(mr) +- b/2m(m? — at) 
x {(m — mem" + (mt + nem — 2me**}, 
(6) y(e) +(e) = sin sin 2e: 
(Answer) »(r) = [(0) — b)eos Tr +: jgros Sr +P) + by)sing 
@) "+ y@) = Lt r+ Its 5) = y"Q=0; yO=- 
(Answer) 3{1) = 1 + 4 + d2* + Ge" 
— fe eos Ie V3 + VS tin 4rV'3). 


(8) y(t) + y(t) = ves 203 
(Answer) y(r) = y(0) cos + + »*(0) sin r — sine $ 
— $xcos2r + 4m 2r. 


14.7 Solution of Some Differential Equations with Variahte 
Coellicients 


A linear differential equatian whose coefficients are polynomrals with 
respect 10 r may be transformed into a Iinear differential equation for the 
transformed function with coefficients which will be constant with respect 
to s. The solutron of such a transform equation is simpler than that of the 
original solution if the polynomial order 1s lower than that of the equation. 

If the coefficients of 2 differential equation for the onginal funcuion are 
first-order polynomials, the differential equation for the transform will be 
a linear first-order equation which can be solved by conventional methods 
The difficulty arises in transition from the solution for the transform to 
that for the original, 1. , in obtainmg the onginal function from its trans~ 
form, 

As an example, two differential Besse! equations will be considered, the 
Solutions of which were used in problems or ieat conduction. 


Example 1 The differennial Bessel equation of the first order will be 
considered 


£29 1 EO _ pry =o, (471) 
with the boundary conditions 2(0) = 1, 20) = 0. 
We can rewrite the equation in the form 


a2"(t) + 2 (t) — kér2(t) = 0. (14.7.2) 
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For the transformation, relation (14.4.1) will be used, with the result 


Lee" = ~ 4 [2 — 5] = ~ 20200) — 82) 41, 


. 14.73) 
Lhe) = — 3 2) = — Z'6). 
Then 
2sZ(s) + 5*Z"(8) — 1 — sZ(s) +1 — BZ) =0, 
(? — YZ) + sZ(s) = 0. (14.7.4) 


A differential first-order equation with constant coefficients can be obtained 
which is solved by the ordinary method 


dZ|Z= —sds(si—k*), Zs} = Cis? — Ky. 


where C is the integration constant. 
For the inversion, Z(s) is expanded in series, which yields 


202 (i = #y" 


fd edd Bod 


= (Qn) 
-¢ 3 Sy ar 042.5) 


We shall use the known relation. Then 
= 1 
= sae (kt). 14.7.6 
= CS aaa &) (14.7.6) 


The constant C = 1, since z(0) = } from the condition. 4 
The series obtained for 2(r) represents a first kind of Besse! function of 
the zeroth order of the imaginary argument (Kt), i.e., 


z(t) = I{kr). (14.7.7) 
Thus, we obtain a new transformation 


LATS? — By") = be). (14.7.8) 
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Wwe assume k = 7 (kt = — 1), then Fir) = Jef). Hence 
EMS? + 18] = ft). (47.9) 
Example 2. Consider the differential Resscl equation of the sth order 
We'"(e) + x(t) + G2 — v*)z(r) = 0, (14.7.10) 


to which the Laplace transformation is applied (v is a positive integer), 
Using the same method of transformation of the original function in the 
differential equation, we obtain 


(3? + 1)Z"(S) + 35Z(5) + (A — #7)Z(S) = 0. (147.11) 


The equation obtained is rather complex, except for a particular case 
when y= 1. 
Introduction of a new variable 3{t) = tz(r) leads to 


wy'(e) + 1 = 2r)y"(r) + Ey) = 0 (14 7.12) 
Since 3{0) — 0, we have 
(s+ DY) + Ul — 2)s¥(s) = 0 (14 7 13) 


The solution of the above differential equation 1s of the form 


CH (— 17 Qn 42) arta 
%) = Gay 2, ales ay FT (Atl 
Hence 
Ba ke Se tat 4715) 
HO= Gy ES ogre (14 715) 


The constant C will be chosen so that »!C/(2r)! = 1/2", then the destred 
function 2(r) is 
doe Sa ey. (12716) 
00> 3 ager (3) 74 
where J,(r) is a Bessel function of the first kind of the +th order. 
From ths example, the new relation for the transform of the function 
S(t) is obtained as 
(47,17) 


2rl 
Hei = sap 
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14.8 Integral Transformations and Operational Methods 


All the operational methods are based on integral transformation of the 
function and they muy therefore be called methods of integral transform- 
ation, 

In the theory of analytical functions, it is demonstrated that any function 
u(z) of the complex variable z = x + iy, which satisfies particular condi- 
tions, may be transformed to another function v(¢) of the complex variable 
¢ = + in by means of the relation 


we) = f, KG, Dee) at. (148.1) 


Here the kernel X(z, ¢) is the analytical function of every complex yariable, 
and the integration path of C should be chosen each time in an appropriate 
way. 

With the kernel 


KZO=-e oo Ke Q=e%, 


the Laplace transformation is obtained. We shail consider this in more 
detail. 

Let some function F(s) of the complex variable s = & + in be regular 
in the range « < & <f wherein [*_} F(E + iy) | dy converges. We assume 
that in every narrower range a + 5 <= & <8 — 6 ('6>0 is an arbitrary 
small constant positive integer) the function uniformly tends to zero with in- 
creasing absolute value of the ordinate 7. Then for real positive values of x 


ex) = (i221) cre x*F(s) ds, (148.2) 
x : 14.8.3 
FG) = JP x9) de (14.8.3) 
Formulas (14,8,2) and (14.8.3) are known as the Mellin transform for- 
mulas.* 
Substitution of the real variable x — e* yields g(x) = f(z) and 
= ose 14.8.4 
£02) = (12a) J" eFEs) ds, (14.8.4) 
Fs) = f. ef (x) de. (14.8.5) 
Integral relation (14.8.5) is the Laplace transform. 


? These are demonstrated by Courant and Hilbert [S5a}. 
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Hence, if integral transform (14.8.5) is assumed as the direct transform 
of the function f(z) of the real variable, relation (14 €.4) is an inversion, 
ie., the function F{s) is the teansform of f(r). 

Relations (14.8 4) and (14.8.5) are obtained directly from the Mellin 
transforms, but they may be demonstrated by a simplified method which 
clearly shows the expression of the function as the integral of the complet 
variable. In the subsequent portion this method js presented in a somewhat 
simplified form? 

Consider the integral 


(px) [° ia ass. (14.8.6) 


The integral is taken along the straight ne parallel to the imaginary axis 
and lying on the right of this axis at the distance o (Fig. 14.2), The integrand 
modulus at + <0 approaches zero rapidly when s—+ co in the right-hand 
half-plane in the direction parallel to the imaginary axts, For rt > 0, the 
integral is 1, since to the left of c the mtegrand has only one singular point 
which is a sunple pole s = 0. 

Bt+to 


ut 


G-lo 
Fig. 142, Integration path 


Thus, we have 


te 0. atr <0 (¢>0) 
Cpa fo er aris { A oH 4 © (148.7) 


Substitution of + — @ for t yields 
ert. 0, ar<0, 14838 
(pasi) frrerm ate 1, atr>e. S83) 


* More extensive discussion 1s presented by Eftos and Danilevsty (281 
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Substituting 0, and @,(6, <6@,) for 6 and subtracting the second integral 
from the first, leads to 


Oat r <8, 
18, 9-1 hs 
mo fe at eet [rea crcs, 
Oat r>0,. (14.8.9) 


Thus, the integral / is a discontinuous function which is plotted in Fig. 
143. 


af-- 


Ey a3 
Fig. 143. Plot of a single function. 


Take an arbitrary function f(r) of the independent variable r from rt, 
to t,. This function is plotted in Fig. 14.4. The continuous curve jz) may 
be replaced by a stepwise line ¢,(r) the values of which coincide with f(t) 


fi > 


OT 8:6203 Soa hiTe 
Fig. 14.4. Representation of a function for the Mcllin transform derivation. 


at m points Op, 61, 62,°°* 5 Onnts Tz = Op <9 <0, < +++ <0, = T2- Each 
step (6,, 6;,:) may be expressed by means of the integral /, and the whole 
stepwise line can be expressed as the sum of integrals J as 

nat 
en(e) = EE fOyy(U/and) JT explselfexpl— s6e] — exel— see als 


= 2nd [°° expion( = expl—s041FOx) 48s) ds, (148.10) 
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where 
AD = {1 — expl— sGren — 9) 
= Seer — Ge — QING ~ OS + os, (148.18) 
If a is infinitely increased so that all the differences (01,1 — 04.) —0, then 


galt) ~+f{x) and 10, will be diiferent from (2;,, — 94) by an infinitesimal 
value of the second order. Then 


Fe) = (tae) fi" et im (z= °F O))Oses — 0) ds 
oreo ites \ fee 
a ae 
= (1px) jeer fe #4 (x) de ds (14.8.12) 
We can change the integration limits of the function f(t) with respect to 


t from — co lo + co (xr, = — c0, t, = 09) and denote the integral of {(r) 
with respeet to r by F{s) to obtain 


S00) = Ai2at [" enrs) ds, (148 13) 
Fo) = [7 ery(ny de (48.14) 


‘Since in the present problems + > 0, then 
Fs) = Je ef ir) de (148 15) 


Carson used the modified integral transformation (14 8 15) for justifica- 
tron of the operational calculus 


WO) =p { emf) dt. (148 16) 


where p is A parameter equal to 5, Relation (14 8.16) is referred to as the 
Laplace-Carsan integral Proceeding from relation (14.8 16) we can show 
that the parameter p possesses properucs of the Heaviside operator 
(p = didt) 

Transform (14 8.16) differs from Laplace transform (148 15) only by 
the function H’(p) which enters the transfrom instead of Fis) The function 
Wp) may also be called the transform of the function f(r) according ta 
Laplace-Carson, The relations between J1(p) and f(r) may be used for 
obtaining the relations between F{s) and f{r), if st is assumed that 


fl) = fz) and Fa) = HNP (148.162) 
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In the majority of works on operational calculus, the Laplace-Carson 
relation is adopted as an integral transformation. To invert relation (14.8.16) 
the function A(s) in relation (14.8.13) should be replaced by W(p)/p, s by p, 
and t by #. Then 

£00 = (pei [ex Wipyip) do. (14.8.17) 
Integral relation (£4.8.17) is calied the Bromwich formula; it is used for 
the inversion of the transform, if the transformation is carried out following 
Laplace-Carson. 

Thus, all the operational methods are based on integral transformation 
(14.8.1) and in particular, on Mellin transforms. 

It may be noted that the Fourier transform is directly obtainable from 
the Laplace transform. For this purpose it is sufficient to write the appro- 
priate expression s —~ & + in instead of the complex variable, i.c., 


FE + in) = fo etree) ae. (148.18) 


Since in formula (14.8.13) integration is carried out along the straight 
line Re s = c, then substitution of the variable s = ¢ + in yields 


Se) = (erpax) [Fe + inde ay. (148.180) 


Introduction of the now designations f(x)e-** = g(t), {1/(@x)*?}F@ + in) 
= G(n) gives the form of Eqs. (14.8.18) and (14.8.18a) as 





Gq) = 142ny? [™ etre de, (14.8.18b) 
alr) = 2m [" Genet an. (14.8.18¢) 


Thus, the Laplace transform relating f(r) and F(s) is the Fourier transform 
relating the fuactions g(r) and G(j) where o is an arbitrary real number 
the value of which is larger than the growth of the function f(r). The range 
of validity of the Fourier transformation is considerably narrower than that 
of the Laplace transformation, since for the improper integral to converge, 
the function g(r) must satisfy a rather severe condition at infinity, for exam- 
ple, the condition of absolute integrability, i.c., convergence of the integral 


Jl eel ae. 
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OF all the integral transformation methods discussed, we shall only 
consider in detail the Laplace transformation 


FO) = LON FP rye) dr, (148.19) 


which is a direct transformation of the original f(r) to F{s). 
For the inversion of the transform, we use 


F(®) = I-*[F(s)] == (1/28) [rer ds, (148,20) 


The Laplace integral (148 19) converges absolutely, if the considered 
functions f(r) are precewise continuous at r > O and equal to zero at r <0. 
Besides, at tr — 09, it should be 


fx) | < Mew 


In this situation, integral (14,8.19) represents the function F(s) of the 
complex variable s, which is regular in the half-plane Res > 5, >. If's 
increases infinitely with the modulus and remains in the same half-plane, 
then 

lim Fls) =0 
treo 

In the inverse transform, the integration 1s carried out along the straight 
line o = canst, the number a being arbitrary but greater than og Integra- 
tion is carried out along the straight line o = const in the plane s = € + in 
which 15 parallel to the imaginary axis and hes in the half-plane 


Re s>5,>o 
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To obtain the original from its transform, so far we have used the known 
relations between the original function and its transform which are obtained 
by the direct Laplace transformation or by specially derived expression 
theorems when f(s) represents the ratio of two converging power series 
with respect to s of which the exponents are natural numbers. 

Tt follows from the previous section that the original function is given 
by the Laplace transformation 


F(t) = LMF) = (1220) [Or eres) ds 691) 
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Clearly, the above restrictions must be imposed on F(s), for L-2[F(s)] to 
exist. The main restriction is that the function F(s) should uniformly ap- 
proach zero with respect to the argument s when | s| — oo, Integration is 
carricd out along the straight linc o and the function F{s) should be one 
such that all the singular points would lie to the left of the integration path. 

Since the integrand function is regular to the right of the straight fine 
¢@ = const, the integration path o may be replaced by another one provided 
that it would end ato + foo. 


Btte 
+104 
6+i0s 
o+ig 







Fig. 14.5, System of integration contours (poles fie on the real axis). 


In the majority of problems, the function F(s) is one in which ali the poles 
lie on the negative real axis or on the imaginary one; then in the first case, 
the integration path may be taken as 2 semicircle with the center on the 
straight line ¢ = const and in the second case as a rectangle Figs. 14.5 
and 14.6). : 

If all the singular points are inside the contour and the integrand function 
on the contour is regular and single-valucd, the closed contour integral C 
equals the sum of residues with respect to all the singular points inside the 
contour 


: 
(1/2) fie e°F(s) ds = (1/2xi) f erFis) ds & resle"FOO)). (149.2) 
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Fig. 146. System of integration contours (poles Sue on the real and imaginary axes). 


Using (149.1) and (1492), all the relations discussed in the previous 
sections may be obtained by inverse transfosmation 


Example 1. Let Fis) = P(s)/p(s), where y(s) = (8 — ale — be 
(s — s,) 1s a polynomua! to the nth power with respect to s Then 


L-*[F(s)) — (1 /2a8) J. {DM s)fy(s)} ds = = res[e""{P(s)/(s)}] 
z (14.9 3) 


The polynomial roots s,,5,, ., 5, ate poles of the function Fis), since 
y(s) is a polynomial with respect tos With no multiple roots, al! the poles 
are simple ones. Then 


FON = E (Pay Galen. (1494) 


ie., the expansion theorem is obtained {the case of simple roots) 


Example 2, Wf the polynomal y(s) has simple multiple poles 3, = 5,1 
= 5g = 4+ = Sq With the multiplicity number & and all the remaining 
roots are simple (k — 1), then 
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LEF(s)] = = 1 en SO) ds 
=+ » 2) 
= o res{et va) 
pe Lge fait [PGMS — st 
= 3 tesa Bn Gee PG ed} aon 


If all the roots are simple (& = 1), then from (14.9.5) relation (14.9.4) 
is obtained. If one root s,, includes the multiplicity number X, the residue 


will be 
1 {dt 1 O(sis— sa) “ D 
é—D)! Hoes {a= ¥s) ¢ } Se {| (= Sn) ] 3 
4.9.6) 





i.e, the relation is obtained which is identical to formula (14.6.19) of the 
expansion theorem (the case of multiple roots). 

The restrictions imposed on the expansion theorem result from this, The 
function F(s) should be single-valued and have as singular points the poles 
lying to the left of the straight line , If these conditions are not fulfilled, 
then the expansion theorem cannot be applicd and in this case relation 
(14.9.1) should be used. 

Instead of the ordinary inversion formula (14.9.1) for the Laplace transform, 
the inversion formula may be derived which involves no contour integration, 
bur only differentiation and transition to the limit. 

For derivation of such a formula we shall first determine the operator 
@? where D is the differentiation operator 


efx) = fx + a) (14.9.7) 


irvespective of whether the function is differentiable or aot.* 
Further, we introduce the transform of convolution 


v@) = fF 6@— yO) &, (14.98) 


and the twvo-side Laplace transformation of the kernel of convolution 
(14.9.8) 
[0 Gee # dx = 1/88). (14.9.9) 


* We have etf(x) = Dplatki fx) —S(x + a), i.c., the effect of the differentiation 
operator e*? is reduced to the shift of the argument of the affected function. 
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Then 
wees = { [~ cor+? a} eco 


= fi, Cone - ») dy 
= [2G 70) dy =v), (14.9.10) 


1¢., the inversion of convolution (14.9.8) is obtained in the form 


px) = E(D)y(x). (4.9.1) 
Let the kernel G(x) in formula (14.9.8) be of the form 
G(x) = exp[x — e~*} (14.9.12) 
Then 
{1/E(s)} = fi ewt- elexpl(l — sx]dx—=FU —s) (Res <1), 
(14.9.13) 


and inversion formula (14.9,11) 1s of the form 
{1/00 — D) yx) = ox). (149.14) 
Integral function {/J(z) may be expanded sto an infinite product 


{UU = 2} = hm expid.s — yz] 7 ( ~ (2/3) eA], 
rani = (149.15) 


where y 1s the Euler number, and 4, is the succession of material numbers 
with the property lim... 5, = 0 The last condition of the form 


d=Inn— 5 + 4y. (149.18) 
PoN 


Accounting for the last equality and substituting the variables in (14 9.8) 
(with the kernet G(x) defined by (14 9.12)) 


v(x) = Fe), (149.17) 
#0) =f), {149.18} 
x = In(r), (149.19) 


ps0 tol) (149.20) 
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we obtain from relation (14.9.15} 


Fee) = tim FO (2) rm (Zi, 49.21 


where F(s) is a transform of the function f(r). 
We can illustrate the material formula for the Laplace transformation 
obtained by a simple example. Let 








Ms) = iffs +1), (14.9,22) 
then 
PO) = (— MIs + 1. (149.23) 
Consequently, 
(1 faye (— nt 
som tin {SEY eet 


~in aoa 


= fin aa = let= er. (14.9.24) 
We shall take another example. Consider « function with a branch point. 

For example, 
Fs) = = eh, (14.9.25) 


PG) OE cr Ga. (149.26) 








Thus, 
roma PP (Ef ve GP St 


-()" sn =e} 


Tt 2'n! 
1 Dn + 4) 
= —— lim Vn (14,9.27) 
wo im {Ree +1) }: 


We use the known asymptotic expansion for the gamma function (Stirlings 
formula) 
Te) = Qa)¥t-Vet, 
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which yields 
I@= Ur. (14.9.28) 


IWe close the present section by deriving the theorem of transform multi- 
plication and the Efras theorem. 

Let the transforms of the functions /,(x) and (yz) be Fi(s) and Fys), 
respectively, i.¢., 


AG) =LIAG), Fils) = LAG). (14.9.29) 


We shall find the orginal h(r) which corresponds to the product of the 
transforms F,(s), F,(s): 


A(x) = L[F(3)F(s)]- (149.30) 
Application of integral relation (149.1) gives 
Ae) = (Uf2at) f°" ere (s) FQ) at 


1s known that 
Fis) = JP tte) de 


Hence 
Mr) = (2a) J f(0) a0 f'"" Finer ds 4.9.31) 
However 
(2m) jets Faye ds = fie — 0) 04932) 
Hence 


Aer) = JP AOAC — 0) 20 


It 15 known that f(t) = 0, when x <0 Thus f(r — 0) - Of O>F 
and the upper imtegration lirmt oo may therefore be replaced by T. Then 


A(t) = f FDL (E — 0) a. (14933) 


Relation (14.9.32) may be substituted with respect to the function y(t — 6) 
with the result 


Ae = f° KOrAce — 0) - 649.34) 
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FARORO = fl OLE — 0) do = f° £0)ACx — 9) a0 
= AOL) = OLE). (14.9.35) 


One more theorem may be derived from the relation. Comparison of 
(14.9.32) with the integral 


Ale) = IFO] = Peri) f°" ere) ds 


yields 
I [F(s)e”] = fe — 0). (4.9.36) 


Thus multiplication of the transform by e” where 0 > 0 corresponds to 
substitution of t — 6 in the original for r (the lag theorem). Here 


0, 1<6 


fie—), «> (@>0). (14.9.37) 


LF (s)e"] = 





The Efros theorem may be formulated in the following way: If F(s) is the 
transform of the function f(z), i.c., 


Fs) = [7 s@er ar, (149.38) 
then the original /*(z) of the transform 
Fie(s)}O@) = J s*(6)e-* do (14.9.39) 
is given by the formula 
PW) = JF Fv, 9) ae, (049.40) 


where y(z, #) is the original of the transform 
e-vth(s) = Na y(t, Bet? dd. (149.41) 
The original function f(z) is defined by the relation 
fe) = (1228) ib as es) ds. (14.9.4) 


If (s) is introduced into (14.9.38) instead of s, we obtain from formulas 
(4.9.38) and (14.9.39) 


568 14, FUNDAMENTALS OF THE INTEGRAL TRANSFORMS 


Fig (sy) = fo Seem de (149.43) 
L200) = (Ui2xi) FP" err IHW) de (14.9.4) 


We substitute relation (14.9.43) into relation (14.9,44) and change the 
integration order to obtain 


LO) = (Apri) [* 66) [oP expl— z¢(s) + s010(8) ds de 
Ie Joe (149.45) 


Evidently, here it is necessary that the integral 
(2x1) [7 expled ~ rE dr = He). (149.46) 


converges, 
It follows from relation (14 9.46} that te, 8) is the onginal of the trans. 
form 


exp(— rp(s}}O(s) = ie ey(x, 0) dO (149.47) 
Relatron (4.9.45) may be written 


$0) = I~ S(xyvl, ) de (149.48) 


4.¢., the theorem 1s demonstrated. 
Relations (14.9.45) and (14.9.48) ace of great importance for obtaining 
the origmal from the transform, and vice versa. 


14.10 Integral Fourier and Hankel Transforms 


Inversion formulas of integral Fourier and Hankel transforms may be 
obtained from the mtegral Fourter formulas. 

The function fx) with the periad 2-71 is assumed to be expressed by the 
Fourier series 


L(0) = Yay + E (@, costnr/s) + 6, sin(rx2)) 4.101) 
a= 
Constant coefficients ap, ayy by ace obtained by multiplication of each term 


of series (14 10.1) by cos(ax/a}. sin(ax/2) and by integration with cespect 
to x from — 2A to + 72. 
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Since the trigonometric functions 


JU, sinaxia) ax =0, [E costexit) ax = 0, (4.10.2) 
JT sintas(a) costreia) dx = 0, fcostnx/) sin(ux/2) de = 0, 
Se (14,10.3) 
2 tf : _f0, mséa, 
J%, sin(rx/a) sicmsa) dx { epi 
: : (14.104) 
J%, c0stnx/A) cos(mx/2) de = { he ee 
are orthogonal, we obtain from series (14.10.1) 
aha = f° f(x')dx', alti, — J f(e) coslex’fA) ds’, 
Ir an ee (4.10.5) 


mlb, = ff ae S42) sin(nx'/A) de’. 
Thus, expansion in series of the function f(x) may be expressed as 


SOs) = (1nd) J™ fx") de’ + ad) Z P60") costnte — x9/A) de’. 

= nani (14.10.6) 

Assuming nf =a, 1/A — da, and 2» co, instead of the sum (14.10.6), 
we have the Fourier integral 


afta) — fo da [™ $0) cosatx—x')dv'. (14.1027) 


The above derivation is somewhat formul. For rigorous arguments and for 
revealing the conditions of cxistence of the Fourier integral, the reader is 
referred to special manuals. It should be however noticed that the function 
Ax) should satisfy Dirichlet’s conditions for any finite range and the integral 
J& Ax) de should absolutely converge. 

Inversion formulas may be derived from the Fourier integral. This is 
possible because of the fact that in thermophysical problems of interest, 
for which solution integral transforms are used, the conditions of validity 
of inversion formulas arc always fulfilled. 

Formula (14,10.7) is rewritten as 


mfx) = f° [ J £02) cos px’ ax] cos px dp 
+fr [ FL Fer) sin px’ ax] sin px dp. (14.10.8) 
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(2) If the function f{x) is odd, then 
J £6°) cos pr’ ade’ = 0, 
JL £0 sin pe’ de = 2 fO F(e)sin pe de’ = 2,0), 
where f,(p) is the Fourier sine transform of the function defined by 
Sele) = f° £63) sin px de. (14.10.10) 


Thus, the inversion formula for the Fourier sine transformation is of the 
form 


14.109) 


Se) = Biz) [" Fee) sin pr dp. (410.10) 
(b) Ie the function f{x) 15 even, then 
PP see) an pe dv = 0, 
re 2 (14 10.12) 
SVG) cos pe de’ = 2 fF f(e) cos pe de = Fedor, 
where fp, (p) is the Founer cosine transform defined by the relation 
Jrdp) — S” (2) 008 px dx (41013) 


Menee, the inversion formula for the Fourier cosine transform is of the 
form 
10) = Qi) [> Srp) cos pe dp (410 14) 


Example 1. Find the transform of the function fs) = e-? The Pouner 
sine transform for the function fx) will be of the form 


Sede) = Jo ert sin pede = WU + py 041015) 
The Founer cose transformation fer the function f(x) is of the form 
Sep = Jo or cos pe de = 10 + 7) (14 1016) 


Conversely, sf the transform of the Fourier sine transformation fy,(7) — 
PIG. + p*) is known, the inversion of the function will be 


FC) = Glad JP pl + pb sin pe dp eet. (04.10.17) 
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If the Fourier cosine transform fp.(p) = 1/(1 + p*) is known, then the in- 
version will be 


I) = Giz) ii {2/1 + p*)] cos px dp =e. (14.10.18) 


(c) Fourier integral (14.10.7) may be written as 


+ fl« fre cos u(x — x') dx’. (14.10.19) 


It is known that 
i dae fre sin a(x — x’) de’ = 0. (14.10.20) 
Then we may write formula (14.10,7), accounting also for (14.10.19), as 
2af (x) = [3 expfiex} de fe S£(?) exp[— ex") dx’. (14.10.21) 


It should be noted that Irom formula (14.10.21), the inversion formula 
for the Laplace transform may be obtained. However, we shall make use 
of relation (14.10.21) to obtain the inversion formula for a complex Fou- 
tier transform defined by 


Sede) — J Fer de. (14.10.22) 


Denoting « = — p, we obtain from (14.10.21) the inversion formula for 
the complex Fourier transform 


f= a fo oP hedr) a. (14.10.23) 


Example 2. Find the complex Fourier transform of the function 
IR) =e" 
In accordance with formula (14.10.22) 


Sodm) = J expl~ (ins) ax + f. exp[(I + ip)x] de 
(t= py + C1 + ip) = 2/0 + p*)- (14.10.24) 


Conversely, if a complex Fourier transform fyi(p) = 2/(I + p*) is given, 
the inversion is 


F(x) = Clay [71 pA expl— px] de (14.10.25) 
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If we assume x > 0, then the integral (14.10.25) taken along the circle with 
the center at the coordinate origin and lying in the plane p below the real 
axis, tends to zero as the circle radius tends to infinity. Thus, integral 
(14 10.25) may be replaced by that over a closed contour which may be 
evaluated as the product of — 2-i by the residue at p = —~ |, The sign is 
negative because the contour is clockwise. 
We have 
— Yexp[— ix(—1)] 


SO) aaa Ep TPE (14.10.26) 


For the case x <0, the integration path is closed by a semicircle lying 
above the reat aus. The sntegral equals the product of ai by the residuc at 
pei. 

fix) = e*. (14.10.27) 


Both results are expressed by the same formals (14.1023). 
(d) Inversion formutas (14 10.22)-(14.10.23) give inversion Hankel for- 
mulas We shall extend formulas (14 10.22)-(14.10 23) to the case of two 
independent vanables x and y, 
We shall denote 


Sots, t= [2 [7 Sen vyexplise + wri de dy (14.10.28) 
Then 
4nyfix ry ff SG. 0 expl— les + adr de (0410.29) 


Assuming x = rcos0, y = rsin0, s = pcosa, f= psina we obtain the 
following form of (14 10 28)-(14.10.29) 


Sninay= [~ rde [°"£¢r, 0) explipr cos( —a)| d, (14 10.30) 
4347.0) = [> pp [Selp.a) expl— spr cox ~ eddie (141031) 


Take the function flr, 0) as the function e~4/{r). Then from (14 10.30) we 
have 


fp.) = [> fede ii exp{i{— 9 + prcos(@—a)}} 2. (14.10.32) 


Denoting p = a — 9 — in, we may write the integral with respect to 0 es 
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explin($ — «)} f." expli(ap — pr sin g)] dp 
= 22 explin(da — a) U,(pr), (14.10.33) 


since the integral with respect to ¢ is the known Besse] integral. 
The Hankel transform of the function f(r) is denoted by fy(p) 


Sale) = ips r,Apr) f(r) dr. (14.10.34) 
Then instead of (14.10.32) we may write 
Sep, a) = 2x explin(da — @)Vfy(p). (14.10.35) 


Substituting e*? f(r) for fir, 6) and expression for fe(p, «) from 
(14.10.35) into (14.10.31) yields 


2af (r) exp[— ind} = {" Pla?) dp 


x fc exofif a(S ~a) — pr cos(0 -«)]} da. 


(14.10.36) 


Assuming ¢ =@ —a + 42, we may express the integral with respect to 
a@as 


expl— in6) f°" expli(np — pr sin ¢)] dp. 


If we again use the Bessel integral, then this expression may be presented as 
2ze-im°J,(pr). Thus, the final inversion formula for the Ifankel transform is 


f= K Philp hil) ap- (14.10.37) 


Example 3. Assume that the function f(r) = I {r. Then the inversion of 
the function in the integral Hankel transform is of the form 


Ine) = J Ja€pr) dr = Up. (14.10.38) 


Conversely, if we have the transform f,{p) = I/p, then we obtain form 
formuta (14.10.37) 


{n= Ne Spr) dp = jr. (14.10.39) 
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‘The inversion formula is derived from relations of the Fourier series 
theory. It is known that the function f(x) may be expanded into the Fourier 
sine series of which coeflicients a, are defined by the formula 


a, = fx) f° s(x) sinpx de = (2/2)feln). ——(14.11.2) 


Formula (14.11.2) is identical with (14.11.1}. The inversion formula is 
thus of the form 


S@) = Qin) = fedp) sin px. (14.113) 


If the function f(x) changes in the range O < x < ¢, then introduction the 
variable z =: ax/e yields 


J, 409) sin(paxtey de = Cefse) {* Fleets) sin ps de = (cl>)F (cxf). 
“ = (14.1.4) 


Example. Fot f(x) = x (0 <x < ¢) we have 


where p= dQ 35 (16 1.5) 


oe: ex} 1 
Falt) =F, [S]-SO 


We are to find the transform of the second derivative of the function 
* 
° 


S[/'G) sin ps dx = f°) sn pe | — [2s cospx de 


= — pcos pxf (x) \ sate i fe oh hae tiacs) 
and consequently, 

FUP") = — PAU + PLO) — (— DAD. 411.7) 

Wecan follow the method of the example f(x) = x%. We have for f(x) = 2. 

FQ) = — PPPs} — pt tat. Sens 


However 
F,[2) = 2F,[1) = 20) — (— D/P). 


thus, 
Fils} = G@Yyp(— Wet — Gini — T4119) 


Similarly, it may be shown that 
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ALUM CD = Pfr?) — PLO) — (— 17) 
+ pif") — (— 1f"@)1- (14.11.10) 


In Table 14.1, transforms are presented of certain functions transformed by 
the Fourier sine transformation. 
(b) The Fourier cosine transform is defined by the relation 


FAS) = fede) = f° f@)eospxdx, (14.11.11) 


where p is 2 positive integer or zero. If the function f(x) = 1, then fp.(p) = 0 
(P= 1, 2, 3,--+), and fr(0) = 7. 
If the function f(x) = x, then 


Se(p) =~ (UP MC 1)? — Us fp) = 7/2. (14.11.12) 
For the Fourier cosine transform, the following relations arc valid 


FUR) + Al=frlp), pO (14.11.13) 
FUf(e) + A] = frA0) + 2A (14.17.14) 


where A is constant. 
The inversion formula is found in a similar way for a finite Fourier cosine 
transform 


1) = Fes = (afr) + 2-3 Sop) 005 px, 
baron (14.11.15) 


Fedo) = f* £@) ae. (14.11.16) 
For the Fourier cosine transform, the following relations are valid: 
FU") = — PEL) — FO) + (— LPs"), (14.01.17) 
and 
lim frp) = 0. 
pee 
Similarly to (14.11.10) we have 
FP) = pYfplp) + PLO) — (— DY CN- FO) + (— LF"). 
(14.11.18) 


Transforms f{p) for some functions f(x) are given in Table 14.2 {taken 
from reference [15al). 
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TADLE 14.1. Fivire Seve Traxsronsts 











Sri?) 7S) 
Srscrd— f° fx) singede; fa) 0<x<x 
poi.23, 
(— DYfrs) Sa =2) 
Vp G=x/2 
(py x/a 
Gi — (11 1 


(t-Osp x56 


Cip)anpe << >) 
eax) xe 





















Giplcospe OSes) ies aces 
= z>e 
(eat =x 
AxGr — ») 
” 
s 
tei(pt + Ml — (— Led e 
see sae ume 
r 
smk(a = +) 
Fake Sele Oa ni 
Sele) = An; Om Fm) anme (re 230) 
Sia HD cos kal coske (KPA U ZS. 
lao) oem cosmr (mm 230-4) 


——_—— eee 
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TABLE 14,2. Frare Cosme Transroxms 





Feckp) 


F@) 


Srele) = |” S08) cos px de fe) O<x<a) 


@ =, 1, 2, 3,+++) 
fren) S@—x) 
fed0) = 2, and 0 when p = 1, 2,3,... J 
1 @<x<c) 
‘2ip) sin pes mw 20— 
(2ip) sin pe; frc(0) ~* 2e ~ = Be ee cclo 


== fre = = 


x 
1 = 
(Ps Fee) = = 
Alp"; cy L gap * 
1p? Sec) = Bers 
ja 6 
eyes ie 
etn 
co 
fr) = =- 
((— 1) — DIG + A) (ioe 
1 cosh e(x — x) 
Pre csink ox 
VG? — KIC 1)? cos ka — 11 (jk) sin kx 
(1k | #0, 1,2, 3,.--) 
C/tpt ~ my y(— Pe" — 11; (fan) sin mx 
Feclm) =O (m= 1, 2, 3,4.) 
1 __ soskter- a) 
poe VFO ae 


Oa Am); frclm) = 7/2 
(m= 1, 2,30) 


cos mx 


ee 
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When finite integral Fourier transforms are applied, the second tem- 
perature derivative along the body coordinate in the case of a sine trans- 
form becomes 


f (875 /x*) sin px dx = pl% — (— 1)°0,] — pp, (14 11.19) 

and the case of a cosine transform 
f (#jAx*) cos px dx = (— 1)°/Ax),, — (BDjOx)e — p*Dy.. 
i (14 11.20) 


‘Thus, when a sine transform 1s used, the surface temperature should be 
known (0, and @,) and with a cosine transform, the temperature gradients 
on the surface [(29/8x),, (60/8x),} should be known. Boundary conditions 
of the third kind amply prescription of the law of heat transfer between the 
surface and the surrounding medium For example, in the case of one- 
dimensional symmetrical problems, boundary conditions are of the form 


{@0/dx) + HO} =0, @D/Ax).e =0. (14 11.21) 


The temperature ? is read from the medium temperature. Then the mtegral 
Fourier cosine transform 1s defined by the relation 


Soke) = J" f(s) cospx de, 1411.22) 


where p is not a postive integer, but as a positive root of the transcendental 


equation 
ptanpR=H (14.11.23) 


It may be shown that :f p and g are the roots of equation (14.]1.23) then* 


f cos prcosqx de =0, P#4, (14 1.24) 


r Pa! a i fa 14.11.25) 
ils cos! px dr Seay Pe ( 


The inversion formula for the Fourier senes expansion is 


Sx) = Ba, cospr, (14.11.26) 
> 


© Details are found in Chapter 6, Secuion 3. 
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where summation is made over all positive roots of (14.11.23) and the cocf- 
ficients a, are defined by the relation 





Tr S() cospxdx. (4.11.27) 


Thus, the inversion formula for the Fouricr cosine transform with boundary 
conditions of the third kind is of the form 

2(p* + H*) 
Ge = Fi fede) cos px. (14.11.28) 


(c) The finite integral Hankel transform is defined by the relation 


I= q 





Sal) = f of (S,(pr) dr. (14.11.29) 


where p is the positive root of the equation 
Jp) = 9. (14.14.30) 


The upper limit is chasen to be unity for convenience, since it is appro- 
priate for solution of problems in generalized variables. The function f(r) 
may be expressed within the range (0 <r < J) by the Fourier-Bessel series 


SO=T 2,7), (14.11.31) 
? 


where the coeficients defined by formula (14.11.32) are related with the 
transform of fy(p) by the simple expression 


4 = (RAN [POLLEN dr = Yl). (84.11.32) 


Thus, the inversion formula for a finite integral Hankel transform is 
10-3 [25,(or yin. PVF?) » (14.11.33) 


where summation is carried out over all positive roots of Eq. (14.11.30). 
For boundary conditions of the third kind, the finite Hankel transform is 
defined also by relation (14.11.29) where p is defined by the positive root 
of the equation 

-'(p) + HJ,(p) = 0. 04.11.34) 


In this case the inversion formula will be 
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2p Jdpr) 
LO = 3 pepo Tay ee. (4.1.35) 


Summation is carried out over all positive roots of Eq. (14.11.34). 
(d) The finite integral Hankel transform for a hollow cylinder when the 
variable r ranges between RK, and R, is of the form 


Sue) = JP (OBAPO dry Re> Bry (14.11.36) 


where 
BaCpr) = J.Cre\¥ Cp Rs) — ¥uCpr)JKPRa) (14.11,37) 


Y,(pr) 1s the Bessel function of the secand kind of the order n, and p is a 
Positive root of the equation 


FPR ¥e(PRY = Y(PRIW PR). (34.11.38) 


The inversion formula ss expressed by 


aa eV. PR:) 
LO => E 80) Trp ERM) 1411-39) 


The above manipulation allows us to determine the group of terms from 
the differential heat conduction equation 


sy 2 S28 ~ =e (1411 40) 


The method for determining kernels of finite integral Fourier and Hankel 
transforms and appropriate inversion formulas wal! be considered in Sec 
tion 14.12 

In the present section, the author's intention was to demonstrate the 
essence of fimte integral transformations and their relation with formulas 
for Founer and Bessel series expansion, i,¢., their relation with the classical 
method for solution of unsteady heat conduction problems Using these 
ideas, we may extend the integral Laplace transform to the finite range of 
the variable to be removed. In this case, the finite Laplace transform may 
be used to eliminate space variables for bodies of finite dimensions. How- 
ever, when finite integral Founer and Hankel transforms are used for so- 
lution of unsteady heat conduction problems, such a generalized method 15 
not necessary, and the most adequate method 1s the integral Laplace trans+ 
formation for elimination of the time sanable which ranges from 0 to co. 
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When finite integral transforms are used, the main difficulty is finding 
the kernel of the transform which conforms with the prescribed boundary 
conditions. The kernel of the finite integral transform is found from the 
solution of the appropriate Sturm-Liouville problem. This problem is 
reduced to the solution of the homogeneous diffcrential equation 





(0) 2039) < [cs 5i9) = abetx, 2] asx<b, (14121) 


with homogeneous boundary conditions 
a 

at(a, 1) + Bar) =0; a +40, (14.12.2) 

yl, 2) +5 (3). =0; #4840, (4.12.3) 


To find a nontrivial solution (which is not identically zero) of Eq. (14.12.1), 
we shall use the Fourier method of separation of variables. The solution 
is to be sought as the product of the functions X(x) and T(z). It should be 
noted that the function X(x) depends only on x, and 7(r) on r alone: 


ux, t) = XQ)TE). (1412.4) 
Substitution of (14.12.4) into (14.12.3) yields 
QXT' = T(pX'Y — qXT. (14.12.5) 
Separation of variables in (14.12.5) gives 


2. GI 
T ar 





(1412.6) 


The left-hand side of the equation may be equal to the right-hand side 
only when the both sides are equal to the same constant, 4. 
We then obtain 


T'+aT=0, (14.12.7) 
OXY | Gg — OX —0. (14.12.8) 


The boundary conditions become 
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aX(a) + BX'(a) = 0, (14.12.9) 
7X6) + 8X") =0. (14.12.10) 
Equations (14.12.7)-(14.12.8) are differentia] Sturm-Liouville equations, 
The solution of Eqs. (14 12.7}{14.12.10) 1s that of the boundary-value 
Sturm-Liouwlle problem. The values of 4 for which the solution of the 
Sturm-Liouville problem is nontrivial are the ergenvalues of the problem, 
and the solutions X(x, 4) corresponding to these values are eigenfunctions, 
The boundary-value Sturm-Liouville problem wall be further referred 
to as a regular problem, if the mmterval (a, 6) 1s finite, and functions p(x), 
q(x) and efx) are continuous where p > O and g> 0. 
Equation (14.12.8) is a lincar homogeneous equation of the second order 
aod its general solution is of the form 


X(x) = OXY, 2) + GAG, A). (14.12.01) 


where C, and C, are arbitrary constants and X,(x, A) and X,(x, 4) are partial 
linearly independent solutions of Eq (14,12.8), i¢., the ratio of these so- 
Jutions ts not constant 


(MG, AAG, 4) < const] 
Substitution of (14.12.11) into (14.12 9}-(14.12 10) yields 
alC,X,(a, 4) + CX, 2} + PICK, 2) + CXy(@, A} = 0, (14.12.12) 
PIC XU, 2) + CX AO, AY] + BCA, 2 + GX" (b, 4) = 0 (4.12 13) 


or 
PAC, + ¢x(2)Ca = 0, (14.12.14) 


PAC + HAC = 0, (14.12.15) 
where ¢(4) @ = 1, 2, 3, 4) have evident values, ¢ Z.. 
#il®) = eX, (2, 4) + BX'{2, A). 


‘The system of finear homogeneons equations for C, and C, may be solved 
when the determinant of the system 1s zero 


vA) Fk) 9 (14.12.16) 
gil) d7) 


‘The eigenvalues 4 are found from the characteristic equation Itas proved 
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that a regular boundary-value problem has a countable set of eigenvalues 
As das Ass. +, An» For the particular boundary conditions the single eigen- 
function X,(x) corresponds to each eigenvalue 4,,. This function is found 
in the following way. From Eg. (14.12.14) 


— Pils) 
=o 14.12.17) 
Substituting C, into (14.12.11) yields 
eA) 
X@)= of aac ay — 2G8 as, ay}: (14.12.18) 


Since the cigenfunctions arc found accurate to a constant factor, by omitting 
the constant C, we shall find the eigenfunction 


Hus) = Xx, 4) — 2 xe, 49. (14.12.19) 
wfAr) 
In the functional theory, we use the following theorem: The system of 
eigenfunctions X,, X,, ¥’5 is orthogonal with the weight o(x) withia the 
range [a, 4] 





if eCINC)XC) dx = 0 (14.12.20) 
e 
for all stn. 

Now we return to our problem. We shall find the solution of Eq. (14.12.1) 
with boundary conditions (14.12.2) and (14.12.3) in the form of the eigen- 
function expansion X,, 

Kx, 1) = z TAX, (2). (14.12.21) 

‘The function 7,,(z) depends only on + and is independent of x; it is constant 
(with respect to x) coefficient in the expansion in eigenfunctions X,(x). 

The expansion coefficients 7,(r) are found in the following way: first, 


we multiply the both sides of equality (14.12.21) by e(x)¥(x) and integrate 
between @ and b assuming validity of term-wise integration 


Feces, nice de — ETO [CORI de. 44.12.22) 


For all k £7n, the integrals in the right-hand side become zero, therefore 
only one term of the whole series remains at k =n 


fPecoyte, DHE) ae = TA) f° ebdNAG) de. (14.12.23) 
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Hence 
T(x) = f o(xilx, 2X, (x) de / fe e)X,%x) de, (14.12.24) 


The numerator depends on r alone. We denote it by f,%(r) and obtain the 
desired finite integral transform 


a) = f e)i(x, D¥a(x) de. (14.12.25) 


The appropriate problems of the heat conductron theory are to be solved 
by this transformation with the kernel p(x)X,(x) Formula (14.12.24) may 
be written 


Tae) = 19860) ff? COKE) de. 14.12.26) 


Using relation (14.12 26), we find the inversion formula for final integral 
transformation (14.12 25) 


mak fare / Peco abxer 041229 


We shall illustrate this by an example We arc to find the integral transform 
and the inversion formula for 


ar(x, 7) Fux, 2) , 
Se) ng FD ; (14 12.28) 





Gi(0, t) GR, t) = 
BO, SBE + MR, = 0, (14.12.29) 


where H 1s the dimensionless heat transfer factor. 
The system of differential Sturm-Lrowville equations 1s of the form 


aX" +3N=0; XO) =0; XQR+ XR) =O — (1412.30) 


Solving this problem, we shall find that the eigenvalues 2, should satsfy 
the transcendental equation 


— fay? sin(Afay'7R + FH cos(7/a)'*R = 0 (4:12.31) 
Using the notauon 
VlayFR=p, cote = (Bay (14 12.32) 
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we can rcadily find from the roots of this characteristic equation the eigen- 
values 
An = ap,{R® where n= 1,2,3,.... 
It is easy to demonstrate that the eigenfunctions ¥,(x) correspond to these 
Ag 
Xx) = cos(A,fay'?x = cos pt, x/R. (14.12.33) 


Thus with the prescribed initial condition, the present problem may be 
solved by the finite integral transformation 


1M) = [7G 2) covlygn/R) dx (14.12.34) 


with the inversion formula 





= ZS Pr —1,*(z) cos P= oa + (14.12.35) 
since 
* cog Hat = R [0 + sing, cos]. (14.12.36) 
° R 


Table 14.3 furnishes the forms of the finite integral Fourier transforms 
and the inversion formulas for various boundary conditions. 

In the solution of homogeneous problems, the method of finite integral 
transforms has no advantage over the classical method, although integral 
transforms are extremely useful for the solution of nonhomogeneous heat 
conduction problems. 


14. FUNDAMENTALS OF TUT INTEGRAL TRANSTORMS 
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CHAPTER 
15 





ELEMENTS OF THE THEORY OF ANALYTIC 
FUNCTIONS AND ITS APPLICATION 


The present chapter contains the minimum information necessary to 
apply the theory of analytic functions to the heat conduction theory of 
mathematical physics. 

The fact that the analytic function is fully determined by the nature 
and distribution of its singularities makes it possibile to evaluate the be- 
havior of different functions with complex integral concepts, For example, 
Proceeding from the singularities of the Laplace transform, it is possible 
for us to judge the asymptotic behavior of the original function without 
calculating the appropriate contour integral. 

The Cauchy and residue theorems give wide possibilities for the trans- 
formation of integrals and sums, in particular, for the calculation of contour 
integrals necessary for the inversion of the Laplace transform. However, 
since, in practice, the majority of integrals are not calculated in their infinite 
form, the different methods of asymptotic estimates, some of which are 
also presented here, are of special importance. 

The material contained in this chapter is stated as simply as possible. 
The reader is referred to special manuals for additional information and 
Strict proofs (60, 25). 


15.1 Analytic Functions 
We shall consider the complex variable z= x + fy. As is known, such 
a variable may be presented by a two-dimensional vector with com- 


Ponents x and y along the appropriate coordinate axes. The length of this 
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yector, i.¢., the modulus of the complex number, is equal to (x? + y2)"4 
and the angle with the positive direction of the axis x is measured counter- 
clockwise and equals arc tan(y/x). 

If the law which makes it possible to determine one or more sets of values 
of the other complex vartable w associated with the variable = is presenbed, 
then the single-valued or multivalued function w= {z) is prescribed, 
respectively. The set of values taken by the independent variable = is called 
the regton of function dstermination. The formula of the function of the 
complex variable w = f{=) 13 equivalent to that of two functions of the real 
variable w= u + w where «= (x, ») and r = r(x, y). 

Some simple examples of complex-variable functions aret 


was Pew xt — 5 -} Ziry, Wes sf = x? + y?, 
w=eselcosy+isiny), wove. 


From all possible complex-vanable functions zt appears advisable to 
single out a rather marrow class of functions, the analytic functions. 
They may be determined af the derrvative of the function /{z) is conswered 
at some point zy The denvative 18 usually determined as the limit of the 
ratio 

{Sze + 42) — fize}4= 


as dz—O if this limit ewists However, by contrast to the real variable 
function fx), here the increment 42 = 4x + 1dy represents a vector and 
may tend to zero by very different ways. For example, dy — @ may be 
assumed, and then we may pass to the limit dx —» 0 along the real avis, and 
30 on, If the single-valued function f{=) = u + iv has a denvative ata pomt 
zp and this derivative ts umquely determined, 1, tt does not depend upon 
the way of transition to the limit 4:0, then such a function as called 
analytic at the point 25 

Let us determine the conditions, which will help us to estabhsh whether 
a given function is analytic at some point For this purpose we write 
out a detailed definition of a derivative as 


{A +4: ~ feat 





S@)- im 
au, YY | 
> ee (é rizz)ac + (Hig) wpe tet 


1 A conjugate-compler quantity will be designated by #n overtar 
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We rewrite formula (15.1.1) as 
Sey im {fF hf +i Eh 


SiR eB). ssa 


x free oa 


The derivative f'(z), determined by the relation 4y/4x, is equal to the 
tangent of the inclination angle of the vector dz. This no longer holds 
when the denominator jn the upper line of formula (15.1.2) and the factor 
in square brackets are equal, i.c., 


{Fe -ShS +i Bhat. (15.1.3) 


Equating real and imaginary parts of the Jast cquality, we obtain: 


au _ vu av 
Ee ee (8.1.4) 





The conditions necessary for the function f(z) to be analytic at some point 
are called the Cauchy—Riemann conditions. These conditions are necessary 
and sufficient if the derivatives u/@x, du/@y, AvjAx, v/y ace continous at 
the point under consideration. 

The points at which condition (15.1.4) is not satisfied are called singular- 
ities of the function. For example, the function f(z) ~ 1/z has no derivative 
at z= 0. As can be easily verified for the function f(z) = (2 — 5), the 
point z = | will be such a point where the appropriate derivative converts 
into infinity, and the function flz) = z7 is not analytic everywhere. 


15.2 Contour Integration of Complex Variable Functions 
Let the complex variable function f(z) be prescribed on some curve C 
(See Fig. 15.1). Divide the contour C into a finite number of portions with 


ends [zy, 22) --+) [Z¢> Zearh -**» [nar s Zn}, etc. By analogy with the theory 
of integrals of functions of a real variable, we compose the sum 


E saeeus — =) (152.1) 
=) 


after designating any arbitrary point on the kth portion through ¢,. With 
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n—» co and provided that the lengths of all the portions tend to zero, the 
limit of this sum is called the integral of the function f(z) with respect to C 
and is designated through 


ff) 42. 522) 





Fig. 18.1. Division of contour C into portions, 


If the function f{=) 1s pircewise continuous and the contour C may be 
composed of continuously adjacent arcs with a continuously varying tangent 
(piccewise-smooth contour), then mtegral (15 2.2) always exists. 

A contour mtegra! possesses propertres of usual real contour entegrals* 
in particular, a constant mulupher may be factored out of the integral sign, 
the integral of the sum of the functions 1s equa! to the sum of integrals of 
summands and the integral sign changes with the direction of traverse of 
the mtegral contour. 

If the contour C represents a closed curve, the direction is taken as posi 
tive af this closed contour zs traversed such that the internal region limited 
by this contour remarns to the left. 

‘The region bounded by a closed contour is singly connected if the border 
of the region consists of a single linking part (Sce Fig, 15.23) or more exact 
if any closed contour within this recion may be constricted to 3 point by 
means of continuous deformation without breaking the border of the re- 
gion, The muluple-connected region is presented mm Fig. 15.2b; here the 





to tet 
Fig. 15.2, (a) singie-hnked and (b) teo-lmked regions: 
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contour C’ inside the region cannot be subjected to the above deformation 
without breaking the border of the region. 

We now prove that if f(z) is an analytic function which is continuous 
inside the closed contour C and on the contour itself, then 


i's S (2) dz =0. 


‘This important confirmation is called the Cauchy theorem. 

We shall prave this theorem when the contour C bounds a star-shaped 
region, and the derivative f(z) (which docs exist since the function /(z) is 
analytic) is bounded inside and on the contour C. 

The region is star-shaped if in it there exists such 4 point z,, from which 
any ray intersects the border of the region only one time. 

We assume that point zy is the origin. Consider the integral 


y@) =a fe) dz (<A<1). (15.2.3) 


We must prove that p(i} = 0. We differentiate (4) with respect to 4 to 
obtain 


y@= fs fz) de +3 f, f(z) dz. (15.2.4) 


Using the boundedness of the derivative /’(z), we integrate the second in- 
tegral in (15.2.4) by parts which gives us 


¥@)~ J, £02) de + aes asyn — any [,, £02) de], 052.8) 


where for the term 2f(Az)/2 the difierence of its values at finite and initial 
points of the contour should be taken. For the closed contour C, owing to 
the single-valuedness of the function zf(Zz), this difference converts into 
zero. Hence il follows that y’(2) = 0, i.¢., the function (2) is also constant; 
Assuming in formula (15.2.3) that A = 0 we find that this constant is equal 
to zero. Thus, y(1) = 0 which was to be proved. 

The Cauchy theorem is not directly applicable to « multilinked region. 
However, it is also casily extended to this casc. Consider the doubly-con- 
nected region depicted in Fig. 15.3. The Cauchy theorem becomes applicable 
to the contour integral consisting of C,, C: and sections C, and C,. The 
directions of the bypass of different parts of the complete contour obey the 
general rule given in Fig. 15.3. Integrals with respect to C and C, cancel 
out, and we have 
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JuS@ 4+ fi Feras=0 052.6) 
or 
enfOdae~ [LEI ds = 0, (15.2.6) 


ie., the external contour integral ss equal to the imernal one if both are 
counter-clockwise. 


®, 


Fig. 15.3. Contour im a mutidinhed region. 


It dircetly follows from the Cauchy theorem that if f{z) 1s a function 
analytic inside some region, then the integral {7 f(z) dz taken along any 
contour connecting pornts =, and =, (but being completely 10 the region of 
the analyticity of the function fl=}) depends only upon z; and z, and does 
not depend upon the path of integration For the proof, it 1s sullicient to 
compare the integrals by two different contours Cy and C, connecting ports 
z, and =, (See Fig. 154). The Cauchy theorem may be applied to the region 


Fig. 18.4, Independence of integral ff(s) d= upon the integration path inside the 
analybaity region 


bounded by the contour C; and the contour €, in 2 reverse direction from 
3; to z,. Hence at follows directly that 


J fore = J fore as27 
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(here C, is passed by in the direction shown in Fig. 15.4). Hence it also 
follows that the value of the integral does not vary with arbitrary contour 
deformation, if in this deformation only, the contour does not leave the 
tegion of analyticity of the integrand function, i.¢., it does not intersect 
either of its singularities. Kecping to this rulc, it is possible to continuously 
deform the path of integration in contour integrals by choosing a contour 
more suitable for their calculation. 

Note that the following theorem [60}, which is the reverse of the Cauchy 
theorem, may be proved: if the function f(=) is continuous and single-valued 
inside some closed contour C and f f(z) dz equals zero for any closed con- 
tour inside C, then /[z) is analytic inside C. 

Thus, this theorem gives an integral indication of the function analyticity 
equivalent to the Cauchy-Riemann conditions. 

‘We now procecd to the derivation of the integral Cauchy formula which 
is very important for applications. 

Consider the integral 


Fe) = f, Se) ae — 2) (15.2.8) 


with respect to some closed contour C, on and inside of which the function 
SZ) is analytic. The point z is an arbitrary one inside the contour. As we 
have shown, the contour C may be deformed without changing the value of 
the integral. If we replace C by a circle with the center at the point z and 
small radius @ and assume z' = z + ge**, we obtain 


Fe) =i fz fe + eer) de (15.2.9) 
and passing to the limit g -> 0 we find 
FG) = 2xiflz), 
ie., 
S (2) = (1/2zi) J, Sez! — z) de’. (15,2.10) 


The Cauchy formula makes it possible to study different properties of 
analytic functions, and in particular, allows the calculation of the value 
of the function f(z) at any point inside the contour with respect to ils value 
on the contour. Thus, the values of the analytic function in different parts 
of a complex plane arc not arbitrary but closely related, 

With the help of the integral representation of analytic functions pre- 
sented by the Cauchy formula, it is possible to prove that the derivatives of 
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this function are also analytic in the same region as the function f(z). 
When performing the conditions under which the Cauchy formula was 
derived, we have 


mc Sle +49 -si2) 
DO Nae os 


i 1 1 


=a is te (© [peel 
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Te 3 if ae 
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The possibility of the limiting transttion under the sign of the integral 
may be proved from the analytrcity (and, consequently, from boundedness) 
of the function (=) on the contour C. 

Similarly, by calculating the higher derivatives, we obtain a formula for 
the ath derivative, expressing 1(s value at any point inside the contour with 
the help of that of the function on the contour as 





% 5.2.12) 
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15.3 Representation of Analytic Functions by Series 


Consider an infinite series, whose terms are functions of the compley 
variable = presenbed in some region D This region, at all ports of which 
the series 


E nz) (15.3.1) 
a 


converges, 1 called tts convergence region, 

Asin the case of functions of real variables, we introduce the concept of 
uniform convergence of a series With variable terms (15.3 1). Uniform 
convergence of series (15 3.1) 1n some region denotes that the series con- 
verges equally well at all the points of this region. To he precise, sencs 
(15.3.1) 1s calted umformly converging in some regron D, fat any presenibed 
postive value of ¢ there eusts such a positive number N, which 1s the same 
for all values of z in the region D, that 


15.3 Analytic Functions by Series 597 


| nim 


ee | <e, (15.3.2) 


ata > N and arbitrary positive integer m7. 

For uniform convergence of series (15.3.1), it is enough that for all z 
in the region D the estimate for the modulus of the terms of series (15.3.1) 
should be valid 

|) | <m 


atall values of k when m, are positive numbers forming a converging scries. 
In addition, series (15.3.1) converges absolutely, i.c., in the series consisting 
of moduli of the series terms that (15.3.1) converges. 

For uniformly converging series, it is possible to prove some interesting 
statements regarding operational procedure with such series and properties 
of their sum. 

First, if the terms of series (19.3.1) ug(z) (K = 1, 2, ...) are continuous 
functions in some region D, and the series uniformly converges in this re- 
gion, then the sum of the series will be a continuous function. 

Second, if serics (15.3.1) consisting of continuous functions converges 
uniformly on some curve, then this scries may be integrated by terms along 
this curve. 

And, finally, if the terms of series (15.3.1) are analytic functions in a 
closed region D with the contour C, and the series uniformly converges on 
the contour C, then it converges uniformly within the whole region D, its 
sum is an analytic function inside the region D, and scries (15.3.1) may 
be differentiated term by term infinitely (the Weicrstrass theorem), 

Now consider the particular case of series (15.3.1) of the form 





= a,(z — bY, (15.3.3) 
a0 


which are called power series. 

For power series, the Abel theorem [60] may be proved rather simply: 
if scries (15.3.3) converges for some z = zo, then it absolutely converges at 
any point z satisfying the condition 


|z—6| <|=0—4I, 


i.e., being closer to the point b than to zo. In addition, scries (15.3.3) will 
converge uniformly in any circle with b as the center and the radius less than 
the distance | 2, — bf. 

From the Abel theorem it follows that if series (15.3.3) converges at 
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some point 2,, then it also converges at any point which is farther from 
the point 5 than =,. Consequently, for any power series (15.3 3) there evists 
such a positive number R that the series converges at |= — 6] <K and 
diverges at | = — &{ > R. The number Ris called the radws of convergence 
of a power series, and the circle | = — 6] < 8, the circle of convergence of 
this series. From the Abe) theorem it follows that series (15.3.3) will con- 
verge uniformly inside its own circle of convergence? 

Vi the convergence radius 2 is equal to infinity, then the corresponiing, 
power series converges along the whole complex plane, 

We agzin emphasize that series (15.3.3) converges uniformly inside its 
own circle of convergence, that the above theorems can be formulated for 
a general case of series with variable terms, and that the Weierstrass thea- 
fem, in particular, can be applied to it The sum of power series (15.3.3) is 
therefore an analytic function instde the convergence circle of this series, 
and the series may be integrated and differentiated by terms infinitely. 

We now show that any function f(z) analytic in some circle] z — 5] < R 
with b us the center may be represented by power series (153.3) inside this 
circle and that such an expansion 18 unique. The representation of the func- 
tion by means of such a power series is called the Taylor expansion in series 

To prove the above statement, we build the contour C having the shape 
of a ewele, with & as the center and the radms less than that of the conver 
gence circle R but containing some fixed point =. Then, all the conditions 
necessary for applying the Cauchy formula will be satisfied Far the function 
Az) and we can winte 


JG) = (am) $, UG’ — 2)} a! (153.4) 








Part of the smmtegrand in formuta (15 3.4) may be presented as 
1 1 2-5 * aor 
va ee ae = » 053.9) 
gost se U0- 325) - Bea ¢ 

where we used the formula for the sum of an infinite peometrical progression 
which in ats tern 1s applicable because [z ~ 6| <|='— 4] dz’ —bls 
the radius af the eirele C and according ta the condition, the point = 1 
inside thes circle). 

Fas the moduli of the terms of senses (15.3 5) we have the estumate 


des 1 
= ce -te. (15.3.6) 








+ The problem of convergence of the series on the exele j= — b| = Ruemands secial 
wnvestigation 
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where Rg is the radius of the circle C, and ¢ = (z — 4)/(z' — ) and 
0<q <1. Thus, from the theorems formulated at the beginning of the 
present section for series with variable terms and from equation (15.3.6), 
it follows that the serics will converge uniformly with respect to the variable 
2’ and, consequently, it may be integrated by terms. On using formula 
(15.3.4) multiplying the left- and right-hand sides of relation (15.3.5) by 
(1/2xi)f(z") and integrating with respect to the contour C, we obtain 


f= Eate—oy, (15.3.7) 


where 
: f@) et (15.3.8) 


ms | eer 


Qai Jo (2 — bye 
or according to (15.2.12) for the nth derivative of the function f(z), we have 
a, =f™()in!, (15.3.9) 


ie,, finally the value of the function f(z) at any point inside the circle 
|z—b] <& where f(z) is analytic may be presented by the Taylor series 


£0) = Y (Fine = 8". (1.3.10) 
2 


It is easy to show that expansion (15.3.10) is unique. For this it is suffi- 
cient to show that the coefficients @, in formula (15.3.7) are determined 
uniquely by formula (15.3.9). Assuming z = 4 in formula (15.3.7), we bave 
Q% = f(b); further differentiating serics (15.3.7) and upon each differentia- 
tion assuming z = 6, we obtain formula (15.3.9) for the series coefficients. 

From this, it follows that the Taylor series at the point 6 of the function 
Az) converges inside the circle with the center at the point 6, where f(z) is 
analytic, Thus, the convergence radius of the Taylor serics coincides with 
the distance from / where the expansion is sought, up to the singularity 
of f(z) nearest to it, where f(z) is not analytic. For example, the function 
1/() + z) which at a point z = 0 expands into the Taylor series of type 


YO +z) l—z+e—-, (5.3.11) 


has a singularity z — — 1 where it and its derivatives are infinite. The con- 
vergence radins of scrics (15.3.10) is therefore equal to unity, i.c., it con- 
verges only at | z| <1. This very function 1/(1 + z) with cxpansion at a 
point z = 4 will have the Taylor series 
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Mel + 2)— & 4, (53.12) 





which converges and represents the function 1/(1 -|- 2) in the circle with 
the center at z = 4 of radius 5 equal to a distance from z= 4 up to the 
mearest (in this case the only onc) singularity z= — 1, 

Obviously, the function cannot be expanded into the Taylor series in 
the vicinity of its singulanty. However, it 1s also possible to obtain some 
expansion valid near some types of singularities. For this purpose, consider 
the power series of the form 


EZ ate— sy, (153.13) 


containing not only positive but also negative powers (z — b). Such = 
series 1s Called the Laurent series, We shall determine the region of its con- 
vergence. The part of senes (15.3 13) containing the positive powers of 
(z = 6) ts an ordinary power series and, consequently, has some circle of 
convergence | z ~ B| < Ry. Yo consder the part of senes (45.3,53) with 
negative powers of (= — 5), we introduce a new variable 2” == (= — 4)", 
Then, this part of the series converts into an ordinary power senes of 
the form 

Bayt! + get age? Hoo (05.3.14) 


Such a series has some circle of convergence with the radius 1/R, and the 
point =’ = Oasthecenter Thus, the region of convergence of series (15.3.14) 
is determined by the inequality | 2°} <1/R,. Proceeding to the former 
variable 2, we find that series (15,3,14) therefore converges at {= — 5] > Ry. 
Therefore serres (15.3.13) converges in the region defined by the snequalities 


z—b(1<k z—b[>h- (15.35.15) 


These inequalities may be satisfied and, consequently, determine some 
region only 1a the case of R, > Ry. This regron is a ting bounded by con 
conti circles of the radin Ry and Re wwth she paint & as the ccater Since 
in the previous considerations we divided the Laurent senses (15.3.13) into 
two power series, then from the properties of the power series 11 follows 
that senes (15.3.13) inside its convergence ring conserges absolutely aod 
uniformly, its sum is the analytic function in the ring, and the series 
may be differentiated by terms 

Now we prove that if the function f(z) is analytic inside the range 
Ry <= — 8] < Ry (inside the citele | = — 5 | = Ry and ontside the circle 
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}z—6|=—R, the function &(z) may have singularities), then it may be 
expanded into the Laurent series inside this ring. 

After narrowing the external circle Cp, and widening the internal one 
Ca, 2 little (see Fig. 15.5), it is possible to consider the function f(z) analyt- 


GA }s 


Fig. 15.5. Contour used for deriving the expansion into the Taurent series near a sin- 
gularity, 7 = b, 


ical on both circles. Then the Cauchy formula may be extended to the in- 
ternal part of the ring. For an arbitrary point z inside the ring, we have 








fO=sr Jo, J +e fo, FEE we. 05316) 


Cr, 2! — 2 rz 


Applying the considerations which are quite similar to those in the case 
of the Taylor expansion to each integral in formula (15.3.16), we obtain 
for the coefficients of scrics (15.3.13) 


@q = (1/2zi) le UG — b)*P] dz! (9 = 0, 1,2...) (5.3.17) 


and 





== (pani) fn, SOME — OY ae? (= 1,2, a 


The directions of the traverses of contours Cg, and Cp, are given in 
Fig. 15.5, It is not difficult to show that under the stated conditions, expan- 
sions (15.3.13) of the function f(z) with the coeflicients determined according 
to relations (15.3.17) and (15.3.17') will be unique. 

As an example of the expansion of the functions in the Laureat series, 
consider the function e¥*, A point z = 0 will be a singularity of this func- 
tion. Consequently, excepting the origin of the coordinates, the whole com- 
plex plane will be the convergence ring of the Laurent serics, which is of 
the form D2» I/n!z*, and all the coefficients a_, (%# = I, 2,...) will be 
equal to zero. 
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15.4 Classification of Analytic Functions by Their Singularities. 
The Concept of Analytic Continuation 


The representation of the functions by the Laurent series makes 11 possible 
to classify isolated singularities of the analytic function, ie., those sin- 
gularilies which are the center of some sufficiently small circle where there are 
no other singularities of the function. Near such a point, the analytic 
function may be expanded into the Laurent series with a convergence ring, 
whose internal circle degenerates into a point. If expansion (15.313) cone 
tains a finite number of terms with negutive powers (z= — 4), ic., it is of 
the form 


S@)= E ae —4y, (541) 
on 


then at the point 5, the function has a pole of the Ath order. 

If the serres of the negative powers in the Laurent expansion is infinite, 
then the point bts called an essential singularity of the function. 

As an example, consider the function 


eva-ni(et — 1) (15.4.2) 


Al z=22in(@a= 0,41, 242, ), the numerator of the function is 
analytic and differs from zero, and the denominator becomes zero 0s 
(z — 2am) at z+ 2am. Thus, at points z = 0, + 201, + 427i, anit so on, 
the function has poles of the first order (simple poles). Further, at z= 1 
the denominator ts analytic and the numerator has an isolated singulanty, 
where it is represented by the series 


4, Pet 1 
eon SEE. 


and the whole funetion (15 4 2) wall therefore contain an anfinite number of 
terms with negative powers ( — 1), and fanction (15 4.2) has an essential 
singularity at 2 — {. 

Analytic functions with isolated singularities may bs classified accom 
ing to the type and location of their singulanhes in 2 complex plane fist 
of all, show that the function which has no singularities (also at = point 
= 09) 18 reduced to the trivial case when il es constant. This statement. 
called the Liouville theorem, 1s formulated more exactly as follows- fz) 


* If at the point 6 the expsnsion dors not contain terms with negative powers (f — by 
then it as the Taylor series, and the function +8 anatytical at b 
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is the analytic function at all the values of z and | f(=)| = Af where M is 
some positive number at all z, then f{z) is constant, 

The estimate of the derivative f"(<) is determined according 1o (15.2.12) 
as 


S@)= (Rad [| Yee — =F a', 


where the contour C is chosen in the form of the circle with the radius R 
and 2 as the center. We have an estimate 


Ir@l =| dan J, reve - 21 «'| 
= Cpa) | [Petre + Re) dp| 


(1/22R) flew + Ret) | dp 
(l/2aR) M22 = MIR, 


lA 


lA 


thus 
IQ) < Agr. 


Since f(z) is analytic und is bounded over the whole plane, then R may 
be chosen as large as is desired. When R—+ co, we have f(z) = 0 at alli z, 
ie., f(z) is constant. 

Thus, all the nontrivial analytic functions certainly have singularities 
(probably at infinity). 

The considerations similar to those for proving the Liouville theorem 
may show that the polynomial of power < m is the single function which is 
analytic at all the finite values of z and its rate of increase is not more than 
[z[™ at 2-+00. 

Polynomials are a particular case of integer functions, i.c., of those which 
are analytic at all finite z. For example, we encounter very often the integer 
functions e, sin z, cos z, J,(z)/z” and many others. All these functions have 
no singularities at finite z and at a point at infinity they have an essential 
singularity (it is casy to show by introducing a new variable 2’ = 1/2 and 
expanding the above functions into the Laureat series. near a point z’ + 0) 

Further, the functions form the class of meromorphic functions where the 
finite number of poles are the only singularities at any finite part of the com- 
plex plane. 

It is not difficult to show that a rational function, i¢., that representing 
the relation of two polynomials, is a single meromorphic function which 
has no singularities except the poles, including also the point at infinity 
z=00. 
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Same examples of transcendental functions ore: tan =, where simple poles 
lie on 2 real axis at points (a + 1/22, 1 — 0, + 1, J(z)' (imple poles nre 
at pomts = = — n,n = 0,1, 2,,-.) and generally the relation of any two 
anteger functions tan z = sin z/cos =, ete., the zeroes of the integer function 
in the denominator being the poles of the appropriate meromorphic func- 
tion, 

‘Thus, we have found that, according to the character of singularities and 
their location in the camplex plane, the single-valued analytic functions 
with tsolated singularities may be subdivided mto the following classes: 


(a) the functron without any singularities as constant; 

(5) the functions, the only singularity of which is located in infinity, 
form the class of the imeger functions The particular case of the integer 
functions, the only singularity of which at | z|— oo represents pole of the 
nth order, 1s reduced to the polynomial of the ath power with respect to 5 

(c) The functions which at all finite | =z] have no singularities, except 
poles, are called meremorplie ones. {f, moreover, a point at mnfinity is not an 
essential singularity, then in this particular case, we have the simplest mero- 
morphic function, 1c, the rational function, which is the ratio of tno pole 
ynomials. 


Besides the above classes of sing!e-valued funchons with rsolated singular- 
abes, ve, poles and essenisal singulanties, we often meet with multivalued 
functions in applications which have specific nomsolated singulanties called 
points of branching When passing along some contour round such a pout, 
the function assumes the value different from the initial one 

For example, conser the function4/=. When bypassing the point t = 0 
along the circle with the cemer at this point and with the radius 7, the value 
of the function 4/2 = 4/F et” changes from 4/7 ot 0 = Oto —s/F et 
0 = 2 Thus, = = 01s the point of branching of the funchon4/= From 
the similar considerations, it is seen that > = oo 18 also the point.of branching 
of the function y/? Generally, the points of branching always exist in pars 

Multis aluedness of the function may be elimmated if we resinct ourselves 
fo some parhal remon of its determmation. Then, st may be said that in 
this regton, the branch of the function 4s determined. For example, for 
the set of the yalues determmed by the formula 4/7 e*? at — a2 <0 57 
ts the branch of the function in the region obtatned by the edge along the 
negatne real hall-aus from the potnt = = 0 to z = oo, which ore the points 





«The function (=) a8 known may be deterrmuned by the antegral Iz) «+ fyrenteet at 
at Rez > 0 
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of branching of this function. The set of the valucs prescribed by the formula 
— re will be another branch of the function in the same region. The 
function 4/7 considered has two branches. Similarly, we obtain the fact 
that the Function 2"’*, where m/n is the rational real number, has 2 — m 
branches if the fraction #/n does not cancel. Ln z is the most important 
among the functions with points of branching of an infinite order. The 
infinite number of its branches is determined by the formula in z. 


Inr+i(0+2m) {-x<0<2). 


Each 1 = 0, 1, 2 gives the branch In z, z = 0 and z = 00 are the points 
of branching. 

If the function =* is determined where a is irrational as e!**, then knowing 
the properties of the function In z, it is not difficult to see that the function 
2" will have an infinite set of branches. 

Then problem of the possibility of the single analytic continuation of 
the function is connected with the presence of the points of branching if the 
initial determination of the function is valid only in the bounded part of a 
complex plane. For example, the power series 


t+resttes 


directly determines the function 1/(1 — =) inside the circle | z] <i only, 
and the integral 


exp[— x — 2)j dx 





determines the same function but in the whole half-plane Rez < 1. There 
arises the problem of ways of performing the analytic continuation of the 
function initially prescribed in some part of a complex plane as well as 
determining under which conditions the process of the analytic continua- 
tion of the function will give the one and only result, If the function is, 
for cxample, given by a power series with a finite convergence radius, then 
at Teast the pracess of the anulytic continuation may be theoretically 
performed as follows. Let the function /{=) at @ point zy be prescribed by a 
power serics with the convergence radius Ry equal to the distance up to the 
closest singularity of the function fiz) from zp- Then at any point (designate 
it through z,) lying inside the convergence circle | > — z»| < Ry and different 
from zp, it is also possible to calculate all the derivatives and to construct a 
series (see Fig. 15.6) 


S@)= E Venn — a", 
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with some convergence radius R, equa! to the distance from =, to the nearest 
singulanty, which generally speaking 1s different from the previous one. 
Now, constructing the power series with the center at some pomt of a circle 
|= — =] < Ry, etc, it is possible to obtain the value of the function s{) 
in the whole complex plane. However, as 1s seen from the above consider 


Fig. 15.6. Analytic contmuation of the fanction ff) by means of a power series, 


ations, the process of the analyte continuation might not be apphed if 
singulartlics densely fill the boundary of the initial region of determination. 
Then, we may say that the function 1s not continued beyond the limits of 
its natural region of existence Such a function ss the function prescribed by 
the power sertes of the form 


Mesle tt eee tegen, 


which converges inside the circle | z=] <1 Since J) = co, then > = Vis 
singularity, but for f(z) 


Sle) = + He). 


Then at =*= 1 (ne, also at z= — 1), the function f{=) will have singor 
larinnes, As 
S@a2ez2e fe), 


then all the points determined by the equation = = J will be singulsr too 
Repeating all these considerations, we have that all the points determined 
from the equations 

eal (n= 1,2,.. ) 


will be singular. There will be infinuely many roots of these equations on 
any smal! portion of the circle. The function under consideration cannot, 
therefore, be continued beyond the limits of a sold line of singularities 
jejok. s 
The analytic continuation is not obligatonly performed by constructing. 
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a sequence of power series. It is also possible to use functional relations, 
with the help of which we may compare the valucs of the function in the 
initial region with those in that region where it was not initially determined, 
For example, the gamma function may be determined in a half-plane 
Re = > 0 by the integral 


Te)= iF ete) dy. 


However, with the help of the known functional relation (=) = T= + 1), 
it may be also continucd into the half-plane Re = < 0. 

Finally, regarding the uniqueness of the analytic continuation, the 
following confirmation may be proved: if the function (=) determined in 
the region D, (see Fig. 15.7) and the function f,(=) determined in the region 
D, are obtained by the analytic continuation of the function f(z) prescribed 
initially in the region D, and if the region D,, common for D, and Dz, 
overlaps D, then f;(=) = f=) in D3. 


oe} 
Fig. 15.7. The thearem of uniqueness of analytic continuation. 


Thus, in the region Dz, we obtain the fact that f,{-) coincides with fx(=), 
irrespective of the way of the continuation of the function f(z). 

The theorem of uniqueness of the analytic continuation will, however, 
be broken, if between two different ways of the continuation of the function 
there is a singularity of the function, i.c., its point of branching. 


15.5 Residue Theory and Its Application to Calculating 
Integrals and Summing Up Series 


Consider the expansion of the function f(z) into the Laurent series near 
the isolated singularity &. [na general case, this expansion is of the form 
(see (15.3.43)) 


f= 5 a,(= — by". (15.5.1) 





In this expansion at (z — 5)-', the coefficient a_, plays an essential role. 
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This coefficient #_, is called the residue of the function /{=) at the considered: 
singularity 5 (at a pole or essential singularity). We shall show that the in- 
tegral with respect to some contour surrounding b may be expressed through 
the residue of the function at this point. For this purpose we integrate for- 
muta (15.5.1) with respect to some small closed contour C surrounding 
assuming that senes (15.5.1) uniformly converges on this contour. Therefore, 


J, fords Fay fe — oy. (15522) 


According to the Cauchy theorem, the contour C may be deformed into 
the circle of a small radius @ with } as the center. Then, formula (15.5.2) 
may be written 


[foa= 13 oe fF explice + 051 de. (15.5.3) 


Itts not difficult to sce that all the mtegrals [{ expfi(a + I)z] dp are equal 
to zero, except the ont corresponding ton = — J which equals 27. Thus, 
we have 


J, £@) de = 2a, (5.54) 


In a stmilar way, we can also consider 2 more general case when the 
function f(z) 15 analytic tn some region D with the contour C, except where 
the finite number of points are poles or essential singulanties of the function. 
We encircle cach singularty 8,, 62, , dy wath a contour, €.¢4 3 small 
circle Cy (see Fig 15.8). Then, according to the Cauchy theorem (see for- 


mula (J5 2 6a)) we have 
* 
Em 2d: 5.5 51 
J, fen E [soe a 


AS 15 easy fo establish by repeating the considerations used for deriving 


+) 
@s oO 


Fig. 15.8. Contour for dermring residue theorem. 
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where f(z) is the function analytic everywhere in the upper half-plane 
Im= > 0, except for the finite number of singularities, which, however, to 
nat he on a real axis — ¢0 <x <0, At [=] +00, the function =/{z) 
should tend to zero, te, the function | f{=)| should tend to zero at | | + co 
quicker than 4/| z|. To calculate integral (15 5.10), we shall consider the 
contour integral consisting of an intercept of the real axis and the half 
circle of a large radws A with the center at the ongin, lying above the real 
aus (see Fig, 199). Then, according to the sesidue theorem, the mtegral 
with respect to this contour is 


is {@a= fife det f, Sf 2) dz = 2a! Day, (19.5.1) 


where the sum of residues of the function f{=) with respect to singularities 
lying above the real half-axis is designated through ¥} a_, and J" is the half- 
circle, 


F 
| 


= 1 R= 


Fig. 15.9. Contour for catculating integrals having infirite limits with the help of the 
residue theorem 


For estimation of the sntegral with respect to the half-circte, we have 
(= = Ret) 


| fre a.| - | fl 1 Re Rest ap| 
< maj f(Ret)| R 1% dz = Reman [Ret |. 


where max f(Re’*) | 15 the maximum of a modulus of the function (=) on 
the half-circle /” and where we take into account that | i | = 1 Since 
R|f(Re'r}| + 0 at R— oo for all O <p <x, the considered integral with 
respect to the half-circle converts to zero. 

Note that with the use of the same method, it is possible to prose a more 
generat statement called the Jordan lemma; if in the upper half-plane and 
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on the real axis the function /(z) satisfies the condition that f(z) uniformly 
tends to zero at z -> co, and y is some positive number, then al R—> co 


1p Sel dz +0, 


where the contour J"is the half-circle in the upper half-plane with the center 
at the origin of coordinates and the radius R. We use this lemmu later.’ 
Now, considering integral (15.5.10) we finally obtain from (155.11) at 
R-+ oo and from the estimate of the integral with respect to the half-cirele, 
that 

fs dx 2D { of residues of f(z) with respect to sin- 


gularities lying in the upper half-plane (15.5,12) 


We now consider the examples. 
1, The integral 


[7 aset + (455.13) 
= 

belongs to (15.5.10) and satisfies, as is easy to check, al! the conditions nec- 
essary for usc of formula (15.5.12). The integrand f(z) = 1/(2* + 1) has 
poles of the third order ot points z = i and z = — #. Only the pole z =i 


lies in the upper half-plane with a residue — (3/16)/ calculated by formula 
(15.5.8), According to (15.5.12) we have 


J asi + 1" = 22 - 
2. The integral 





fF cosx deft + atyat +b) (Rea >Reb>0) (155.14) 


may be presented as 





1 cos x dx i 08 dx 
2 Ace @raGethy 2 ie 1 aA) OF + F)” 


* To determine contour integrals arising at the inversion of the Laplace transform, 
itis necessary to have the modification uf the Jordan lemma whieh is obtained by re 
Placing the variable iz = s, i.c., it confirms that for any function F(s) tending uniformly 
to zer0 at R + co on the half-circle I” of the radius R Sying in the left half-plane, we have 
at any positive » 


sim f Fle" as ~ 0 
mace dr 
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Since the integral of the odd function sin x/(x* +- a*)(x? -- 8%) with respect 
to a symmetric interval becames zero. 

The last integral has the formt of (15.5.10). In particular, it is easy to 
make sure that the integrand 


Se) = ef(z? + az? + 6°) 


tends to zero with an increase in = in the upper half-plane (ie, when 
Im z > 0) at a greater increase than any degree of =, Singularities of this 
function are four poles of the first order at points z== -b ia, = = -L ib, 
Two of them, < == fa and = = id, he on the real axis. The residues at these 
points determined by formula (15 5.9) are equal respectively to 


chee Cie 
“Tele OO" aay 
Hence we have 
1 cosxde _* 1 ( pees, ae ) 
ores) 2 BRL 
Further, we consrder a new form of integrals 
ico 0, sin 0) a9, (155.15) 


where the function s{cos 0, sin 0) is the rational function of its own argu- 
ments cos @ and sin 0. To determine such integrals, it is necessary to express 
cos and sin @ through a complex variable = = e” according to the Euler 
formula, after this integral (15.5.15) transforms into a contour integral 
with respect to the circle of a single radius. From the residue theorem, this 
contour imtegral is expressed as the sum of residues with respect to singular 
itses lying inside the single circle. 
As an example, we shall calculate the integral 


fU Gantoj(e+ bear} a G@>b>O. (15516) 
i 


Letting sin® = (= — 1/s)/2%, cos 0 = ( + 1/z)/2 and A = ~ Wdz/2) 
respectively, we find that integral (15.5.16) is equal to the following contour 
integral with 1 -pect to the single circle: 


i (2 1y rs 
DB f ves FETE ale ey 
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The integrand in this integral has singularities: the sccond-order pole at a 
point z = 0, a simple pole at a point z = {{a* — *)¥* — a}/b and one more 
simple pole at a point z = — {(a — 5%)? — a} fb. Only the first two points 
from three singularities (since a/b > 1) lie inside the single circle. The 
The residue at the point z= 0 equals — 2a/b, and at the point z= 
{(a* — b3)* — a} fo it is equal, respectively, to 2({a*/6*} — 1)¥*. We have 


sin? yy (@- 
o a+bcosé 2b J iin z°(z* + 2(@/b)z 4-1) 


= fn(- 2+ - )") 


= Be @- oy). 






dz 


We now pass to the case when the real integral is calculated from the 
multivalued function. Consider the integral 


fF 2-4 dx, (15.5.17) 


where f(z) is the rational function without poles on a positive part of the 
real axis, 4 is the real number and x#/{x) +0 at x-—> 0 and x — oo, For 
calculation of integral (15.5.17), we introduce the contour integral 


J, (— 2°-¥ ©) az, (15.5.18) 


where C is the closed contour presented in Fig. 15,10, The integrand in ex- 
pression (15,5.18) is the multivalued function due to the presence of the 


@® 


Fig. 15.10. Contour for calculating integrals of type (5.5.18) with « branching point 
z=0. 
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multiplier (— 21 if » is not an integer. In order to male the function 
single-valued, in Fig. 15.10, a section along the positive axis connecting 
points of branching = = 0 and = = co is made. The complex plane is cut in 
such a way that the integrand will be already single-salued and there is no 
other choice but a fixed one for a certain branch of this function, For this 
purpose, we 2eree that on the upper edge of the section where = is 
positive, — = will be the argument of a negatise quantity — >. When by- 
passing the origin of coordinates counterclockwise, the argument obtains 
{he increment 2x Consequently, on the lower edge of the section, bypassing 
the point = = 0, the argument — = will be — 4 + 27 = 3. Thus, we have 
thot — 2 = we- on the upper edge of the section and — = == vel on the 
lower edge, where w is the modulus of z For integra! (15,5.18), writing tt 
asm sum of integrals with respect to the upper and lower edges of the sec- 
tion and with respect to small and great circles, we have 








fq (ee rten de = [" emery (ey ae — J eemnan (uy dt 
Ld ' . 
+f. Crveas flo ve de 
= residues of the function (— =" "f'(z) 
=n Ss { with respect to the funetion potes f (=) 
(15.5.1) 
With the help of simple estimates it is not difficult to show that the integral 
Jog 2)*- fz) dz converts 10 zero at g—0 due to the condition 24 J{z) +0 


at z—0 The integral fopy(— =)“Y{2) d= vanishes in its turn at R09 
since =+/(2) + 0 at + oo Thus, formula (15 5 19) takes the form 


= ete Feira) du + Te wef (u) du = 2ai X fresidues]. 
or finally (passing to the former notation for a variable of integration) 
fo 7702 ae = (asin. ap) B fressdues} (5.5.20) 
Asa simple example, we calculate the integral 
[lems ede <n <2) 


i $.5.20) 
which satisfies all the conditions of the applicability of formula (1 
The integrand fiz) = (—=-YG*+ D, in addition to the point of branch- 
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ing at z= 0, has simple poles at points z =i and z = -- i with residucs 


Mexp{— i tap]) and 4(exp[i i7p)}), respectively. 


According to formula (5.5.20), we have 


aan eat: expl— finp) | explf dru) 
je Tae! tna { z Poa ) 





= Gee ; =ercosee fam. (15.5.21) 

Because of the special importance for the heat conduction theory, with 
the help of some examples we now illustrate the application of the residue 
theory for determining a special class of contour integrals due to the inver- 
sion of the Laplace transform, i.¢., for calculating the function f(r) pre- 
scribed in the interval +> 0 with respect to its original function /(s). Thus, 
we shall calculate the contour integral 


(0) = (U2ai) [" FEae ds, (5.5.22) 
where @ is a real number, such that the straight line Res = a lies to the 


right from the singularities of the function F(s). 


(1) Let Fis) = I/(s+ 5) (6 >0). The only singularity of J(s) is a 
simple pole at a point s = — 6. For calculating f(z), we consider the 
integral 


J, Fer as 


with respect to the contour C given in Fig. 15.11, consisting of 2 part of an 





Fig. 15.11. Contour for calculating the inverse Laplace transform of single-valued 
functions. 
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imaginary avis and the left half-circle Cz of the radius R. The residue of the 
integrand e*/(s + 6) at a point s = — b is equal to e**. Consequently 


fale + ON) deem PE fordts + Onde + f_, fertee + Made 
= Qsie*, (5.5.23) 


When R tends to co, then the integral with respect to the imaginary axis 
transforms into desired integral (25.5.22), and that with respect to the half= 
circle converts zero according to the Jordan femma. Finally from (15.5.23) 
it follows that 


Se) = (Uda) FP feet Bde eh, (5.5.24) 


(2) Fs) = 1/4 F ( — 8%), The singularities are a simple pole at s =o" 
and a branching point at s = 0. Consider the integral 


<5 (a 
2ai o Ve- 5) 


with respect to the contour C given yn Fig $512. A complex plane sis cut 
along a negative part of the real axis in order to single out a single-ralued 
branch of the integrand. Inside the contour C consisting of a part of the 
imaginary axis, a left half-circle Cg, upper and lower edges of 2 section, 
and a small circle C, with a point s = 0 as a center, there 13 the only ont 


ds, (15.5:25) 





Fig, 15.12, Contour for estculsung the inverse Laplace transform of the functions 
with the point of branching z =O and z= co 
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singularity, i.¢., a pole s = 4° with a residue exp[b*r]/b. Integral (15,5.25) 
is presented as 











1 er Cad 1 ih e 
pes perp ae te 
zat Io V5 (5-8) a oa Fae ~ 6 
i 
+ tat oe 
poral ti 
Pat fe Ta eormu BO A gory bY) 


(5.5.26) 


where in the two last integrals, section s = ue is on the upper edge, and 
s = ue js on the Sower edge. 

At R > oo, the integral with respect to Cp according to the Jordan Jemma 
becomes zero. Estimating the integral with respect to C, at ¢ + 0 assuming 
5 = ge'r, we have 

a exp[st] nae | 
eile 


Ys (s ~ BY 


exp[re expligliie explip] dp 
V2 explip/2ie explig] — 5*) 
=0. 
Integral (15.5.26) is now written 


I 


er er 
gnfot Sf, 


Vu wtb) 


‘The last integral may be expressed as a probability, In order to illustrate 
this, we first of all introduce a new variable x = z*, and obtain 


du. (15,5.27) 


3 2 (re 
jO= > I) sae 


As is not difficult to verify directly, the function j(z) satisfies the differential 
equation 
IG) — Bit) = — Mfery'® 


provided that j(0) = 1/6. The solution of this equation is of the form 
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Finally formula (15.5.27) is written as 
Slt) = {explo*r]/5} eri(b4/t). (15.5.28) 


GB) AG) = etp[— b4/F)/S. A singularity is a point of branching at 
3s, The contour is the same as in the previous case. Since inside this 
contour with a section the functron F(s) has no singularities, then 


(px) ip, fexpl— BS + st) V5} ds = 0. 15,5.29) 


It is easy to check that both integrals with respect 10 the left of the half- 
circle at R + co and those with respect to a small circle with a point s = 0 
as a center at p+ 0 vanish. Equality (tS S.29) may now be rewritten as a 
sum of integrals along the smaginary axis cqual to f(r) together with those 
with respect to the edges of the sections. 

Assuming on the upper edge s = we" and on the lower one s = we“ 


Fey gh fr Sel yg Le pe sept thay 9, 
J ve @ iva 
be, 
S(e) = (ay (i expl—url{cosbo/u lw} du — (15.5.30) 
To calculate this integral, we introduce a new variable of integration 
z=4/ Then 


w= 2 ie exp[—2*r] cos b= d= 


=P expl- trleos bz dz 
Tt smo 


1 s)d: 
= fl el a + bad de, 
Assuming here z = (x/V's) + (1b/2z), we obtarn 


ot — b/s: 
fowt exp[—bt/ar} £ exp[— x*] dx = per Gat LB 


= va vr SSID 


(4) FAs) = In(s + A)M(s + @). The function In(+ + ADK + 2) has points 
of branching ats = ~ A and s = —a, The point at infinity is not the point 
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of branching. In reality, if a closed contour, bypassing around both points 
— Band — ain a positive direction, is fitted, then In(s + f) and In(s + «) 
obtain one and the same term 2z/ and the difference In(s + 8) — In(s + a) 
== F{s) does not change. Thus, the function F{s) will be single-valued in the 
plane with the section connecting the points s = — f ands = —a. 

To calculate the original function F(s), we consider the integral with 
respect to the contour presented in Fig. 15.13. In the region bounded by 


® 





Fig. 15.13. Contour for calculating the inverse Laplace transform of the fonctions 
with the points of branching = —a and s— —. 


this contour, the function F{s) is single-valued and has no singularitics. 
Consequently, the integral with respect to this contour, consisting of the 
portion of the imaginary axis, left half-circle, and the upper and lower 
edges of the section connecting — 8 and — a, is equal to zero. Assuming 
s=— + ue and s = — £ |- ve on the upper and lower edges of the 
section, respectively, and taking into account that the integral with respect 
to the half-circle whose radius tends to infinity becomes zero, we have, 
according to the Jordan lemma 


a ae ne 
fO + ag JT ae 
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Se ~ £2 few ae 


au a—ptue 
eo entry 
¥ 


(15.53.32) 





‘Thus, we shall no longer consider contour mtegrals, which may be cal- 
culated in finite form, ie, they may be expressed through elementary and 
special functions. However, the application of the residue theory, as we shall 
See, 1s not exhausted by calculating such integrals. This is particularly so as 
they are not numerous. In particular, the majority of such finite-form con- 
tour integrals (15.5 22) mnverting the Laplace transform are given in tables 
and handbooks [#13] on operational calculus, 

If the solution of some problem is obtained as a contour intepral which is 
not solved in fintte form, then the residue theory makes it possible to ex- 
press this contour integra! through ordinary integrals with respect to a real 
variable Such an integral representation of the solution frequently makes it 
possible to visuakze its behavior and to facilitate numencal calculations 
As an example, consider 2 heat conduction problem for a body occupying 
A semispace 0 < x < co, whose density or heat capscity linearly increases 
with a removal from a surface x = O where there occurs leat transfer se 
cording to the Newton Iaw It as necessary to determine a heat flux density 
through this surface Thus, the problem 1s formulated as 


sae, om 

Rn (155.33) 
- POD) + it, — 0, = leas 
10, *) =0, Movs, -0 


Here f,, ¢, », af, ht are constants, Jt 1s possible to show {89 112] that the 
necessary flow g(t) = — 2(8¢(0, r)/Ar) satisfies the following Volterra tne 
tegral equation of the secund kind with a difference core 
) , 
= airy bf MO ae’. (15535) 
where 


= Tey (Ser 
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Since in the right-hand side of integral equation (15.5.35) there is the con- 
volution of the functions g(r) and 1/r**, it is easily solved by the Laplace 
transform. The solution is of the form 


en ds 


1 
Q(t) == ity Tat Seto PTE BD (c>0). (5.5.36) 





This contour integral may be easily transformed into a real integral by 
integrating the integrand with respect to the contour consisting of the part 
of the imaginary axis, the section connecting points of branching s = 0 and 
$ = oo, and the left half-circle (see Fig. 15.14). Since inside this contour the 





Fig. 15.14. Contour for calculating the integral characterizing the heat flux density 
{15.5.36). 


integrand has no singularities, then the desired integral is cqual simply to 
the integrals along the edges of the section (integrals with respect to the 
half-circle vanish according to the Jordan lemma when the radius of the 
semicircle tends to infinity). 

We have 





gz) en du 
Wit aa I “TR Beaae-FF BIE) 





i eo dit 
tar I =e TT A 
Upon simple transformations, we have 


ae) = ays exp[= €23) 15.537; 
ate” Cae i : : 


= [6TU1/3) Pr. 


where 
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Erom the solution of (15,5.37) it is immediately seen that g(r) is a mono= 
Tonically decreasing (from AAt, to 0) function 1. Integral ()5.5.37) is inte- 
grated by terms, and for targs values of £, a simple asymptotic estimate is 
obtained for this integral in the next section. 

‘The methods of the residue theory may also be used for the problems 
comtrasting in certain ways to the above ones. Srequently it appears useful 
to express some function through a contour integral, In this case, the in- 
tegeal representatcon of a complex function may appear to be convenient for 
investigation if the integrand in the contonr integral has a simple form and 
contams elementary functions. Moreover, by conforming the contour ac- 
cording to the Cauchy theorem, it is possible to obtain approtimate estim- 
ates, In particular, if the function is given by a series, then the representation 
of the sum of a series by means of a contour integral allows the sum of 3 
serves an finite form to be found in some cases. 

Let f(z) be a rational function with a finite number of poles at ports 
Ziv +e ay Let the power of a polynomial in the numerator of the 
function /tz) be smaller than that in the denomunator by not less than 
two units, so that f(z) decreases at = 09 at a rate not Iess than A/z% 
Consider the integral with respect 10 the radius circle Gr + §) 


SrrenoraZ 0 Cote ds (2 =O, US $38) 


The meromorphic functron cot =r 1s limited everywhere, except for the cir+ 
cles with radi with integer values Therefore, far integral (15 5 38) we have 
the estimate 


J Snneanal@etazrd}<f 


A 
aCe 


L(+) cot 








M2x(a +4). (15.539) 


Where Af is the maximum of a modulus cot >> in a plane z wath remote 
circles with integer values. From the estirnas of (15.5,39) at fotlows that 
the integra! fi:jeae1 sflz) cot x2 dz + 0 at n— 0, This same integral may 
be calculated with the help of the residue theorem, Sumple poles of mero- 
morphic function cot = at points = = 0, +1, £2,. .. 40 with residucs 
(t/)f@), and poles of the rational function fz), will be singulanties of 
the integrand function mn a circle | =] <7 + 1. We assume that mis suf- 
ficiently great so that all the poles =, «+93, Of the function J[=) enter 
the circle | 2] <n + J. Then, according to the residue theorem we have 
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J etme! 2) cot mz dz = 2ai{a nd, i) 


+ = residues[ f(z) cot zz] in poles f\ @}. 
Fa 


Passing to the limit 1 —> co, we obtain 


residues [f(z) cot mz) 


in pokes f). (15.5,40) 


Esay—-n &{ 
oe : 
The formula for the scrics of the form 
EC Dye 
mat 


may be obtained in a similar way where f(z) possesses the former propertics, 
It is necessary only to replace cot xz by I/{sin 22) in integral (15.5.38). As 
a result we have 


z. { residucs [f(z)/sin xz] 


pref WIM =— 2 ZY at poles fe). (155.4) 


As an illustration of the application of the formula considered, we shall 
sum the series 


E yor +e). (15.5.42) 
P= 
First of all, we write (15.5.42) in the form 
e1 rye] 1 
3 tens (Zee) 


Further, the rational function [/(z* + a*) has two simple poles at points 
z= tia, and residues of the function cot 22/(z? -|. a*) at these poles are 











equal to cot ziz/2ia = — cath zz/2a, respectively. Thus, according to 
(15.5.40) we have 
Bere att Laer 
a Aol ae colhane 
=F coth na — abe. (155.43) 


This ends our discussion of the residue theory. 
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15.6 Some Analytical Properties of Laplace Transforms and 
Asymptotic Estimates 


In the previous chapter, we dealt with the bases of operational catculus 
and with the use of the properties of the Laplace transforms related to oper- 
ational calculus. Effectiveness of operational calculus is quite obvious be- 
cause of its simpheity and the possibility of the use of evtensive tables of 
integral transforms, It is, however, very useful to examine the works on 
direct studies of contour integrals, to which the inverse Laplace transform 
is reduced. This is because the form of the solution of the problem expressed 
as the contour integral is more flexible and allows us to abtain the tepres 
sentation of the methods of solution ond different, sufficiently simple 
approximations for solution with the help of deformation of a contour 
integral and the study of an integrand behavior in a complex plane, 

Without dwelling on the contents of Chapter 14, we shall examine ana- 
lytic properties of the Laplace transform and the simplest methods of 
obtaining asymptotic estimations We must remember that the functions 
Yo winch the Laplace transform 1s applied, should be piecewise-continuons, 
different from zero only at t > 0, and should increase at a rate not greater 
than an exponential function, The latter denotes that there exist such con- 
stants A > O and a, > 0 so that for all r > 0 


lie) | < Ae asén 


The number op ts called the exponent of the growth of the function f(r). 
‘Under these conditions, as has already been mentioned m Chapter 34, of 
may be shown that the transform F(s) will exist :n 2 half-plane Re s > ee 
and, moreover, will be an analytic function there. Hence, in sts turn, it 
follows that for any transform FIs) at Res =o-+ 00+, F{s)-+0 This 
results mmedtately from ynequality (15.6.1) and the estimate 


1A} = | {love az <A E ett dr = Als = 9) 


‘Fhe condition Fis) ~~ 0 ay Res— + cons necessary for the function Fis} 
to be the Laplace transform, therefore the function =* (a 2 0) cannot be 
the transform of the function an sts ordinary meanings However, the 
condition F{s) -+0 at Res —+ + 00 is not sufficient to be a transform, ay 
is seen from the function e~** 


* We do not consider the theory of the Laplace trsesformatioa cf the so-called general- 
ized fonctions [22, 36]. 1€, for example, the known Drrac delta fonction. 
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Note that the region where the function F(s) is analytic, is wider as a 
rule than the half-plane Res >|o, where F(s) may be presented by the 
integral [ e~"f(r) dr. We may easily see this fram the tables of the trans- 
forms (see Appendix 5). For example, the function /(s) = + 1)/er#4, 
being the transform of the function t*, has only one singularity at s = 0 
which in case of the positive integer vy = m (v1 = 0, 1,++-) will be a pole 
of the (m+ 1)th order along the whole plane, except at this pole, the 
function mt/s"*? is analytic. If » is not an integer, then Fis) will be a 
maltivalued function with branching at s = 0 and s = co, and the whole 
plane with a section along the real negative half-axis will be the region of 
analyticity of its single-valued branch determined by the condition 
—a<0<x (s—re®). For example, the function F(s) = I/(s*+ 1) 
being a transform of sin r only in the half-plane Re s > O, will he analytic 
over the whole plane except for two simple poles at points s — +: i. There- 
fore, although different relations for the Laplace transform and, in particu- 
ar, ail the properties of such a kind derived in the previous chapter are 
established only for the appropriate half-plane of convergence of the in- 
tegrals {fF e-" f(r) dr, these relations may be found by the extension of the 
analytic continuation to the whole analycity of the approprizte functions. 

Proceeding from the analytic properties of the Laplace transform in a 
complex planc, we now establish two practical important limiting relations. 

First, if the function f(z) satisfies the inequality 


foi <4 
for all r > 0 where M > 0 is some constant, then 
lim sF(s) = feo) (15.6.2) 
oe 
provided that f{oo) = lim, ,,.0 f(z) exists. 
Second, if the function f(z) satisfies the inequality 
|) < Aer 
for all > 0 where A and og arc positive quantities, then 
lim sF(s) = f(0) (15.6.3) 
assuming that (0) = lim,..o f(r) exists. 


In formulas (15.6.2) and (15.6.3), s tends (o the appropriate limiting 
values along the real axis. 


-- 1.3 28 te AL ot ~ 
To prove limiting relation (15 6.2), we consider the difference 
sF) — flea) = 9 | J ryt) ae — slo) FP em ae] (15.64) 


since, according to the theorem conditions, ¢ may be considered real, and 
introduction of a new variable of integration x = sr into formula (15 6.4) 
gives 


SFU) ~ f (20) = [* (FGxis) — fone de 


= fi (208) — peole= det fF I~ S leone tae, 
(15.6 5) 


where xq > 0 is still orbutrary. 
First consider the integral 


A= J" UG) —Slearjet de 
Since the function f{r) ss restricted by (| fIr)| < Af for all x > 0), then it 
is obvious that 
lA] < 4K — e+) 
In the last inequality, x, may be chosen small enough that 
1 Ji) < Alxe 


becomes smaller than any small prescribed quantity designated through 
2 >0. Having fixed such xp, we choose some s, > 6 smal! enough that at 
X > xq for all 0 <5 < 44 the difference 


| fix}s) ~ flea] <2. 
Then, for the integra! 
t= JP UG) — Sore de 
we lave 
In| <e fletdemeo<e 
Summing the estimates obtained for | J,{ and | Jy[ we have that 
1 sF ls) — feo) } < 22. 
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Thus, it is possible to choose a sufficiently small sso that | sF(s) — {0} | 
would be smaller than the prescribed smal! positive number that is proved 
by relation (15.6.2). Formula (15.6.3) is proved in a similar way. 

The limiting relations obtained allow the determination of the value of 
the function f(r) at t = 0 and r = ca according to the known transform 
F(s) without calculating the contour integral which serves as an inversion 
of the Laplace transform if it is known that f(+ 0) and f{oo) exists. In heat 
conduction problems, the existence of these values may be frequently estab- 
lished from the physical considerations. For cxample, if from the problem 
conditions the existence of a steady-state temperature field is obvious, then 
it may be determined with the help of relation (15.6.2) according to the 
transform of the solution, 

We now consider some examples. 

(1) In Chapter 4, Section 2, it was shown that the Laplace transform of 
a semispace temperature x > 0 with an initial temperature fo, on the 
boundary of which a zero temperature is maintained, is equal to 


Tix, s) _ 1 — exp[— (s/a)”*x] 
ty s 7 


Hence, it is possible to check whether the expression for T(x, 5) obtained as 
a result of subtraction satisfies the initial condition, We have 





i ew es 


TODS tim 1 — exp[~ (/a)!*x] = 1. 
fo. atte lo alee 


Farther, find the steady-state value of the temperature to be 


t(%, 00) = lim s7(x, 8) = ta lim (1 — exp[— (s/a)"*x]) = 0. 
440 40 


(2) As some less trivial example, consider the problem of a temperature 
ficld in two semispaces being in thermal contact (sce Chapter 10, Section 1). 
The right semispace has a temperature ty al the initial time moment and the 
left one lias a zero initial temperature. The transforms will be of the form 

roe ve, 
T(x, 8) = “2 — tte +5 pl Gia" sa 1 we >0), 
: ? (15.6.6) 


ae canllsiaae) (<0). 





T(x, 5) = 
where 
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We have 
lim sTy(x, 8) = kd +k,), 
par) 


lim sTy(x, 5) = tok, + &,). 
wst0 


Thus, at t-» oa, both semispaces have the same (as it should be in the 
presence of an equilibrium state) temperature 44,/(1 + &,). 

It as also easy to check, with the help of limiting relation (16 $.3), that 
expression (15.6.6) satisfies the initial conditions of the problem. 

(3) Let Fls) = 1/(s? + 1), then 


Jim sF{s) = lim s/(* +1) =0 
ste wte0 
and 
lim sF(s) = hm [s/(s* + D] = 0. 
pours eet 


However, only the first of the equalities gives the value of the function 
S(t) = sin rat r= 0 But hm,,.¢ sF(s) does not give the value of the limit 
S(z) at t + ooas this himit does not est 

The same situation may be also encountered in some heat conduction 
problems, for example, in the problem on a semispace x > 0, on the bound- 
ary of which the temperature changes in time according to the harmonic 
law. Under the simplest boundary conditions, it 15 possible to write 


Gt(x, t)/dt = oF (x, r)fOx* (0S x <0), 


(1S 67) 
4(x.0) =0, (0,1) =2, sat, I(t, c0)/Ie =O 
It ts easy to calculate that 
T(x, $) = tn feof(s® + 0°} exp[— (s/2)8x] US 6.8) 


Although from (15 6.8) it follows that 


fim sT{x, 3} = 0, 
ew 


this does not denote that 
lim ¢{x, 7) = 0, 


since the last mrt does not exist. 
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The above limiting relations for the Laplace transform expressed by 
formulas (15.6.2) and (15.6.3) are a very special cuse of asymptotic estim- 
ations. 

We now consider some methods of the asymptotic estimations useful for 
studying heat conduction problems. 

Two functions f(x) and g(x) are called asymptotically equal when their 
argument x tends to some value of x9 if the ratio (x)/g(x) tends to unity at 
XX. 

The asymptotic equality will be written as 


SI) = 8) (> 0). 
For example 
x+1=2x , atx—-c, sinh x = e*/2, at x-++ 00, 


xi+ 3x42 1 


=, atxwrto, sinx=~ x, atx—0, 
Sx 





and so on, 

The case when the function g(x) is more simple from the point of view 
of its calculation at x + x9 as compared to the function f(x), is of practical 
importance. Frequently, at x —> oc, the descending power series t may serve 
as such simple functions 


Se) = 5 Cale (Ap <4 Saeed. (15.6.9) 
m0 


Series (15.6.9) does not obligatorily converge but in some practical cases for 
the asymptotic diverging series, the error resulting from ihe replacement of 
the function f(x) by a part of series (15.6.9) E¥.eC,/37" may be less than 
the last term in this sum Cy/x*%, ie., 





area — 3 a]-. at xr 00. (15.6.10) 


‘We further note that the asymptotic expansion of the function, if it exists, 
is determined once. However, one and the same asymptotic series may 
serve as asymptotic expansion of different functions. For example, two 
functions f(x) and f(x) + e* have the same asymptotic expansions at 
X—> |- 09, since lim, , je. x**e-* = 0 for any A,. 

‘The asymptotic series may be summed up by terms, multiplied, and in- 
tegrated. 


630 15. Tact Turory of Axavyric FuNctions 


Ifitis known that an arbitrary function allows the asymptotic expansion, 
then it may be obtained by differentiating the asymptotic expansion of the 
function. 

The practical importance of the asymptotic estrmations is very great. 
This 8 explained by the fact that the solution of many nontrivial problems 
of mathematical physics is tery tedious or complex. For example, it may 
he prescribed by a complex functional series or 2 contour interral. At the 
same ume, there is frequently ne need to know a precise solution of al! the 
values of the parameters and vanables of the problem but only at some 
limiung, values, For example, it 3s sufficient to know the behavior of the 
solution after a Jong pertod of time, In these cases, it is possible to judge 
the behavior of a complex precise solution according to its asymptotic e+ 
pansion. Since the solution of nonlinear problems of the heat conduction 
theory may alivays be expressed in terms of contour integrals (and in some 
cases an terms of integrals with respect to a real variable), then it is first 
necessary ta consider the methods of the asymptotic estimations of the 
integrals of the appropriate types. 

First consider real integrals such a5 


Fay= PP getnds ($6.0) 


where all the quantities are real At large values of a positive parameter a, 
integeat (156 11} may be csumated by the Laplace method, whose essence 
as that (the fencteon A(x) has a maxemum on the line (a, 4), then at Jarge 
values of g this maximum will be very prominent, and the vermty of a 
maximum point will give the basi¢ contribution to the value of the mtegsal 
If the functron A(x) has some maxima, then the integration siterval 
(15.6 11) may be divided into the finite number of intervals, so that the 
function A(x) takes a maumum value only at une of the endpoints of each 
interval (for ctampic, on the left end) and does not achieve the maximunt 
value nt other pomts It is therefore sufficient to restnet oneself to the case 
in which the function A(x) an integral of (15.6 11) has the only maximum 
atx =a, 1c, A(x) <A(a) at alla <x <4. Let the funcnon A(x) have a 
continuous derivative of the second order. At a maximum point A'(a) = 0 
and 4'(a) <0, there exists such a suMfciently small number 7 > 0, that the 
derivate A'{x) <Oata<x<a+y. Atao—+ oo we have, according 
to the main principle of the Laplace method, 


Feo) =f" exetde (156.12) 
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‘We assume also that the function ¢{x) is continuous and introduce a new 
variable of integration y instcad of x according to the ratio 


h(a) — A(x) = 3. (15.6.13) 
Then, (15.6.12) may be rewritten 
Flo) = — 200 in ea dy, (15.6.14) 


where 
Y= (h(a) — ha + yy > 0. 


As already mentioned, only the value of the integrand in the vicinity of 
a point x = a (i.e., y = 0) is essential in Eq. (15.6.14). In (5.6.14), p(x) 
may be approximately replaced by g(a) under the integration sign, and 
¥(s)/h'(x) by 
(ia) — hx)? 


Jim yong) = jim SO 
Ho \M 
nk aes i ay) 
Pacer) “(a(x — a) 
1 


"CX @or 
Taking into account these results, relation (15.6.14) may now be written 
F(a) ~ (2]— h''(a))"*p(a) expfoh(a)] [5 exp[—oy* dy]. (15.6.15) 


Al a— + oo, only the values of y close to 0 contribute to the integral in 
formula (15.6.15), It is therefore possible to replace the upper limit of in- 
tegration ¥ by infinity without error. Finally we obtain an asymptotic estim- 
ation of integral (15.6.1}) for «+ + oc provided that h(x) has maximum 


atxe@ 
F(a) = {a/[— 20h'*(a)]}'7e"™9(a). (15.6.16) 


By means of similar considerations, it is also possible to obtain the 
subsequent terms of the asymptotic expansion F{(). We present a complete 
asymptotic expansion only for one important particular case of integral 
(1S.6.11) when A(x) — ~ 2° (@ > 0), a=0, and O<bsoo. If 
5 | eC) | exp(— apr] dic also converges for some gp, then the integral 


F(a) = if (x) exp{— ax°] de (5.6.17) 


632 15, Tie Tittory oF ANALYTIC Functions 


has an asymptotic expansion 
Fo) = by & retest) ontnsastin, (05.618) 
E= 


where f > — | and the coefficients C, are determined from the expansion 
p(x) into a power series such that 


ee) = & Gx, 
= 


which is assumed to be converging atjx}]<R>0 

The theorem of the asymptotic expansion of the Laplace transform direct- 
ly follows from the estimate of (15.6.18) for integral (16.617) ata =, 
6 = co and from replacing notation x —+ t, ¢~+ 5. If the integral 


Fi) = [Perse de 


converges anywhere and the origtnal function f(z) can be expanded near 2 
point x = Onto a converging series of the form 


f= Zar ick<her), 
a0 
then the transform F{(s) has an asymptotic expansion at s+ + co such that 
Fay = ECA. + Dish). (156.19) 
=o 


Tt would be more advisable to use the theorem which would allow us to 
Judge the asymptotic behavior of the orginal function according to some 
expansion of the transform Such a theorem will now be presented, The 
integral representation for a heat flux density through the semispace surface, 
whase density ar heat capacity finearly increases with a removal from the 
surface (see (15.5.33}-(15.5.37)) may be another example of the asymptotic 
estimation obtained for the integral of the form (15 6.17). It is shown that 
the heat flux as proportional to the integral 


— 3Vo pe ewi- Ee) 20) 
RO = = Se (156.20) 





At +00 (large time values), we obtain from (15.6.18) (2 = 0, ¢=% 
gle) = WF +241) <1 at OSs <0) 


vi nat Cc. 56.21 
nos E Ay) aw een 
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where C, are the expansion coefficients 


ME +241) = E Ge" (Gal == 1, G=0, Gm ,...). 





The last power serics has a convergence radius different from zero (the 
convergence radius of this serics is equal to the distance to the nearest 
singularity of the function 1/(z? +z +1) at z=, ie., it is casy to see 
that R.. = !). From the estimate of (15.6.21) it follows that at 1 + oo, the 
heat flux decreases inversely proportional to a cubic root of time. 

‘Last, we consider the estimation of the integrals of form (15.6.11). The 
asymptotic estimation which is frequently met in analysis of the function, 


Ta +) = fo enw dx (15.6.2) 


is of practical interest at ¢ ~» -|- co. 

Starting with transforming (15.6.22) to the integral of form (15.6.11), 
we then introduce a new variable of integration x == oz, and (15.6.22) can 
be rewritten 


Ta +1) = ot [* 2 exp[— az] de 


=o Te; exp[—o(z — In z)] dz 
= ot{J,(o) + J(0)]. (15.6.23) 
where 
Io) = i exp[—o(z — In z)} de 
and 


Jo) = ft. exp[— o(¢ — in z)] dz. 


‘The integral J,(a) belongs to that of (15.6.11). We have p(z) = 1,4 =1, 
A(z) — ~ @ —Inz), A’) = 0, A) = ~— 1, and AY(I) = — 1 <0. Ac 
cording to formula (15.6.16), we have an estimate for J,(o} at ¢-+ + 00 a8 


Sela) ~ else, (15.6,24) 


We now transform the integral J,(c) by introducing a new variable of inte- 
gration z = 1/u, then J,(¢) assumes the form 


Jno) = FP expt— of fx) + ln u}] df. 
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In such a form, it is abvious that J,(c) 3 also the integral of form (15 6.11) 
where h(u)= — {Ife + Inu}, and the maximum A(w) as necessary is 
achieved on the lower limit at w= I (point u = eo where also fi'(oo) = 0 
is nota maxtmum). Further, taking into account that for J;(6), ¢() = 1), 
ACt) = = 1, and A") = — 1 <0 we obtain from formula (15.6.16) 


Jilo) % (-6/2a)7e- (15.6.25) 


ato—+oo 
Substitunng estimates (15.6 24) and (15.6.25) into (156.23) we obtain 
the first term of the asymptotic expansion for the gamma function 


Ta +d) = (22) ae (15.6 26) 


that represents the known Stirling formula which was used in the previous 
chapter (when dering the real itiverston of the Laplace transform). 

The so-called method of steepest descent of the asymptotic estimations 
of the contour integrals of the form 


de) = f. eheig(s) dz (15 6.27) 


18 closely connected with the Laplace method which serves for obtasning the 
asymptotic estimations of the integrats with respect to a real yanable. The 
contour integrals of such a form are closely connected with the Laplace 
transform At large values of the parameter (Reo —» + oo}, the integranu 
tn (15.6,27) will vary very quickly duc to the presence of the multipher 
expfrlm(oh(z)}}, which varies with a frequency proportional to o These 
vanations make it impossible to directly calculate antegral (15627) {has 
therefore natural to try to deform the integration contour without intersect 
ing siagulanties and, consequently, without changing the salue of the in- 
legral according to the Cauchy theorem Thus the variations of the inte 
grand might be reduced to a mimmum, especially > those portions whch 
make a greater contribution to the integral, The value of the integral will 
be obviously determined by that postion of the sntegration contour C where 
the modulus ] explch(z)]| = exp[Re[oh(=)}] takes the greatest possible 
values. 

To avoid the variations of the integrand, we change the integration path 
so that 


explrim{oh{z)}} = const 15.625) 


on the portion where Re[ah(z)] takes the greatest value. 


45.6 Laplace Transforms and Asymptotic Estimates 635 


At this point, zp, we have 


H(z) = 0. (15.6.29) 


This point cannot be a maximum or minimum of the function Re A(z), 
because, according to the Cauchy-Riemann conditions (15.1.4), the real (and 
imaginary) parts of the analytic functions satisfy the Laplace equation 
=x -+l- dy): 
& Reh(z) , A Reh(z) _ 
at +a 8 


and, as is known, such functions cannot have maxima and minima. Con- 
sequently, the point 2, will be a saddle point. The direction of the path of 
integration at the saddle point should be chosen according to (15.6,28) and 
is determined by the equation 


Im[oh(z)] = Im[oh(z,)]- (15.6,30) 


Contour integral (15.6.30) passing through z, may be already estimated 
according to the Laplace method, and besides large at values of o, the 
contribution to the integral will be defined only by the nearest vicinity of 
Zo. Repeating the above considerations used for estimating integral (15.6.11), 
we obtain for the first term of asymptotic expansion (15.6.27) 


ia ed 
oeh(z9) 


i 
Ja) ~ ( ) eMedeg(z,). (5.6.31) 
Consider one example. The function exp{(a/2){z — (1/2)}} in the vicinity 


of its singularity z = 0 may he expanded into the Laurent series 
exploi2){z — (U2) = Bs Gylode", (15.6.32) 
nats 


where C,(c) are the coefficients of the Laurent expansion. These are determ- 
ined by formulas (15.3.17) and (15.3.17'). In formula (15.3.17'), changing 
the direction of the by-pass on the contour into the opposite one, replacing 
the subscript , where # covers values 1, 2,... by a subscript 7 where » 
assumes values — 1, — 2, and taking into account that any contour cover- 
ing a point z — 0 may be chosen as Cp, (and Cp,), il is possible to write a 
common expression for the coefficients C, (¢) as 


(0) = (Pa [,, explGoi2e — Gis) dele? (15.633) 
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‘These epefficients may be directly obtained in terms of a power series with 
respect lo o by multiplying the expansion 


ot = = Cjatyo/2)%=" 





and 
oe BE GS 


It is then easy to find that at 2” (m = 0, 1,...) the coefficient is equal to 
$ (19 fon 
Cale) = & SO (5) 015630) 
and at 1/2” 


C_n(O) = (— 1)"C,.) (m= 5, 2,.--). (5.6.35) 


However, formalas (15.6 34) and (25635) comente with the definition of 
the Bessel functions of the first hind of the integer order (see Appendix 1), 
Thus, formula (15 6 33) gives an integral representation of the function J,(a). 
As has been already mentioned, an formula (15 6 33) the contour C should 
contarn only a point = = 0 We choose the circle of a single radius as C. 
Then the integral representation of the Resse} function J,(a) 1s written as 


(156 33a) 





1 g 
ALON TS tte eof $ (: 


From this integrat representation, the asymptotic behavior of the function 
Ja) at a —+ 4 co may be determined by the method of steepest descent, 
At q(z) = 1/2", blz) = of2 — (1/s)}, the saddle points are 2, = t= OF 
and 23= e? The integration path for each of the saddle points 
ts determined by the equations [m{z— (I/z)} = + 21, Summing up the 
contributions of both saddle points we obtain from (15.631) 


1 ae (ole $4—2)} +H F-3)) 


». (3)"coe -3n~ 3) (5.6.26) 





It would be most valuable for us (o use the theorems which, according 
to the known transform Fls) proceeding from its analytic propertics, f te 
according to the position and nature of singularities, would allow determin- 
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ation of the asymptotic bebavior of the original function f(r) at r+ co 
without calculating the appropriate contour integral. 

First, we consider the cases when the function /(s) has points of branching 
and poles and then formulate the theorem for the general case. 

Thus, we let F(s) have a branching point at s = 0 und no other singular- 
ities in the finite part of a plane s, Further, at | s|—+ 00, we let F(s) tend 
uniformly to zero in a left half-plane. If F(s} can be expanded into a series 


F(s) = Ech Yo <A < Ay <ee), (5.6.37) 
then 
J 1 
S@)= = Ten (15.6.38) 


For proof, we note that the integral 
(12ai) J eF(s) ds =0, (156.39) 


where C is the contour presented in Fig. 15.14. It consists of a straight line 
passing to the right and parallel to the imaginary axis from the point a — iR 
to a+ iR (a > 0), the left half-circle with the radius R, upper and lower 
edges of the slot, and the inner circle with the radins 9 around the point 
s=0. From the Jordan Iemma it, directly follows that the integral with 
Tespect to the half-circle at R—- oo tends to zero. Thus, equality (15.6.39) 
may be written 


S(e) = — (fax iP ev P(s) ds, (5.6.40) 


where L is the contour consisting of the upper and lower edges along the 
negative half-axis between points s = 0 and the point # at infinity on the 
circle of the radius p around the point s = 0, The Jirection of the bypass is 
given in Fig. 15.14, 

Substituting (15.6.37) for (15.6.40) and assuming that is is possible to 
change the order where summation and integration are performed (the 
validity of such a change may not hold truc with some additional conditions 
Which are performed as a rule in practice) we have 


SO) =— Exh forse de. 
4 


Introducing a new variable sr = s’ (t > 0), i.c., transforming the similarity 
of the plane s (the circle around the point s = 0 is transformed into a con- 
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centric circle of the radius gr, etc.) we obtain 
“ 
{= = E Carat = pan freer ast. (15.6 41) 
aoe L 
Consider the integral 
Ja) = Opai) fete ds, (15.6.42) 
where the contour FL’ coincides with £ but it is bypassed in the opposite 


direction (see Fig. 15.15). Hf =<}, then the integral with respect to the 
carcle 


(22) [ot exple exp] + ll — Ye] dp 


tends to zera at g —+ 0. J(z) 1s expressed through the integrals with respect 





Fig. 1515. Contour for the integeal representation of the » function. 


to the edges (on the upper edge s = we and s * = x fe" and on the 
lower edge s = ue“ and st = x-fet#) 


eee fe sreeces “ten# 
a) = Sade xfer dx a7 ten dx 
sin zz - 
———— i xtetde 


= 32 py, (15.6.43) 
7 
since 
Tw) = {x eet de 


at Reu > 0. 
The known functional relation 


IU = 2) = asin az (45.6.4) 
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is valid for the gamma function, therefore, formula (15.6.43) may be written 
8s 


J@)= UT), 


ie., for the function 7(=), the integral representation 
T(z) = (pi) [es se ds (15.6.45) 


is valid, which is proved for z < I. However, it may be analytically continued 
to any =. With the help of integra! representation (15.6.41) we obtain ex- 
pansion (15.6.38). 

We also note that if a point of branching is not at a point different from 
zero but at a point s,, then according to the displacement theory given in 
the previous chapter, relation (15.6.38) will be again valid if its right-hand 
side is multiplied by e”*. 

The theorem proved is called the rule of fractional exponents, since if 
any of the numbers 2, is zero or an integer positive number, then the appro- 
priate term jn expansion (15.6.38) vanishes as 


1(—n)=0, ata~=0,1,.... 
This dircetly follows from relation (15.6.44) if it is rewritten as 
PU — 2) = (/a)G@) sin xz 


and assuming here r = 1, 2,.... 

Thus, asymptotic expansion (15.6.38) contains only fractional powers 
of I/z. 

As an illustration, consider the transform 


FG) =e?" js (y > 0). (5.6.46) 


The function F(s) has a point of branching s = 0 and satisfies all the con- 
ditions, under which the rule of fractional exponents is derived if the branch 
is chosen for which Re 4/2 0. Expanding the exponent in (15.6.46) into 
series we have 


Fos) = Entre, (15.6.47) 
a0 


hence, according to (15.6.38) 


ed Goer 2 i ate 
fO-3 SE Tay 


= (=P 1 eat 
alt 2 -or Woy 
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In the sum EX, al the terms with even n vanish Assuming, therefore, 
n= Im + 1, we obtain 


meee yet 1 
JO =) - 2 ashe ee 
From the gamma function theory, it is known that 

TG — a) = (— DMA) 4/7, 
therefore 


to eo sie yee 
Faden =. Gat pial ees aa)  @5.648) 





This, as expected, coincides with the expansion of the function erfe (y/24/%) 
at small values of 2% 

We now consider the case shen poles at points 5, 54,.-. Sy (see Fig. 
15 16) are singularitics of the transform Fis) Obviously, calculating the 
integral (1 /2-i) Je e**F(s) ds with respect to the contour given in Fig. 15.16, 


® 


( \ 
Fig, 15.16, Location of the poles of the functions FIs) 


and taking anto account that the integral wath respect to the left circle at 
R—~ os Vanithes according to the Iordan lemma, uc have (a > Ren; 
k= 1,2.,..N) 


Se) = (jaan f eres) de 


= © frenduss[eF te) hse} (15649) 
ea 


Ifthe value of ris large, then it 1s obviously necessary to leave only the term 
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with the greatest value of Res¢ in the right-hand side of (15.6.49), since 
duc to the presence of the multiplicr e*, it will be large compared the 
remainder. If there are some such terms, whose Re s; are equal (and 
Im 5; are different), then the sum of these terms should be taken, For 
example, the function 


Fs) = 1fs*(s — 1) 
hus a twofold pole at s = 0 and simple pole at s = 1. At r+ co we have 


SQ) = & 
then 
f@=e-t-1. 


Thus, for defining the asymptotic determination of the function at ++ co 
if only its transform is known, there is no need to perform contour integra- 
tion. This asymptotic behavior of the function will he determined by a 
absolutely correct singularity (singularities) of the transform. 

Now the next general theorem is quite obvious. Het F(s) have singularities 
—poles and points of branching; the function F(s) at | s| + co tends uni- 
formly to zero in a half-plane Re s <0; the number of singularities s, with 
the greatest value of Re sy is finite (k = 1, 2,..., N) and if the expansion 
of F(s) in the vicinity of point s = sy is given by the series 





FE) = YPC? BPs <), 056.50) 
+ 


then the asymptotic expansion of f(r) will be of the form 
x es ch 
{O92 3 & yy, 

i= 0 (— 2 y pitts 


where 1/7(— 2) = 0 if WP = 0, 1,2,.... 

We shall illustrate the application of this important theorem by some 
cxamples. 

First, the exact solution of a great number of problems is obtained with 
the help of the Laplace transformation presented in the previous chapters. 
We propose that the reader obtain as an exercise the asympmtotic expan- 
sion of the solution at x—+ co directly from the transform of the solution, 
thus determining the most correct singularities of this transform, and prove 
that the obtained asymptotic expansion of the solution will coincide with 
the path of the transition + — co in the final solution. 


(15.651) 
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Further, we shall consider the problem of a temperature field in a half 
space x > 0 heated by an impulse periodse heat flux (see Mg. 15.17) 


Ll ad<r<t. 





a=a1o tncrein S532) 
alr + 2ar) = g(r) 
% % SH 4% St 
Fin. 35.17, impube penodic heat flot ge 
We formulate the problem 
MED g MED Ger coo, (156.53) 
14,0) =0, — Atloo, rr =O, = — 2fGs(0, 1)/9e} = gt) 


Hence, it is easy to obtain that 
T(x, 8) = (LF ass)" exp[— (fa)? xlgr (F) (13654) 
We now calculate 
als = [> erate) de 


Let f(x) bean arbitrary periodic function with 2 period x,, whose Laplace 
transform eusts We have 


AMaf +a LB. 

Fay = Jo Fe ar 
= fos dr = flr dra eee 
= = 7m fc Sire" dr 


- { flsene wach fo -e). (1S 6533 
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Applying relation (15.6.55) to the heat flux g(r) with the period 2r we 
obtain 





Substituting the result obtained into (15.6.54), we find 


T(x, 8) = va SxPl= Gay] 





(15.6.56) 


The law, according to which the temperature of a half-space varies at t+ co, 
is not obvious. However, it is easily determined with the help of relations 
(15.6.50) and (15.6.51). The point of branching at s — 0, the infinite number 
of simple poles lying on an imaginary axis at points 


‘om 2m+1 


xi (m= 0,41, +42,,..), (15.6.57) 
to 


are singularities of T(x, s). All the singularities have Re s = 0. Expanding 
the transform (15.6.56) near the point of branching « = 0, we have 


(15.6.58) 





Gy 2) = (=) (15.6.59) 


The contribution of the poles of (15.6.57) into the asymptotic expansion of 
the function 4(x, r) should not be taken into account although Res, = 0, 
as in case of the point of branching. This is explained by the fact that cach 
of these poles gives the term periodically dependent on time as 


expliQm + 1)x(</*0)] 


and their sum, also representing the periodic and bounded function z, will 
be small at r+ co compared to the main term of (15.6.59). Thus, the temp- 
erature of a half-space, on whose surface the heat flux varying according to 
Jaw (15.6.52) drops, will increase with ~4/F at large valucs of rt. 
Consider one more example. Find the law, accerding to which the bound- 
ary temperature x = 0 of a semi-infinite body is related to the heat flux 
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density g(x) through this same surface. Applying the Laplace transformation 
and the convolution theorem it is easy to express the temperature s(x, t) 
through the heat flux density q(r}. We have, assuming that the initial temp- 
erature is equal to zero, 


L fay pr epl—x'/fa(r— 8) . 
Ke d= (4) yee at) (15.6.59a) 
Assuming in the latter equation x0, we find the relation between the 
surface temperature x = 0 and the heat Mut density through this surface as 
where the natation (0, t) = O(r) ts introduced, 


ote) -+ ()" até) 


a} de Gar 


If the heat flux density g(t) 1s prescribed, then the determination of the 
surface temperature Q(x) 1s reduced to quadrature. If (x) is known and 
g(r) is unknown, then (15 6 GO) is an integral equation for g(r). 

For example, Iet the surface temperature be prescribed and equal to 





(15 6 60) 


O{r) = Cer". (iS 6.61) 


‘Then, solvng integral equation (15 6.60) with respect to g(t), we obtain 
with the help of the Laplace transform 


quls) = O08) fa Ws Ks — y) (1$.6 62) 


‘The function +/5 I(s — y) has two singularities- 3 simple pole ats = y and 
‘a point of branching s = 0, If we are only anterested in the behavior of the 
function g(r) at large values of r, then it may be obtained according to the 
nbove thearem The asymptotic behavior of g(r) will be determined by the 
most correct simgulanty g,(s). Consider two cases 

First, if y = A? > 0, then the pote s = &? will be a right singulanty, ac- 
cording to formulas (15 6.50) and (15.651) we hase: 


9188) = BING MRS — RY = 
and 
Qt) = Oda ket + «+o, (15663) 


ie., the heat flux density increases exponentially with time. 
If y = — k* <0, then the point of branching s = 0 will be the most 
correct singularity of (15.662) Expansion (15.6.62) (at y= — At) in the 
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vicinity of the point s = 0 has the form 


a = (-1 
5 GP pa, 


(3) = 9% 





Hence, according to formulas (15.6.50) and (15,6.51) we have 


ake fe 
a(t) ~ ae = oe oo =) aE: (15.6.64) 
a 


It is easy to see that the expansions (15,6.63) and (15.6.64) coincide with 
the asymptotic expansions which may be determined from the exact inyer- 
sions of the functions 4/5 /(s — k*) and4/s /(s + k*) given in Appendix 5. 

Finally, we may note once more that the last theorem allows us to im- 
mediately judge the behavior of the original function at large values of + 
according to the position of singularities of a transform in a complex plane 
without any calculations. In reality, if among singularitics of a transform 
there are such singularities, for which Re s,, > 0, then the original function 
will increase with t—+ co exponentially. Conversely, if even for the correct 
singularity Re s,, <0, then the original function exponentially decreases 
with tT oo, 

The theorem on the asymptotic expansion of the original function with 
respect to the known expansion of a transform is especially important in 
those cases when the latter has a very complex form, and the appropriate 
contour integra! cannot be calculated. 

The above methods of asymptotic estimates allow us to obtain the in- 
formation on the behavior of the solution, which is very valuable if the 
contour integral (with the knowledge of which the solution of the problem 
is found) cannot be calculated. However, we note that the proposed methods 
of the asymptotic estimates are used at a large value of some variable ur 
parameter. If time is such a variable, then it would be interesting, together 
with the above methods of determination of the asymptotic behavior of a 
time function at + > co with respect to the analytic properties of the La- 
place transform, to also have the possibility of studying the behavior of the 
solution at small time values. 

We shall now consider one way. 

It is not difficult to see that the solutions of one-dimensional heat con- 
duction problems, with a space coordinate varying within a finite interval 
under the conditions of the first and second kinds at the ends of this interval, 
may be expressed through linear combinations, integrals, and derivatives of 
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the next series which play essential role in the heat conduction theory and 
in other sections of the analysis and which are called the theta function: 


(8, 2) 25(- yr ewe{- a(n + -$)'g] sintan 4-Ipre, 
OC, it) = 2 Sev[- a(n + 3y4 cos(2n + 1}a8, 

* (18.6 65) 
OR, 47) = 12 S exp[— sn*z) cos nazz, 

= 


O(%, 7) = 142 (— Wr expl—antz]cos2nxt (7 > 0). 
a 


With the help of direct differentiation, it 1s easy to check that all these series 
satisfy the heat conduction cquation of the form 


Be uh @-- 1,2,3, 0) (1S 6 66) 


Thus, the variables 7 and © are those of the dimensiorless time and the 
coordinate. 

The series of form (15 6 65) will converge at large values of r and vice 
versa, usually slowly converge at small ©. 

It ts, however, possible to note a general way of transformation of the 
function into the quickly converging senes of form (15.6 65) for small r 
(ic., transformation of the series themselves and those which follow from 
them at differentiation and sntegration) 

Consider the senes 


E sean), (15.6 67) 


where (r) is. a continuous and a continuously differentiable function so that 
the senes 


E sr +p) and EF s'@an +9) 


converge alsolutely and uniformly for all 0 < ¢ <2 Consequently, the 
series SS _.. fl2an + ¢) may be expanded into the converging Fourser se- 
ties for the above senes of ¢. 

Thos, we have 
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=X f@an + 9) 


= (pany & {eter [eine] F eean + 09] ao} 


= any & e'mef B [JP yene 1 perio a)} 
- = oa 
= » ef 
ove) 3 ome 3 [ I seoreme a} 
= 1a) & enr{ [ seorerto doh. (15.6.68) 
ence J 
If we assume p = 0, then equalities (15.6.68) can be written 
2 
3X S@an)= (pa) E f™ sore dw. (15.6.69) 
The above relation, called the Poisson summation formula, has muny 
important applications, particularly for the transformation of series and 
their summation if the transformed series in the right-hand side appears to 
be so simple that its sum is known. 
Before applying the Poisson formula for transformation of the theta 


function, we write it in another form by introducing the function g{n) ac- 
cording to the relation 


San) = g(r). (15.6.70) 
Then, formula (15.6.69) assumes the form 


E a= Ff, se) expl— aime] deo. (15.6.7) 


For example, we can apply formula (15.6.7!) to the function 9,(%, ##), and 
for this purpose, transform the appropriate series 


O,(8, ) = 1 + 2S e-™* cos 2nnk 
= 
=} expl— an*#) cos Janz 


= 3 exp[— ante — 2ning). (156.72) 
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Hence, according to the Poisson summation formula, we have 
0,(3, #2) = E exp[— zat — 2xink) 
“_— 
=f I exp[— awe — 2riw(2 + m)] dw.  (15.6.73) 
wee ee 


The integral under the summation sign has been already calculated above. 
Tt appears to be equal to 


fe exp wt — 2aia(¥ + m)) do = (/F) exp az + m) YF]. 
pe (15.6.14) 


Substituting the value of the integral into formula (15.6.73), we obtain a 
new representation of the function 0,(%, if} in the form of the extremely 
quickly converging series at small = (# > 0): 


O21) = (1 E) expl— 28/2] = exp{— (ani*/z) — (2am ¢/F)). 
= (15.6.75) 


Using the determination of (15.6 72), equality (15.6.75) may be written tn 
the form of the functional relauon 


O58, 08) = (USE) expl— 287/89, (8/8), (ED) (156.76) 


‘The simular relations may be also obtained for the remainder theta function. 
‘They are of the form 


O,(2, #) = (INE) expl— 28/2), (C22), HE). 


O48, 14) =  expl— ett )0U(8/8), UE), 
VF 


OAR, 47) = UF expl— a8/E P(A), Es} 


Fac the problems with cylodecal symmetry, the asymptotic crpansians of 
the appropriate senes at small x are obtained by Epstein [30} 


APPENDIX 


1 





SOME REFERENCE FORMULAS 


Some relations are now presented which are used for the solution of the 
heat conduction problem. 


1. Series Expansion of Trigonometric Functions 





2 
3S 
x x 2x8 


1 as 4 
Oe ag ea RST ee 





taaxax4¢ 24 


2. Expansion of Hyperbolic Functions in Series 


Mee ees 
cohx ttt States [x| <0, 
: ae og 
sah x=xtartaptap ti |x| <oo, 
tanh x = 1 — 2e- + De® — Qe +... [x] <aj2, 
coth x = 1 + 2e + 2e# + 2% +..., |x| <2, 


oo 
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le We~ tet ee ---}, [xf <x, 


sinh 


1 
Sag RE Te pe mete), fx] cafe. 


3. Relations between Hyperbolic, Trigonometric, ond Exponential Functions 
It follows directly from the above expansions that 
sinhx = }(e? —e*), coshx = i(e? +e“), 
sinx= *~e*), cosx= teeter), 
eF = cos x + [sin x, e“7 = cosx—isinx (Evler formulas), 
sin ix = dsmh x, cos Ix == cosh x, tan fx = dtanhx, 
sinhit = fsinx, cosh fx = cosx, tanh fx = ton x, 
cos(x + iy) = cos x cosh » — fsinxsinhy, 
sin(x + iy) = sin x cosh » + 1 c08 x sinh y, 


Values of sin x, cos x, tan x, sinh x, cosh x, tanh x, ef, e~* from 0 to 
10 are presented mm the book by Segal and Semendyaev [102a]. 


4. Some Integrals Impossible to Reduce to Elementary Functions 
a. Gauss Error Function 
ert x = (V7) fF exl- FI de, 
efoos |),  erf(—x)= —erfx, 


erfe x= 1 —erfx = QV) JT expl— xt] dr 


The series expansion erf x for low values of x will be presented. 
For low x, the may be write 





Sea age! Nees aot 
ate fae Cee ECO ae 
hence, 
1 x = = 
EVES ST a ae 
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For high values of x, applications of the following relation are possible: 


1 20 
ZV wetle x = f* expl— x4] de = 2x — Ff js) expt sas, 


hence 
1 1 ! 1 1-3 123+ (2n~3) 
aVa ai et BS eps ) 
ZV Ree amie ¥ (; Be + os ee) 
1-3---@Qn—1 1 
$= yp LED cept a8) de. 


The series obtained does not converge since the ratio of the nth term to 
the (7 — [th term is Jarger than unity. However, if we take n terms of 
the series, then the residue (the last term of the series) will be less than the 
ath term because 


fe (1 pe") exp[— x8] de < Lol (pay de. 


Thus erfc x may be expanded into asymptotic series 


1 sl es bs 
ve wo * (-at+ Tae 








The following relations are valid: 
eo ee 
JP expt x] A dx =a ety, 
: 1 
JF expl— #4) sin 2xy de ~ 5x expl—9"] ort y. 
In heat conduction problems, the functions erf x and crfe x have to be 


integrated and differentiated. We introduce the notations 


d* erf x = d*/dx* erf x. 
Then 


derfx = @h/a) exp[— x], 
def x = — Gf\/x )x exp[— x]. 


Derivatives of erfx are usually presented in the same tables for erf x. 
For integration of the function erfc x, we introduce the notation: 


i®erfcx = [lt erie s ag. 
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Then 
Perfex- erfex, 


ierfcx = fe erfe Ede 


ew [— <8] — xerfe x, 





Verfex = fp bette gai 


= ee 2 xeol- =] 





+ = Herfex — 2xierfe x), 
The genera! recurrence formula ts of the form 


Qnivterfe x = et erfe x — Britt erfe x. 
Hence 
1 


t 
PerleO = Sr iay ~ BN + We) 


Je may be shown that the function y -- i" erfe © 13 the solution of the 
differential equation 
y + 2xy' — dy =0 
The function 1" esfe x 1s of grcat amportance in heat conduction problems 
and st 1s therefore tabulated for n = 1, 2, 3, 4, $, and 61n Appendix 6 
The Gauss integral of the complex argument 1s 


cxf + of) = 2 [0° ewt- eae 
y= 'e 





2 2 a = 
exp[— #) 3 + f exp[— €] dF 
Ve f 4 vz 


2 exp[— at) f exply*Msin oy + 108 2ay) dy 





sofa t 
Va 


For purely imaginary argument we have 
etd = QV) f° exptldy 
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4. Gamma Function or Gauss Pi Function 
Ik) —Dk +) = Sf esxtax, 
Wk ~1) 1 (— &) = ajsinak, 
Ik) = kU) — 1). 


If k>0 and & is an integer (K= m1), then (kK) = (m1) =m! 
= 1-2-3 --+ m, Further, 


M-h)=Vx, M+ d=Vx/2. 
5, Bessel Function 


‘The first-kind Bessel function of the sth order may be represented in the 
series form 
J) = 3 apy ere, are] <x 
- mao MT (e + mt -+ 1) * 2 


where » is a real number, and z may be a complex value, 
The function J,(z) is a particular solution of the Bessel differential equa- 


tion 
If » is an integer (» = n), then the following relation holds: 
Ine) = (— 19'_,@)- 


The second-kind Bessel function of the rth order (for any values of +) is 
determined by the relation 


J Az) cos v2 — J_fz) 


Ye) = sin 92 


» larz] <x. 
If v is a positive integer (» = 2), then we may write 
eo Game pee 
2Y,(2) = 2ln(h2)+CV@) — 3 (- OF Geer [ Sms Em ‘| 
=F ayn (nk — DYAI}, Jargz| <2 
ra 


where C = 0.5772 is the Euler constant. 
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If n= 0, we shall have 
beV=} = [In(2) + CUA) + G2¥ — 1 + 94292) 
+ +4 + IGG} - + 
m= Mads) + Cys) + G24) — Cl Ay {et72*-4} 
AE E+ INE722-42. 6) ee 


The modified Bessel equation 











has particular solutions defined by the relations 
yu ! ay ps : 
= © seep er bei <eo, fase] <a 


where /,(=) 2s the first-kind modified Bessel function of the sth order and 
Ks) 1s the second-hind modified Bessel function of the sth order: 
2.) — 1A2) 


sin re 


L 








K@)= 4x 


For the particular case = O we have 

Kz) = — Binths) b CHa) + (sy 4 4 DEGEDAIF + - 
= = (lh) + C)Me) + YZ) + C+ 2GY27-4*) 

++ A + UGH 46) + 0 

The relations betwen J,(z), ¥,(2} and (2), A,(2) are of the form 

Sip 

Sin Ft 1G). 

fe) + 2a sin Kyat cot r7J,(z) 


AC) = 08 K,G) — 1 


KG) = eh 





Series expansions of /,(+) and K,(z) at high values of | =] are of the form 








4 Vg ata et 1G - 3H 
Mem pape) - Tae  )s 
é ay. 4t—98 (et — 1948 — 3) 
os a (=) « (! +S 282) % +) 


Relations between the functions and their derivatives are 


ie — A). WE) = — NG. WE) = he) YG) = ~ MG). 
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In a general case 

21,2) + 74,(2) = za), 

21,2) — ¥1,@) = zl), 
2K,'(@) + »K,@) = — 2K), 
2K,(2) — »K,@) = — 2K, 12), 

23,@) + 95,2) = 2,12), 

23,'2) — I) = — 2Syaz), 

KG) = Kz), Kin(s) = (@/22)""e7. 

FrelZ) + JZ) = 27/252), 
Jr) + Ya) = Cr/2)¥.€)- 





When z is small. 
Jz) = 1 — (24) + Re where R <zY/e,, 
Fz) ~ 12) — Fh +R, where R<Z* fos. 


When = is large 
Ifz) = (2jrz)* cos(z — 2/4), 
Jil) = Qazy* cose — 37/4), 
Yolz) = (lazy? sin(= — 2/4), 
¥,@) = Qfxz)* sine — 3x4). 
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THE UNIQUENESS THEOREM 


In Chapter t it was shown that the solution of the differential heat cons 
duction equation should satisfy not only the equation atself but also the 
boundary and initial conditions. The question arses as to whether two 
solutions can eust simultaneously which would satisfy the equation and 
boundary conditions In the subsequent section, we shall show that such 
solutions are impossible Thrs theorem :s referred to as the uniqueness 
theorem. 

Let two solutions (x, 3, 2. 1) and 4,(x, y. z, #) satisfy the differential 
equation 

Gar = a Pt, (21) 


and mital and boundary conditions 
tne HA ys (22) 
=> (23) 


where the suffix s denotes the body surface 
We assume that 


h-hsu; (2.4) 
then 
ular = a Pe, (2.5) 
limu=0, u,=0. (2.6) 
= 


656 


The Uniqueness Theorem 657 
Consider the following integral 
J= fi aut do. a7 


The integral is taken over the body volume V(dv = dx dy dz), ie., it is a 
triple integral. Then 


aufar =f w@ujdr) dv = a J, aude. (2.8) 
We apply Green’s formula to obtain 


Jin tGe = SP + J, [SE + (H+ (SE) o 


where in the first integral, integration is carried out over the body surface, S. 
Then we may be write 


wrelart wae *—* Sle) +(35) (2c) | 
~# Sele) + (35) (Be) ] > 


since the first integral equals zero according to boundary condition (2.6.), 
as we integrate over the surface where u = 0. Thus 





ajax <0. (2.9) 
Since J=0 atr=0(u+0 at r=0), 
then Js. (2.10) 


But from relation (2.7) it follows that 


FEO. (2.11) 
Hence J = 0, Thus, 





Consequently, if some function ¢(x, y, z, 7) satisfies the differential equa- 
tion, both initial and boundary conditions, then it is a unique solution of 
the problem of intcrest. 

It should be noticed that the solution of the problem may be expressed 
by various functional relations, but it does not mean the existence of dif- 
ferent solutions of the problem; consequently, it does not contradict the 
uniqueness theorem. 
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DIFFERENTIAL HEAT CONDUCTION EQUATION 
IN VARIOUS COORDINATE SYSTEMS 


In Chapter 4 the differential heat conduction equation was denved in a 
Cartesian system as 


a rg Sf 
ee ee +53) Gu) 
Now f77 will be expressed in spherical and cylindrical coordinate 
systems, 
We assume 


x=rsnGcosp, y=rsmnOsinp, z=rcosd (32) 





1 @ 
oat a (33) 
or 
ar ua 1 1 ar 
2, SF 4 
Wr +H he z. (at - “elas mow a C4) 


where ys = cos. Relation (3.4) is the expression of P77 in sphencal coor- 
dinates (r, 8, and y). 
Assumption 


x=rcos0, yorsind. 


6s8 


Differential Heat Conduction Equation 659 


yields 





or 


G6) 





Relation (3.6) is the expression of [71 in cylindrical coordinates {r, 8). 
Substitution of expressions (3.4) and (3.6) into (3.t) yields forms of the 
heat conduction equation in spherical and cylindrical coordinates. 
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MAIN RULES AND THEOREMS 
OF THE LAPLACE TRANFORMATION 





Trem fe FQ) = LIS) 





1 soy= dann frente JP ine de = FD 
Reve 


2 Af{r) + Bele) AF(s) + BGts) 
cae) sF{s) — $4 0) 
4 fer) s*FG) — 5" Yf(4 0) - 38 7 (FO) —- + 


Ss mf) 

6 étlaifiriay 
7 

8 





(aye’f (t/a) 
fir - 6). fin =O, 1<0 
9 [roe (rey 
° 
10 ff? score. (129F0) 
ale 
oft - Fu) 
2 ory (— INF") 


Df fe DAD = 
A 


SS 


FilsvF ya) 
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Item sO) FG) = LS@) 
: 
14 (ita) F” FO rex— () ao aivonvs 
° ro 
is f e e F%(8) dd Flg6s)e(s) 
where £7(0) = f° SEDrC de, 
gti) = [Destin 
¥O, 2) erreeigts) = f™ eye, 8) 40 
1 3 SH DEV/yle), where ws) = 6 — 42) 
at Va) * (3) — 5) 
vw { en fies Ds) /y(s) where y(s) = (s—s1)(s—ss) ++ 
i &- DT [a X (Sa )E—Sinea)? ES) 


o oe “|} 
vis) 


(the case of multiple roots). 
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TRANSFORMS OF 


SOME FUNCTIONS 





Nem — Transform, F(s) = L[/(r)] 


‘Onginal, f(r) 





4 


Us 

tit 

Ws" (Wh) 
uv 


pa 


sm (9-123 ) 


Pim/s™ (m > 0) 
Tina Mind 





(m>-0 


= 
1 ~ @) 

IMs + a} 

ts - of 

Ia - ey (21,23, 
Lats — 0)* (ae > OF 

1 G@—a}1~d) 


1 

r 

wa — 1)" 
Vow 


zr 
13 5---(e IWS 


me 
. 


Pa 


ae 
[ta ~ Dye te 
mie 

Lyla — ake" — 2) 


C4 
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Item ‘ransform, F(s) = -LF(=)) Original, f(x) 

15 sis — as — 6) Ue — &)1 fe — &) 

16 1K — ae — Os — Meee 
17 ki(st +k) sin kt 

18 si{st + &*) cos kr 

19° kis? — k*) sinh ke 

20 sf(s*— k*) cosh kr 

21 Ks + oP +R) e* sin kr 

22 (s+ adi{(s + a) + A} e-™ cos kz 

23 Afs(s? + &*) (1K) — 00s kt) 

2A A st(st + #8) (UR \ke — sin kr) 

25 ist + A) (2B )\sin ker kr cos kt) 

26 sits? + (2/2k) sin ke 

27 st + RF (1 Pkysin kx + kr-c08 kt) 

28 Gt — YGF + reo ke 

DB sist ast +h) @ A) (cos ax — cos br)/(6* — at) 

30 IN{(s — ay + Kt} Ae sinke 

31 3K +B) e695 Her V5 — VS sin te V3) 
32 AUS | ARS, sin kx cosh kr — cos ke sinh ke 
33 sflst + 4k) (1/2k4) sin ke sinh ke 

34 I(t — KY (12 )fsinh kt — sin ke) 

35 sist — Kk) (PK Keosh ke -- cos ker) 

36 sft? + kts bibles lead 

a 1,2) = = e = (tet) 

38 sf(s ~ ky? {Ure + hr) 

39 @ =a)" — ay URGE — e) 
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EE 


Ttem = Transform, Fs) = LUS00) 


Original, f(r) 





40 OS + kd 
4 V0 — 8 
42 VTE +e 


43 /Ws0-2) 
4a FU" + 2) 


45 HH ats — at + V5) 


45 WGN a sD 


47 ~ Ae + Oy 


43 OE A Gs —A E 


49 ewl-k Va] K=O 
50 UAlespl-4F} KO 
SL UN a dexpl- RVG) = OD 


32 4Veewl £VGI K OD 


53 Oiyexpl-k V4 


54 VGH bewpI-A Ve] =O) 


Ory) = he ee 
Acre thee VE 
HoT) = QUIV Sd erpl= Ae] 
AVE 
xf’ Sewteree 
CA) expl~ Mr] ef iV 
NR) epl- hd rf * exple'l de 
. 


exple'][5 —aerta Va) 
—b explo] ert 


explitrd esfok 
UUM — Aye erf((h = Aye]! 
expitr] (Eee Vee ) 

+ explore VE 
A201) } exp — AED 
{i —erfter2 Wd) -erkeda V8) 
OV Gr pexpl= ASE) 


verfc(h/2 Vr) = e/a) 
Kept AY Se] - hei} 





av 


ar restetk/2 VT) «fe + aay 


k 
x che San ~ A (e/a terpl— ANSE] 
Ive 


(vt merfeh2 VE) 


$5 Wet VF) ewpl— 20a} TO) Ef ~ oaf (aunt 


Bewl- kV) 


«oy 
36405) 


emp Ais HsfGn)'* 


ertetk 2 VO) — explok explo) 
+ lee Vr +R VED 


— 
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Item 


Transform, F(s) = LLf()} 


Original, #(r) 





$7 expl-kV SUV 56+ Vs) (REO) explbklexpls zero) VT +K2V) 


58 


9 


a 


62 


6s 


A + (bY) exp[-k VF) 


{Us V5 (V5 + d)}expi—k Vs] 


ev sys +b) expl-k V5} 


GUVs + bY) expl= kV 5) 


As(V s+ by) exol— kV 5) 


{Mts — b)} expl- kK VS) 


Gays“) expl— kV} 


(/s**) expf— & V5 
(ils) expl— KG + 5] 


(is(s + 26)" exp[— ks | 26)*) 


(oJat)" exp[—K2/4t]—bexplk VB4 br] 
x erfe(ki2 VT) + (la) 


(2/6) (= Je) exp[— k*44] — [C1 + bk)/b*] 
% ecfetk/2 Vr) + (I/b*) exp[bk +67} 
x erickj2V a) +OVT) 

{1(— by} explo + be} 


x eck EDV TEV) — 


x Eeav ar macinva 
ne 
— 2br/xy? expl— KAT) + 4 dk 


+ 282) explbk + b*r] 
x erfe((KjzV x) +0VE) 


(1/9 extetkp2 VE) — Q/)(e/ay" 
% exp[—B/4z]—(1/0")(1 bk —26"8) 
x explok -ertlerfe(ki2V+b V7) 


Lexplorfexp(— HIV} 
x erfelj2 V2) — V bOI 
+ explk/ Vojeriel(ki2V 1-60") 


fel Ey + any (+40) 24 
x IM erfek2-V x) 


(fay ei2=)* expl— BB AK AEB) 


Hexpl—k Vb leefeol(k/2V = )—V bt} 
+ explk Valerie {tk/2-V7)4 (60)"*)} 


{1/ Gre} fexp— {0/40 +26) 
+ 1am [n> exfe((k/2 VF) 
— (2br)"} = tv 


x ane + cuny)] 
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[tem Transform, Fs) = USO Onginal, f(r) 





GB {U/sls + 25)'4) expf— Ate + By} wwacay [ext AV) 
A yes 
x ete = Ror) | 


a 
—expik VE) (Fe +cnv] 





Ce ad Jah) 
Lit ay 1x) 
DM fart BANS) 1 he**{hhr) + AOL 
72 De HAY + BNF exp] — 1A + bor] RNA — 892) 


3 Pema + AY + 8" Or > 0) VR (r/k — DM eepl— 1K + O01] 
X Panna lth — Oe} 


24 Ale + APM HP? rewpl— HA + DUDA He — bdr} 
+ ALK — dry] 


IS 1G MN ~ VSM EV Ade HAD) 
16 Gh —syysta OMT 
7 syste (VF Anb ED 


(at 4 489 = 





cil ar form o> Avd,tAr) 

73 1G" +A" im > 0) NF PRIA 8 Tae 
$0 Gta)" (im > 0) wirim (5) ” he ath 
BY (take 20) 

sz uae {1er) cvs 2042)" 

83 ae {14} cosh 2000) 
BENG (ay) on 200 

as ae (Roky) seh 2K 

3 Me 8 On > 0) quays OT. ae) 


eee 
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Item = Transform, F(s) = LIS (z)] 


‘Original, £(=) 





87 


88 


89 


90 


a 


Gisr)e" (im > 0) 


expl— &(s(s + 57 
(ss + b)y* 


exp{— AG? + 6*)*] 











Grae 
expl— A(s? — 6°") 

Gai 
ewl= kG? 48-9] 
PER EOD 

br-exp! (+ be) 
+6" 
>-nh 

js) Ins 
(js) ins 


(in sje —k) (kK > 0) 


Init +0 
Lint +4) &>0) 


In{(s — AY — BY 

Inf(s* + A*y/s*) 

Inf(s* — A*)/s*] 

arctan k/s 

(fs) are tan(kis) 

exp{k'st] erfcks (k > 0) 
(js) explks} erfe ks (k > 0) 


GRY? Dy Qe) 
0, wha 0<r<k, 
expi— tbrid(doce — 2"), 
| when r>k 
0, when O<r<k, 
{ Jbl? — KY), > k 
0, when O<r<k, 
{ Bole? — A), when +> k 





Je(b(x* 4+ 2hx)"*) 


r O<1<h, 


(3)” JMO — EYP) (E> *) 


PQ) = in) = — 0.5772) 
[2m nr 

Ter Te 

fin & — Ei(— kp); 

Es — foerarsy > 0 





cos F si(t) — sin r ci(z) 
— Ei(— r/k) 


Ginyet —") 

fri = cos ke) 
(2f2X1 — cosh kz) 
(ifr) sin ke 

site) 

kV 2) expt— 4/4) 
ext 12k 
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APPENDIX $ (contimmed) 
Nem Transform, Fas} = LIf(t)} Ongsnat, f(r) 
105 ererfe(hsy'? > 0) VEIT +h) 
= 0, @<r<k) 
105 N/a) erfodsy> { Go" (> 8 
107 ANS }e erfcthsy'® > 0) UG + 4 
108 ete kW Csr) iQ AV) 
109 N73) expla) exfokS) {1/672)"4) expl- 22] 
0 O<1<h), 
110 K,(ks) { (emit >a) 
ma GD (2/22) expl— A444) 
2 ine K (aay) Ott + 
wd AAS )AVSD GAL ewl- ve) 
M4 AAS K as) PAK) 
yfcn = 8 
MS AN Gs tah ANS '-2 aoe 
~ exof- 
16 cathe | (-7a*)+ [E] «eo 
xax, [2 





Ar expt ~ rae] 


0 = 
F KUNG) ere 


MB AAAS) mk rte, Lan) 
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VALUES OF FUNCTIONS i’ erfc x 





ierfe x 


0.5642 
0.5542 
0.5444 
0.5350 
0.5251 
0.5156 
0.5062 
0.4969 
0.4878 
0.4787 
0.4698 


0.4610 
0.4523 
0.4437 
0.4352 
0.4268 
0.4186 
0.4104 
0.4024 
0.3944 
0.3866 


0.3789 
0.3713 





i erfe x Peric x i erfe x Perle x iterfex 
0.2500 0.0940 0.0313 0.0094 0.0026 
0.2444 0.0916 0.0303 0,009) 0.0025 
0.2438 0.0891 0.0294 0.0088 0.0025 
0.2335 0.0868 0.0285 0.0085 0.0023 
0.2282 0.0845 0.0277 0,0082 0.0023 
0.2230 0.0822 0.0268 9.0079 0.0022 
0.2179 9.0800 0.0260 0.0077 0.0021 
0.2129 0.0779 0.0252 0.0074 0.0020 
0.2080 0.0757 0.0245 0.0072 0.0019 
0.2031 0.0737 0.0237 0.0069 0.0019 
0.1984 0.0717 0.0230 0.0067 0.0018 
0.1937 0.0697 0.0223 0.0065 0.0017 
0.1892 0.0678 0.0216 0.0063 0.0017 
0.1847 0.0659 0.0209 0.0060 0.0016 
0.1803 0.0641 0.0203 0.0058 0.0015 
0.1760 0.0623 0.0197 0.0056 0.0015 
0.1718 0.0605 0.0190 0.0055 0.0014 
0.1676 0.0589 0.0184 0.0053 0.0014 
0.1635 0.0572 0.0179 0.0051 0.0013 
0.1596 0.0566 0.0173 09,0049 0.0013 
0.1587 0.0540 0.0167 0.0047 0.0012 
0.1518 0.0525 0.0162 0.0046 0.0012 
0.1481 0.05/0 0.0157 0.0044 0.001 
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= aerfex Werle x Perfor Veet x Werle x telex 





on © 3638 O tat 0.0495 0 0152 0 04s 0 0011 
on 0.3564 0.3903 0 O48; 0.0047 0 On D con 
025 0.3491 0 1373 O 0457 0.0142 0 COLO © 0010 
026 O39 0.1339 O O8ss 0.0138 0.0038 © 0009 
027 oIu8 0105 Oo 0.0193 0 0037 0.0009 
O28 © 3278 01271 0 0428 0.0129 0.0035 © 0007 
an @ 3510 0 1239 a ous 0 O25 0 005 0 CoN? 
ow oad 0 1207 O O03 0.0121 0 003) © cons 


0.3075 =O 176 (0 091 ons coz 0 COS 
03010 = 1148 00379 = 0.0113, 0.0031 0 coos 
© 2035 01s = 0.0968 = 0109-0 003000007 
0 2832 0 1037 00357 «= BOLUS 0.00290 MT 
0 3819 Otoss = OE NOX tT OT 
© 2758 01030 =©=0.0336 = 0 0099S 0027 C007 
O22 ON} 1033 COM NO FOO 
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APPENDIX 6 (Continued) 
SSeS 
x ierfox i ele x Perfex ierfcx Perle x terfe x 





0.72 0.1138 0.0362 0.0103 0.0027 0.0005 0.0001 
0.74 0.1077 0.0340 0.0096 0.0025 0.0006 0.0001 
0.76 0.1020 0.0319 0.0089 0.0023 0.0005 0.0001 
0.78 0.0965 0.0299 0.0083 0.0021 10,0005 0.0001 
0.80 0.0912 0.0280 0.0077 0.0020 0.0005 0.0001 


0.82 0.0861 0.0262 0.0072 0.0018 0.0004 0.0001 
0.84 0.0513 0.0246 0.0067 0.0017 0.0004 0.0001 
0.86 0.0767 0.0230 9.0062 0.0015 0.0003 0.0001 
0.38 0.0724 0.0215 0.0057 0.0016 0.0003 0.0001 
0.90 0.0682 0.0201 0.0053 0.0013 0.0003 0.0001 


0.92 0.0642 0.0187 0.0039 0.0012 0.0003 0.0001 
0.95 0.0605 0.0175 0.0046 0.0011 0.0003 0.0000 
0.96 0.0569 0.0163 0.0033 0.0010 0.0002 0.0000 
0.98 0.0535 0.0552 0.0039 0.0009 0.0002 0.0000 


0 0.0503 0.0142 0.0036. == «0.0009 0,0002 (0.0000 
i 0.0365 0.0099 9.0025 0.0006 0.0001 9.0000 
2 0.0260 0.0068 0.0016 0004 0.0001 0.0000 
3 0.0183 0.0045 = 0.0011 0.0002 0.00000, 0000 
A 0.0127 0.0030 = 0.0007 8.0001 0.0000 0.0000 
3 0.0086 0.0020 (9.0005 0.0003 9.0000 0.0000 
6 0.0058 0.0013 0.0003 0.0000 0.0000 0.0000 
7 0.0038 0.0008 0.0002 0.0000 0.0000 0.0000 
8 0.0025 0.0005 0.0001 0.0000 0.0000 0.0000 
9 0.0016 0.0003 0.0001 0.0000 0,000 (0.0000 
0 0.0010 9.0002 0.0000 0.0000 0.0000 0.0000 
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